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Chapter 1

Preliminaries

1.1 Review of Calculus

1. (a) L=lim,_ o 2l =9

2n+1 4 4
. T ntly __ o —
limy, o0 €, = limy— 00 (2 — 'QT;E'T) =2=35=0

(b) limin oo Fortinct = 2 = 4
limnn oo 0 = (3~ FrdBizh) = § -3 = 0
2. (8) limpoo s1n(2r) = sin(liMp— oo Tn) = sin(2)
(b) limp_yeo In(22) = In(limy_ oo 22) = In(4)

3. (a) Since f is continuous on [-1,0]; solve

2242243 = 2
2-2x-1 = 0
z = EV/FINCD
¢ = 1-+/2¢[-1,0]
(b) Since f is continuous on [6, 8]; solve
2 —b5r -2 = 3
2 —5r—11 = 0

. 544/32—4{1)(=11)
3
¢ = =fBefsy

I

4. (a) f'{x) =2z — 3 =0, thus the critical points are ¢ = 1. Thus
min{ f(=1), f(1), f(2)} = min{5,—1, -1} = —1 and
maz{f(-1), f(1), f(2)} = maxr{5,-1,-1} =5
(b) f'(x) = ~2cos(x)sin(x) — cos(z) = — cos(z)(2sin(x) + 1) = 0, thus
the critical points are ¢ = 7, 77/6, 117 /6. Thus

5
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6 CHAPTER 1. PRELIMINARIES

Tlnin({if(()),f(ﬂ),f(ﬁ/ﬁ),f(llﬂ/ﬁ),f(%)} =min{l,1,5/4,5/4,1} =

maz{ f(0), f(r), f(77/6), f(117/6), f(2m)} = maz{1,1,5/4,5/4, 1} =
5/4

5. (a) f'(z) = 42® — 8z = 4z(2? - 2) = 0, thus ¢ = 0, 4v/2 € [-2, 2]
(b)
f(z) = cos(z) + 2cos(2z)

cos(r) + 2(2cos?(z) - 1)
4cos?(x) + cos(z) — 2

= 0
r = (-1:+33)/8
¢ = cosTH(—1%+/33)/8),2r — cosT1((—1 £ /33)/8)
6. (a) fl(x) = ﬁ and {A=10) %- Solving 55 = 3 yidlds e = 1.
(b) f'{x) = (@ + 22)/(z + 1)? and {H=LO _ 1 Qulying f/(x) =

(#* +25)/(z+1)2 = § yiclds ¢ = -1+ 2

7. The given function satisfics the hypotheses of the Generalized Rolle’s The-
orem. Since f(0) = f(1) = f(3) = 0, there exista a ¢ € (0,3) such that
f"(¢) = 0. Solve 6c — 8 =0 to find ¢ = 4/3.

8. (a) f(f ze®dr = ze® —e%|2 =e? + 1
(b) f* L #2dz = 2In(x® +1)|1; = 0 (The integrand is an odd function)
9. (a) £ f5 t?cos(t)dt = z? cos(x)

(b) & =" e dt = o) (352) = 322"

10. (a) 7=t [1 62%de = 2238, = 52. Solving 62° = 52 yields ¢ =
26/3 € [-3,4].
2 r3w/2 3m/2 2
(b) 5% fo “xcos(z)dr = &(zsin(z) + cos(z))g? = —(1 + ). Use
a calculator to apprommate the solution(s): zcos(z) = —(1 + 3%);
c =2 2.16506,4.43558 € [0, 37/2].
11. (a) — 1__ =2
(b) ¢ =3

K
(() Zn 1 n(n+1) 527‘: 1(1 n-lt-l) = 3 limp_oo Zi:l(%—n;ﬂ):;s
(d) Zk 13k2—1 71 QZk 1(2k T

2% +
= “llmn—»oo PG 2Ic+1) =

55eT)
1
z

STUDENTS-HUB.com Uploaded By: anonymous



1.2.

12.

13.

14.

13.
16.

17.

1

2
3
4

BINARY NUMBERS 7

(o) —slr — D+ (o — 1 — Ho — 14 Hr = 1) +1
(b) 422 + 3z +1
(c) gpat =322 41

The Taylor polynomial of degree n = 4 expanded about xo = 0 for flx) =
sin(z) is P(z).

