Chapter 4. Motion in Two and Three Dimensions

Position Vector The location of a particle relative to the ori-
gin of a coordinate system is given by a pesition vector 7, which in
unit-vector notation is

F=xi+yj + zk.

Here xi- vi and zk are the vector components of position vector 7,
and x. y. and z are its scalar components (as well as the coordinates
of the particle). A position vector is described either by a magni-
tude and one or two angles for orientation, or by its vector or
scalar components.

Displacement If a particle moves so that its position vector
changes from 7, to 7.. the particle’s displacement AT is

A7 =7, — 7.

The displacement can also be written as

AT = (x2 — xDi + (02 — »)j + (22 — z)k
= Axi + Ayj + Azk.

Average Velocity and Instantaneous Velocity If a parti-
cle undergoes a displacement AF in time interval At, its average ve-
locirty ?aug for that time interval is

— AT
Vavg = :
avg éf,
velocity or the instantaneous velocity v:
. _dr
v = ,
dt

which can be rewritten in unit-vector notation as

— & 5 -
v =i+ v ]+ vk,

where v, = dx/dt, v, = dyldt, and v_ = dz/di. The instantaneous
velocity vV of a particle is always directed along the tangent to the
particle’s path at the particle’s position.

Average Acceleration and Instantaneous Acceleration
If a particle’s velocity changes from V, to v, in time interval At, its
average acceleration during At is

— — —
Vo — Wy Av

—
a = =

e At Ar

As Atin Eq. 4-15 is shrunk to 0, .r_:i“mrg reaches a limiting value called

cither the acceleration or the instantaneous acceleration a:

. av
dt

In unit-vector notation.

— 2 o o
a=ai+a,j+ak,
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Projectile Motion (2D motion)

The initial velocity

= ~ ) y i xR "‘_»
VsVl F V) : r x,‘
x
Voy = Vg €0S (6,) 1 t'  P—
. 1 Vy ' X
Voy = Yy Sin (6,) L 4 p .
Acceleration : T, \
] X —
A — 0- E r V_O ™ Vx \
o X
Velocity
vx — va

‘Uy=170y—gt

f
) =— {112 12
v=yuz 47

vi, = v%,, — 29y —y,)

Displacement

x = vt cos(f),

1
y = vpt sin(f) — §gt2'

The magnitude of the displacement:

Ar = \/!;172 + y2

Displacement and coordinates of parabolic
throwing
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‘ The Horizontal Range

R= v,t,
0 — 0= vyt — Yogt?

te= 2v,,/9 :
R= 2vy,v,,/9 Ole— -

R= 2v® cos (8,) sin (6,) v sin (26,)
g g

i Maximum Range R has its maximum value when
sin 260 = 1,

4 which necessarily corresponds to

e 0| s 20 = 90°.

E B or

g ’ [6 = 45°]
4

3

3 2

X

0 2 4 6 8 10 12 14 16 18 20

Range in meters (horizontal distance)

Same Range with two different angles

W

Rl = RZ
sin20; = sin20,
200 +20,=m

<91 +6,=m1/2 >

STUDENTS-HUB.com Uploaded By: Ahmad K Hamdan




The maximum height of projectile i

The highest height which the object will reach is known as the peak of the
object's motion. The increase of the height will last, until vy, = (), that is,

0 = vpsin(B) — gty
Time to reach the maximum height:
Vg sin(6) :
9

From the vertical displacement
, 1
h = voty, sin(f) — §gt,2, ‘

_ v sin*(9)
==

-

h

Maximum height of projectile

The relation between the range (R) on the horizontal plane
and the maximum height (4) is:

5 v sin®(9) | R _ Y sin (26)
29 g
Rtan#
h = 1
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Uniform Circular Motion If a particle travels along a circle or
circular arc of radius r at constant speed v, it is said to be in aniform
circalar motion and has an acceleration @ of constant magnitude

2
L4
‘ a=— (centripetal acceleration),

The direction of @ is toward the center of the circle or circular arc,
and a is said to be ceniripetal. The time for the particle to complete
a circle is

T is called the period of revolution, or simply the period, of the
motion.

The acceleration vector
always points toward the
center.

_.-/‘/
- )

T

The velocity \?A

vector is always
tangent to the path.