(a) P(3) = 24

(b) P(-1)=20
The average area is given by; y1o fla mridr = %(%)5{' = 131,
Any polynomial P(x) satisfies the hypotheses of Rolle’s Theorem on the
interval [a,b]. Thus P’(x) has at least n — 1 recal roots in the interval [a, 8],
P"(r) has at least n — 2 real roots in the interval [a,b],..., and P(*~D
has at least n — (n — 1) = 1 real root in the interval |a, b].

If £, f" and f" are defined on the interval [a,b], then f is continuous on
the interval [a,b] and f is differentiable on the interval (a,b). By Theorem
1.6 (Mean Value Theorem) there exists numbers ¢; € (a,c) and ¢s € (¢, b)
such that:

f’((fl) = L():# and fl((fg) = f(bl)) : f"(r’)

. But, since f(a) = f(b) = 0 it follows that f'(c;) = f(¢)/(¢c — a) and
f'(c2) = f(e)/(c—b). Giveu that f’ and f” are defined in the interval
[a, ], it follows that f also satisfies the hypotheses of Theorem 1.6. Thus
there exists a number d € (a,b) such that:

pr-Le=fe S8 job-g
¢y — ¢ co — €1 (2 —e1){e=b)c—a)
since f(c) > 0.
1.2 Binary Numbers
- Answers will depend on specific platform.
. (a) 21 (b) 56 (c) 254 (d) 519
. (a) 0.75 (b) 0.65625 (c) 0.6640625 (d) 0.85546875
. (a) 1.4140625 (b) 3.1416015625

(1]
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(a) V2 — 1.4140625 = 0.00015109. . .
(b) m ~3.1416015625 = —0.000008908 . . .
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8 CHAPTER 1. PRELIMINARIES

6. (a) 23 = 10111,,

23 = 201)+1 by=1
11 = 25)41 b=1
5 = 2241 by=0
2 = 2)+0 b3=0
1 = 2000+1 by=1
(b) 87 = 10101114y,
87 = 2(43)+1 by =1
43 = 2021)+1 b =1
21 = 2(10)+1 by=1
10 = 2(5)+0 b3=0
5 = 22)+1 by=1
2 = 2(1) +0 bs =0
I = 2004+1 k=1

(¢) 378 = 10111101040
(d) 2388 = 1001010101004,

7. (a) 00111 (b) 0.1010m () 0.1011140  (d) 0.100101140,
8. (a) 0.0001 1100

2R=2%2 d1=0= INT(%) F = % = FRAC(%)

2F) = % de=1= INT(g) Fy= 7= FRAC(g)

2F,; = 3 dy = 0= INT(g) Fy= 7= FRAC(g)
(C) % = O.dldzdgtwo = O.Wtwo

2R=3 di=0=INT(®) F =2=FRAC(})

2F, = % dy=0= INT(Z) Iy = % = FRAC(%)

2F, = 7 dg=1= INT(z) = 7= FRAC(Z)

176 — 0.00011001, = 0.000111u0 — 0.0001100;4,0
0.0000000TT00;0
1

[l

I

160
0.00625

STUDENTS-HUB.com Uploaded By: anonymous



1.2. BINARY NUMBERS 9

(b)

£ - 0.00100101, = 0.00140 — 0.0010010¢y0
= 0.000000001001 44,0
1

148
0.0022321428. ..

fl

10. In Theorem 1.14 let ¢ = -é— and r = %, then

L1 1 s 1
8 64 512 C1-%
11. In Theorem 1.14 let ¢ = 3/16 and r = 1/16, then
A S o= B__1
16 256 4096 1-4 75

1_ 5 1\k __ sk
12. 5 = 75. Assume (2) = 75¢. Then

- (EN(S
- 10% 10
5k+1

105+

Therefore, by the principle of mathematical induction, 2=V can be repre-
sented as a decimal number that has N digits.

13. (a)
-% 2 010114, x 270 = 0.1011 x 21
L~ 011014, %272 = 001101 x 2°!
3 0.10001 100 X 20
15;? A~ 0100150 X 2° = 0.10014y,, x 2°
7 010114, X272 = 0.0010114,, x 20
e 0.10111 1,0 x 20

Thus (% + %) + % 22 01100410
(b)

0.1101&00 x 273
0.1011440 x 271

0.001101 x 21
0.101100 x 21
0.111001 44y % 271

¢ Q

8!Em|>—5|"‘
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10

14.

16.

17.
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CHAPTER 1. PRELIMINARIES

;-; 2 0111040 X 270 = 0.01110044,0 x 2°
£ & 011014 x 272 = 0.001101 4, x 2°
5= 0.101001 ¢y x 2°
Thus (5 + 3) + £ A~ 0.10104,
(¢)
% A~ 010114 x 272 = 0.01011 x 2°¢
g & 011104, x 272 = 0.001110 x 21
= 0.10010047,0 > 271
% ~ 010010 X 271 = 0.10014,, x 271
7 & 0.1001we x 272 = 0.01001 4, x 27°
o 0.11011 4,0 x 277
Thus (& + §) + 2 22 0.11104,, x 271
(d)
% o 0.101140 x 2° = 0.1011000 x 2°
g = 0110w, x27% = 0.0001110 x 2°
e 0.1100110z0 x 2°
% 0 0110140 x 2° = 0.1101004,0 x 20
7 & 0.1011pe x 272 = 0.001001 40 x 2°
= 0.111101 4 x 20

(a) 10 = 101inree
(b) 23 = 212three

(c) 421 = 120121 1pree
d) 1784 = 211002,

b

L=

(
(
(¢ ).0022 41 ce
(
(

-

d

|

] (i
il

o o
— :
s’

bo

>

>

3

o

o

(a
(

)
)
)
)
a) EL) 10 = 2044y
b} (b) 35 = 1204y

) () 721 = 1034 ;40

)

)

)

)

d) 734 = 10414 44,

13five
five

P

(c
(
(a
(b
(¢
(d

[= W)
—

\
=

2
0.02five
5 = 01104,

E EIH ro—= G|
N
"l

)|
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1.3. ERROR ANALYSIS 11

1.3 Error Analysis
L. (a) = — &= 0.00008182, £=£ = (.0000300998 ..., 4- significant digits
(b) y—§ =350, = 0.0355871 .. ., 2-significant digits
(¢) z=

significant digits

fol/lle’zd:c A 1/4(14-9: + "+ 3,)dT

7 =1/4
(3" +%5 3(21) + m); of

+ 1o +
2 10240 688128
?194268838% ~ 0.2553074428 = p

I

3. (a) p1 +p2 = 1.414 4 0.09125 = 1.505
o2 = (2.1414)(0.09125) = 0.1290

(b) p1 + p2 = 31.415 + 0.027182 = 31.442
1Pz = (31.415)(0.27182) = 0.85392

4 (a) 0.70711385222—0.70710678110 0.00000707103

0.00001 = TTo.00001  — 0.707103 The error in-
volves loss of significance.

(b) M%M@é = 00002499969 — ().4999938 The error in-

volves loss of significance.

P(2.72) (2.72)% — 3(2.72)2 +3(2.72) — 1
20.12 — 3(7.398) + 8.16 — 1
20.12 - 22.19+ 8.16 — 1

5.09

it

Q(2.72)

(272 = 3)(2.72) + 3)(2.72) —
(—0. 2800)(2 72) + 3)(2.72) —
(—0.7616 + 3)(2.72) — 1
(2.2384)(2.72) — 1

6.088 — 1

5.088

R(2.72) (2.72-1)3
(1.72)3

5.088

o
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12 CHAPTER 1. PRELIMINARIES

(b)

P09T5) = (((0.975)° — 3(0.975)2) + 3(0.975)) —
((0.9268 — 3(0.9506)) + 2.925) — 1
((0.9268 — 2.852) -+ 2.925) + 1
(-
1

i

fl

1.925 + 2.925) — 1
—1=0

Il

Q(0.975) (0.975 — 3)(0.975) + 3)(0.975) - 1

(
((—2.025)(0.975) + 3)(0.975) — 1
(—
(

1. 9774 +3)(0.975) — 1
1.026)(0.975) - 1
1-1=0

o

i

R(0.975) = (0.975—1)°
(~0.025)*
—0.00001562

8. (a) The propagation of error is €, + ¢, + €,.

(b)

q (j‘}'eq

p_Pte é_|_ +ﬁeq
q q+rq

Hence, if 1 < [§] < ||, then there is a possibility of magnification of
the original error.