Relative Motion When two frames of reference A and B are
moving relative to each other at constant velocity, the velocity of a par-
ticle P as measured by an observer in frame A usually differs from that
measured from frame B. The two measured velocities are related by

—

— —
Vpa = Vpg T Vg,

where vV, is the velocity of B with respect to A. Both observers
measure the same acceleration for the particle:

Tpy — apg.
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Q-5)The below figure shows three situations in which identical projectiles are launched (at the
same level) at identical initial speeds and angles. The projectiles do not land on the same
terrain, however. Rank the situations according to the final speeds of the projectiles just before

they land, greatest first.
Y \Yo
y o

(a) (0) (¢)

Maximum height — Land

1 2
Y— Yo = Voyl— 59t

2
At the maximum height v, =0
— 1 t2
Yy=Y=759
ty> t, > t,

vy, = Vgy — gt Vg, = 0

Vya > Vyp > Vyc
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Q-9) The below figure shows three paths for a football kicked from ground level. Ignoring the
effects of air, rank the paths according to (a) time of flight, (b) initial vertical velocity
component, (c) initial horizontal velocity component, and (d) initial speed, greatest first.

In the three paths, the football reached the same maximum height (h) so the initial vertical
velocity componentis the same in the three situations

Time of flight = 2';&

(a) All tie (the same tome of flight)
(b) All tie (the same initial vertical velocity component)
(c) Initial horizontal velocity component:
The Horizontal Range (R):
R = vyt

R, >R, > R,
Vox,3 = Vox,2 = Vox,1

(d) The initial speed:

v = J( Vo) + (Vgy)?

vy > v, >,
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Q -13) (a) Is it possible to be accelerating while traveling at constant speed? Is it possible to
round a curve with (b) zero acceleration and (c) a constant magnitude of acceleration?

(@) Yes
(b) No
(c) Yes

Uniform Circular Motion If a particle travels along a circle or
circular arc of radius r at constant speed v, it is said to be in uniform
circular motion and has an acceleration @ of constant magnitude

5
p2

A= (centripetal acceleration),
r

The direction of @ is toward the center of the circle or circular arc.
and 4 is said to be centripetal. The time for the particle to complete

acircle is
27r .
T = — (period).

T is called the period of revolution, or simply the period, of the
motion.

The acceleration vector
always points toward the

center.
Q ¥
A"/ \a
\
\
»-——
/ a

The velocity \;

vector is always
tangent to the path.
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P-4) The minute hand of a wall clock measures 10 cm from its tip to the
axis about which it rotates. The magnitude and angle of the
displacement vector of the tip are to be determined for three time
intervals. What are the (a) magnitude and (b) angle from a quarter after
the hour to half past, the (c) magnitude and (d) angle for the next half
hour, and the (e) magnitude and (f) angle for the hour after that?

Casel: from a quarter after the hour to half past

a) The magnitude y
£ =101 ’
re=—10j
AP =P — P = —10j— 101

|AF] = /(—10)% 4+ (—10)2 cm

b) The angle -
_10) Casel

b=t ‘1(—
an 10

_ or 8 = 225" Counter clockwise relative to +x

Case2: the next half hour

¢) The magnitude
r; = —10§
re= +10j
AY =T —T; = 10] — (—10j)

d) The angle

20
e: t -1 (—)
dan 0

0 = 90° Counter clockwise relative to +x

case?
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Case3: the hour after that

e) The magnitude
r; = +10j
rf = +10j
AF =0
|AT| = zero

f) The angle

case3
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P-6) An electron’s position is given by # = 3.00t — 4.00t3j + 2.00k, with t in seconds and T in
meters, (a) In unit-vector notation, what is the electron’s velocity ¥(t)? At t = 2.00s, what is v
(b) in unit-vector notation and as (c) a magnitude and (d) an angle relative to the positive
direction of the x axis ?

@ 5(t) = 22 = (3.00m/s)i — (8.00tm/s)j

(b) #(t = 2.00s) = (3.00i— 16.00§) m/s

(c) The magnitude of the velocity at t = 2.00s:

The speed at t = 2.00s: |#(t = 2.00s)| = /(3)? + (—16)? = 16.3m/s

(d) The angle of the velocity at that moment:

6 o
O =tan?! (T) = —79.38

8 = 280.62° Counter clockwise relative to +x (79.38°clockwise from the +x; the velocity

vector att = 2.00s is in the fourth quadrant)
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p-20) In the below figure, particle A moves along the line y = 30
m with a constant velocity v of magnitude 3.0 m/s and parallel 1@
to the x axis. At the instant particle A passes the y axis, particle
B leaves the origin with a zero initial speed and a constant

acceleration 3 of magnitude 0.40 m/s®>.What angle 6 between 3 ——&

and the positive direction of the y axis would result in a

collision?