(c)

pqr (P +€p)(G+ €g)(F + &)
DAF + preg + Giey -+ Phe, + Fepeq + Geper + Pegy + €peqer
= P4t + (Preg + Giep + Pie,)

+H(Pepeq + Geper + Pegty) + €p€qeyr

Il

Depending on the absolute values of p, ¢, and #, there is a possibility
of maguification of the original crrors €, €q, and €,

= +cos(h) = 2—|—h+%+h3+0(h4)
(t25)cos(h) = 1+4h+8 +2 4 0nm

STUDENTS-HUB.com Uploaded By:
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1.3. ERROR ANALYSIS 13

10.
eh +sin(h) = 1+2h+% +O(h)
etsin(h) = h+h%+2 4 O(KS)
An intermediate computation was
h? B3 pt h3 h® RS RS K7
l4h+—+—+ =) h—=)=h+h+— - _ — —
Wthtgrtg+plh-g=htht 5 -m -
11.
cos(h) +sin(h) = 1+h—4 & 4 B4 O(pd)
3
cos(h)sin(h) = h— 2= + % + O(R7)
An intermediate comutation was
h?2 Bt h3 Ao 2h®  2R5 A7 ho
1w —+ ) h—— =) =h—— 21
1=+l =+ 10 3 15 90 T 2880
12.
z, = —b:tlzbg—4ac
— (gb-J-Qb —4ac)(—b—\/m)
bz—fb(;—tlac! o Vbida
- 2a{—b—+b?—4ac)
__ —2c
T bV dac
The case for 23 is handled in a similar manner.
13. (a) = = —0.001000, 25 = —1000

(

(b) @1 = —0.00100, x5 = —10000

(¢) 21 = —0.000010, 75 = —100000
(d) @1 = —0.000001, x5 = —1000000
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Chapter 2

The Solution of Nonlinear
Equations f(z) =0

2.1 TIteration for Solving = = g(z)

1. (a) Clearly, g(z) € C[0,1]. Since ¢'(z) = ~z/2 < 0 on the interval [0, 1],
the function g(x) is strictly decreasing on the interval [0,1]. If g is
strictly decreasing on [0, 1], then g(0) = 1 and g(1) = 0 imply that
g([0,1]) = [0,1] € [0,1]. Thus, by Theorem 2.2, the function g(z)
has a fixed point on the interval [0, 1].

In addition: |f'(z)] = | — /2| = x/2 < 1/2 < 1 on the interval
[0,1]. Thus, by Theorem 2.2, the function g(x) has a unique fixed
point on the interval [0, 1].

(b) Clearly, g(z) € C[0,1]. Since ¢'(z) = —In(2)2~* < 0 on the interval
[0,1], the function g() is strictly decreasing on the interval [0,1]. If
g is strictly decreasing on [0, 1], then g(0) = 1 and g(1) = 1/2 imply
that ¢([0,1]) = [1/2,1] C [0,1]. Thus, by Theorem 2.2,the function
g() has a fixed point on the interval [0, 1].

In addition: |¢'(z)| = | -1n(2)27%] = In(2)272 < In(2) < In(e) =
1 on the interval [0,1]. Thus, by Theorem 2.2, the function g(x) has
an unique fixed point on the interval [0, 1].

(c) Clearly g(x) is continuous on [0.5,5.2] and g([0.5,5.2]) € [0.5,5.2].
But, g([0.5,2]) € [0.5,2]. Thus, the hypotheses of the first part of
Theorem 2.2 are satisfied and g has a fixed point in [0.5,2]. While
(1,1) is the unique fixed point in [0.5,2], |f/(1)] = 1 £ 1, thus the
hypothesee in part (4) of Theorem 2.2 cannot be satisfied.

15
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16CHAPTER 2. THE SOLUTION OF NONLINEAR EQUATIONS F(X)=0

2. (a)
g(z) = =
—4+4r— 322 = 0
2 —6z+8 = 0
r = 2,4
and
g(2) = -44+48-2 = 2
g4) = -4+16-8 = 4
(b)
o = L9
P = 1.795
pa = 1.5689875
p3 = 1.04508911
(©)
Po = 3.8
P2 = 3.9998
ps = 3.99999998
(d) For part (b)
Fy = 01 Ry = 095
Ey; = 043110125 Ry; = 0.21550625
Ez = 095491089 R; = (.477455444

(e) The sequence in part (b) does not converge to P = 2. The sequence
in part (c) converges to P = 4.

3. (a) p1 =13, pa = V6+ V13, converges
(b) P = %, P2 = %, converges
(¢) p1 = 4.083333, p; = 5.537869, diverges
(d) pr =-5.5, po = —69.5, diverges
4. The fixed points are P = 2 and P = —2. Since ¢'(2) = 5 and ¢/(—2) = -3,
fixed- point iteration will not converge to P = 2 and P = -2, respectively.
5.
T = xcos(x)
z(l—cos(z)) = 0
z = 2nmw
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2.1. ITERATION FOR SOLVING X = G(X) 17
Thus g(x) has infinitely many fixed points: P = 2nw, where n € Z . Note:
lg'(2nm)| = |cos(2n) - 2nw in(2nm)| = 1.

Thus Theorem 2.3 may not be used to find the fixed points of g(z).
6. ip2 = p1| = 19(p1) — 9(po)| = lg'(co)(p1 — po)| < K|p1 — po
T (B =P —pi| = 9(P) — g(po)| = lg'(co) (P ~ po)| > |P — pol = | Eq|

8. (a) By way of contradiction assume therc exists k& such that Prt1 =
9(px) > pi. Tt follows that:

—0.0001p3 + pg

> D
—0.0001p > 0
pe = 0

Thus px_1 = 0 or pp_; = 10,000. Clearly, pr_; # 10,000, since the
maximum value of g(z) is 2500. Thus, if p; = 0, then px_y, ..., py =
0. A contradiction to the hypothesis pg = 1. Therefore, Po > p1 >
3P > Pppr >

(b) By way of contradiction assume there exists k such that p; <0. It
follows that:

9(pj-1) < 0
—0.0001p7_; +p;1 < 0
(=0.0001p;—1 +1)p;m1 < 0

From part (a); if pj_; = 0, then py # 0. Thus p;_; # 0. If Pj-1 <0,
then

—().00()11)]'_1 +1
Pj—1

0

Z
> 10,000,

a contradiction. If p;_; > 0, then
—-0.0001p;—1 +1 > 0
Pi—1 S 107 0007
a contradiction. Therefore, p, > 0 for all n.
(¢) limp—oopn =0
9. (a) g(3)=(05)(3)+1.5=3

(b) [P~ pnl = [3-15-0.5p, 1| = |1.5 — 0.5p,_q| = 23 — pno1| =
%lp‘pn—d'

STUDENTS-HUB.com Uploaded By: anonymous



18CHAPTER 2. THE SOLUTION OF NONLINEAR EQUATIONS F(X)=0

(¢) Using mathematical induction we note that |P —p,| = 1P —po| and
assume that |P — p| = 5¢|P — po|. Thus

P—pk
2
P—po
2(2%)
P—-pg

oFT

|P“Pk+1|

10. (a') Note: = p0/27 P2 = P0/22, sony Pey1 = p0/2k+1a ---. Thus

|Pr+1 — P _ |27F1 — 9=k _ 2°F(1-271)
{Pr+1] |2-4-1] 2-k2-1

=1

(b) Clearly, the stopping criteria will (theoretically) never be satisfied.

11. In inequality (11): |P — pn| < K™|P — pol, where |¢’(z)| < K < 1. Therc-
fore, the smaller the value of K the faster fixed-point iteration converges.

2.2 Bracketing Methods for Locating a Root

1.
lo = (0.114+012)/2 = 0115  A(0.115) = 254,403
L o= (01140115)/2 = 01125 A(0.1125) = 246,072
I = (0.1125+.125)/2 = 0.11375 A(0.11375) = 250,198

2.
Iy = (0.13+0.14)/2 = 0135  A(0.135) = 394,539
L = (0.135+0.14)/2 = 01375 A(0.1375) — 408,435
I = (0.135+0.1375)/2 = 013625 A(0.13625) = 401,420

3. (a) F(=3) > 0, £(0) < 0, and f(3) > 0; thus roots lic in the intervals
[—3,0] and [0, 3].

(b) f(x/4) > 0and f(r/2) < 0; thus a root lics in the interval [7/4, /2.

(c) F(3) <0 and f(5) > 0; thus a root lies in the interval [3,5].

(d) F(3) >0, f(5) <0, and f(7) > 0; thus roots lie in the intervals [3, 5|
and [5, 7).