Particle A:

Xfa — Xja = Vat
Particle B:

Xfp — Xi,p = Vixpt + 5 ayt?
1 5
Xtp = a(sin0)t
1 ) 5
Xip =7 * 0.4 * (sin )t
Ve — YiB = Vigst + 5 a, t?
1 2
yig = za(cosB)t

2

1
Yip =5 * 0.4 = (cos 0)t?
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x!_,; = x;_g
Yra = YVrB
6 -
a
B . x
xip =0 v;g =0
yig =0
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At collision the two particles will be in the same position, thus
XfA = XiB
3t = 0.2(sin 0)t?

15
t= e (1)

Sin® v e

And

Yea = YiB
30 = 0.2(cos 0)t?

Substituting t from (1) you get

15 \*
30=0.2(c059)(_ )
sin O

cos 0

~ sin20
cos O
1—cos?9

2
3
2
3
2

cos’0+3cosf—-2=0

—34/32—4%2x(-2)
4

cosO =
Thus,

1 o
cosO = > =0 =60

Or

cos B = —2, this case is impossible
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4-27) A certain airplane has a speed of 290.0 km/hand is
diving at an angle of 8 = 30.0° below the horizontal when
the pilot releases a radar decoy. The horizontal distance
between the release point and the point where the decoy
strikes the ground is d =700 m. (a) How long is the decoy
in the air? (b) How high was the release point?

0 =30

Vo =290 Km/h = 80.6 m/s

a) How long is the decoy in the air ?

b) How high was the release point ?

1 ¥

Vi~ Yo =Voyt+s gt’

_ 1
~h-0= —V051n6?0t+§gt2

. 1
—h = —80.6 * (sin30") * (10) + 3 (—10) = (10)?
h=903m
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p-32) You throw a ball toward a wall at speed 25.0 m/s and at angle 6. =40.0° above the
horizontal. The wall is distance d = 22.0 m from the release point of the ball. (a) How far above
the release point does the ball hit the wall? What are the (b) horizontal and (c) vertical
components of its velocity as it hits the wall? (d) When it hits, has it passed the highest point on
Iits trajectory?

Voy = 25.0cos(40.0°)?  Voy = 25.0 sin(4o.0°)§
d = 22.0 m is the horizontal range of the ball
d = vyt =vycos(6y)t

d 22.0m
vocos(8,)  25.0cos(40.0°)m/s

1
(@ yr—yo=Voyt+ ;gtz

=1.15s

1
Ay = 25.0sin(40.0°) (1.15) + > (—9.8)(1.15)> = 12.0m

(b)The horizontal component of ball’s velocity when it hits the wall equals the initial horizontal

component of the velocity (@, = zero)
v, = 25.0c0s(40.0°)m/s =19.15m/s

(c) The wvertical component of the ball’s velocity when it hits the wall:

The ball’s velocity when it hits the wallis (19.15m/si + 4.8 m/sj)
The ball’s speed when it hits the wall is 19.74 m/s

(d) The vertical component of the ball’s velocity when it hits the wall is positive (v), > 0), so it
has not reached the highest point yet.
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P-60) A centripetal-acceleration addict rides in uniform circular motion with radius r = 3.00 m.
At one instant his acceleration is @ = (6.00 m/s?)i+ (—4.00 m/s?)j. At that instant, what are
the values of (a) v.a and (b) ¥ x a?

As you can see in the figure the angle between v and @ is 90°, and between ¢ and 3 is 180°

)

) v.a=vacos (90) =0

QD

ar 1

b) Fxa=rasin (180) =0 y

Direction

‘\Df rotation
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p-76) A light plane attains an airspeed of 500 km/h. The pilot sets out for a destination 800 km
due north but discovers that the plane must be headed 20.0° east of due north to fly there
directly. The plane arrives in 2.00 h. What were the (a) magnitude and (b) direction of the wind

velocity?

North T

South

Upy = 500 Km/h (cos70° 1+ sin70°})

Bpy = (171.0i+469.8 j) Km/h

800 Km

Dpg = ——— =400 Km/h j

YP6 = 5 00k

VUpg = Vpyg T

400 Km/h j = (171.0 i +469.8 j) Km/h +

Vye = (—171.01-69.8 j) Km/h

@) v = /(—=171.0)% + (—69.8)2 = 184.7Km/h

- -69.8
(b) g= tan : (—171.0
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