4. [-2.4,-1.6],[~2.0,-1.6],[-2.0, ~1.8],[-1.9, ~1.8], [1.85, —1.80]

[oby ]

. [0.8,1.6],[1.2,1.6], [1.2,1.4], (1.2, 1.3], [1.25, 1.30]

=23

. [3.2,4.0},13.6,4.0, [3.6,3.8], 3.6, 3.7], [3.65, 3.70]
7. (6.0,6.8],[6.4,6.8], [6.4,6.6],[6.5,6.5], [6.40, 6.45]
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2.2. BRACKETING METHODS FOR LOCATING A ROOT 19

8. (a) Starting with ag < by, then either a; = ay and by = ﬂ;r—bﬂ, or
a) = inﬂ’Q and by = bp. In either case we have ag < a; < by < by.
Now assume that the result is true for n = 1,2,... k; in particular

<o - <ap <bp €---< b <bg. Then cither Qpt1 = Qg
and by, = ﬂk;—b&, or Qg4 = ﬂ;—b& and bg41 = bx. In cither case we
have ap < agy1 < bryy < bg. Henceag < ap < --- < ap < Qg1 <
br+1 < by < -+ < by < bp. Thus by mathematical induction we have
proven that ag < a1 <+ <ap < by <+ < by < by for all n.

(b) From part (a) either a; = ag, by = 2etbe and by = a, = bo=g0 op
a = ﬁﬂg—bﬁ, by = bg, and by —a; = 9“;—“‘1. Now assume that the
result is true for n = 1,2,..., k, in particular by — aj = %?1 Then

. b bp— bo—
either ary1 = ay, brs1 = 2“——2';"5-, and bpp1 —agy ] = %% — bo—ag

7 T Rk OF
b by— bo—
Q1 = ﬂk;‘—&, bpt1 = bi, and bryq —apyy = b3tk — 20250 Thus
by mathematical induction we have proven that b, — ap, = bﬁz_f“l for
all n.

(¢) Using part (c) it follows that the sequence {ay, } is non-decreasing and
bounded above by by, hence it is a convergent sequence and we write
limy—.o0 ap = L. Similarly, the sequence {b,} is non-increasing and
bounded below by ao, hence it is a convergent sequence and we write
lil’nn_,co bn = L2

To show that the two limits are equal we observe that

Lo = limp_eo by

= limpoo(@n + (br — an))
limp oo @ + limy, oo (b — ay)
Ly + lim,_, oo =%

2“
= L1 4+0=1I,

H

it

Since ay, < ¢, < by, the squeeze principle for limits implics that

lim e, = lim ¢, lim b,

n—oo n—o0 n—o0
9. (a) The function does not change sign on the interval [3,7].
(b) limp—c an =2 = limy o0 by, but f(z) is undefined at 2.
10. (a) It will converge to the zero at & = 7.
(b) limp—oo @n = /2 = limp_c0 by, but f(z) is undefined at /2.
11. Solve:

& < 5x107°
In(5) - NIn(2) < In(5 x 1079)
N > in(5)—In(5x10"%)

In(2)
N > 29.89735
Thus N = 30.
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20CHAPTER 2. THE SOLUTION OF NONLINEAR EQUATIONS F(X)=0

12.

bn bn" n

o = b"*j}(bn(~f§n)

_ bn(.f(bn)_f(a’n))_f(bn)(bn‘an)
fbn J)“( n)

. nf(an)+anf(
fba) — flan)
anf (b -)_b f(aﬂ)
f(bn) = fla,)

13,

b—a
SNFT < 6

m(%;.;—‘ﬂ) < lu(6),

since In is a strictly increasing function. Thus
In(b—a) - (N+1)In(2) < In(6)

In(b —a) ~ In(é
J——H (2] < N+1

N > lnbfa!—lnféy 1

In(?2)

Therefore, the smallest value of N is

N — it <1n(b *1222; ln(é))

14. The bisection method can’t converge to z = 2, unless ¢, = 2 for some
n>1.

15. We refer the reader to ”Which Root Does the Bisection Algorithm Find?”
by George Corliss, Mathematical Modeling: Classroom Notes in Applied
Mathematics, Murray Klankin Ed., SIAM, 1987.

2.3 Initial Approximation and Convergence Cri-
teria
1. Approximate root location —0.7. Computed root —0.7034674225.
2. Approximate root location 0.7. Computed root 00.7390851332.

3. Approximate root locations --1.0 and 0.6. Computed roots —1.002966954
and 0.6348668712.
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24. NEWTON-RAPHSON AND SECANT METHODS 21

4. Approximate root locations £:1.8, Computed roots =1.807375379.

3. Approximate root Jocations 1.4 and 3.0. Computed roots 1.412391172 and
3.057103550).

6. Approximate root locations +1.2 and 0.

2.4 Newton-Raphson and Secant Methods

pi71_1’k—1+2

Lo (a) pr=pe — 255—

(b)

Po = —1.5
= —0.0625
P2 = 1.7743
ps = 0.4505
_ Pikl—pkA“S
2. (a) pr=pr-1 — Hh——
(b)
po = 1.6
m o= 252727
pr = 231521
ps = 2.30282
(c)
Po = 0.0
1 = —-3.0
p: = —1.7143
p3 = —1.3416
Pa = —1.3410
3. (a) pr=pr_1— 2(pp—1 — 1)
(b)
Po = 2.1
p1 = 2.075
p2 = 2.056625
ps = 2.0421875

pe = 2.031640625

(c) Convergence is linear. The error is reduced by a factor of 2 with each
iteration.
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22CHAPTER 2. THE SOLUTION OF NONLINEAR EQUATIONS F (X)=0

4.

STUDENTS-HUB.com

2—1_3 k—1—2
(a‘) Pe = Pr—1 — - 31”ka:“3
(b)
Po = 2.1
p1 = 2.00606062
P2 = 2.00002434
ps = 2.00000000
pa = 2.00000000
(c) Convergence is quadratic. The number of accurate decimal places
(roughly) doubles with each iteration.
(a) pr =pr—1 + m—l—)
(b) No, po = 3, pp = —4.01525. The sequence {p;} converges to -
(¢) Yes, po = 5, p1 = 4.70149. The sequence {p;} converges to 3Z
(@) py=pr—1 — (1 +p+k—12 ) arctan(pr-—1)
(b) i
Po = 1.0
p1 = —0.570796327
pa = —0.116859904
r3 = —0.001061022
P4 = 0.000000001
ii. limpeo pr = 0.0
(¢) L
Po = 2.0
7 = —3.535743590
p2 = 13.95095909
D3 = —279.344667
ps = 122016.9990
ii. The sequence is a case of divergent oscillation.
(a) pr = pr-1 — T
(b) i
Po = 0.20
p1 = —0.05

p2 = —0.002380952
p3 = —0.000005655
P4 = —0.000000000

i limy, oo pe = 0.0
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24. NEWTON-RAPHSON AND SECANT METHOQODS 23

12.

{¢) i

Po = 20.0

p1 = 21.05263158
p2 = 22.10250034
ps = 23.14988800
pa = 24.19503505

il limy, o0 pr = o0

(d) f(ps4) = 0.00000000075155

. p2 = 2.41935484, p; = 2.41436464
. Py = 2.46371308, ps = 2.27027831
10.
11.

p2 = —1.52140264, p3 = —1.52137968

Following the procedure outlined in Corollary 2.2, we assume that A is a
real number and find the Newton-Raphson iteration function g(xr) for the
function f(z) = 2 — A. Thus

— f(z
g(z) = z- FUC
= p— z?—A
- 3z
z—L
r— —=
A
_ 2.‘5-’3——2-

Now let py be an initial approximation to ¢/A. Thus the Newton- Raphson
iteration is defined by

2pk—1+A/PE_,
Pe = 3

fork=1,2,....
(a) VA

(b) Following the procedure outlined in Corollary 2.2, we assume that A
is an appropriate real number and find the Newton-Raphson iteration
function g{x) for the function f(z) = z¥ — A, Thus

glo) = o— 42

Now let po be an initial approximation to % A. Thus the Newton-
Raphson iteration is defined by
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24CHAPTER 2. THE SOLUTION OF NONLINEAR EQUATIONS F(X) =

(N—D)pr—1+A/pp
P = ~

fork=1,2,...
13. No, because f(«) has no real zeros,
14. No, because f'(z) is not continuous at the root z = 0.
15. No, because f(x) is not defined on an interval about the root z = 0.

16. From (12) and (13) we sec that (11) is the Newton-Raphson recursive rule
for the function f(z) = z2 — A. The zeros of f arc £vA. Tt follows from
Theorem 2.5 that there is a pg such that (11) converges to v/A.

17. (a) g(p) = p — fJ’G»% = p which implies that —}ﬂ,(% =0, which implies
that f(p)

-~ £f’£p22 —f@) ") _ T . _

(b) =1- (f'(p)) (f (p) '(p)) =0. S].Il(,e g,(p) =

0 and ¢'(p) is a continuous function, (hooae € = 1. Then there exists

an interval (p—d, p+d) in which |g’ ( )| < € or |¢/(z)] < 1. Therefore,
Theorem 2.2 implies that lim, . p, = p.

18. (a) Given
0= f(px) + ' (pe)(® — p&) + %f”(%)(]’) - pi)?

then

I+ LB —p) = 51" p - pe)?

pp)+ LRE e

(p p’“)+f’(pk) 2f,(pk)(p Pr)

(b) The last expression in part (a) can be written as:

_ (Pk)) Y 5 G IR

P (”’“ F(pi) 27 P

_ _ _f”(ck) 2

P=Pr1 = 5ok f’(Pk)(p Pr)

Assuming f'(p) = f'(p) and f"(cc) = f”(p) when k is sufficiently
large vields

P=pri A f”((p))(p— pr)
 w)
Bl = g P
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24. NEWTON-RAPHSON AND SECANT METHODS 25

19. (a) If 1/4 < q < 1, then
-2 <logy(g) < 0

=24 2m < logy(q) + 2m < 2m
i(22m) <gx 22m < 22m

By the Squeeze or Sandwich Theorem limy, ., g x 22™ = ( and
liMm—ooq x 2™ = oco. Therefore, if A ¢ R*t, then there exists
m € Z and g € [1/4,1) such that A = g x 22™,

(b) If A€ R then VA = /g x 22m = ¢1/2 x 9™,

20. (a)
_ L(Pe)(pr — pr—1)
Pert = P 0T,
— Pk(f(pk)*f(Pk—l))*f(Pk)(Pk*Pk—l)
k) — f(Pr—1)

=S (Pr—1) + pe—1f(px)
F(or) — f(pr—1)

Pr—1f(Pr) — e f(pr—1)
fpx) — fpx-1)

(b) As the number of iterations increases the precision of the difference
in the numerator can lead to a reduction in the precision of Pt

21. If p is a root of multiplicity M = 2, then f(z) = (z —p)2q(z) and q(p) # 0.
Cousider
2f(z)
hiz) = z-—

&
8

Since p is a root of multiplicity M = 1 of k(z) it follows that the Newton-
Raphson method

_ 2f(pk—1)
Pk = Pk-1—

f'(pr—1)

converges quadratically.
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26CHAPTER 2. THE SOLUTION OF NONLINEAR EQUATIONS F(X)=0

22. (a) Halley’s formula for finding v/4 is:

'1',2_ _2_ -1 .
glz) =z~ A(l_(f A)(2)) _ 2(2? 1 34)

2z 2(2x)? 32+ A

When A = 5, Halley’s iteration formula becomes

P = Pi_y + 15pk 1
s 32 +5
and p; = 22352941176, py = 2.2360679775, and ps = 2.2360679775.

(b) Halley’s formula for f(z) = 2% — 3z 4+ 2 is g(z) = égﬁﬁ—gﬁ and
p1 = —2.0130081301, p2 = —2.0000007211, and p3 = —2.0000000000.

23. (a)
hr) = it
- (x — p)Mq(x)
Mz —p)"~q(z) + (z — p) "¢ (2)
_ z — p)Mq(x)
(z — )" (Mq(z) + (z — p)d/(z))
- 9(z)
= - e *p)q’(ﬂ:))
= (a—p)sla)
Note i __q([i ) _1_ Lo
' Mo(p) M7~ 7

Therefore, h(x) has a simple root at p.

(b) From (5) the Newton-Raphson iterative function for h(z) is

Making the substitution h{z) = f(z)/f'(z) yields

g(x) = T_J%%(i)lj%l
J'(z)

@)
OO eI

@)

. [(@)f(=)
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2.5. AITKEN’S PROCESS AND STEFFENSEN’S AND MULLER’S METHODS27

(c) The iteration function g in part (b) is the Newton-Raphson itera-
tive function of a function h with a simple root at p. Therefore, by
Theorem 2.6, iteration using g in part (b) converges quadratically to
P

(d) p1 = 0.78253783237921, po = 0.26558132223138, ps = 0.00018628551512

24. It appears that the error in each successive iteration is proportional to the
cube of the error in the previous iteration: E, ., ~ AE3 ie; R=3. The
value A = 3/4 is a rcasonable estimate for the proportionality constant.

2.5 Aitken’s Process and Steffensen’s and Muller’s

Methods
1. (a) Ap, =10
(b) Ap,=6(n+1)+2-6n—-2=6
(¢) Apn=(n+1)(n+2)~n(n+1)=2(n+1)
2. (a) A%y = A(Ap,) =AQR+1)2+1-2n2 — 1)=A(dn+2)=4
(b) A%p, = A(A%p,) = A4) =0
(¢) A%y = A(A%p,) = A(0) =0
3.
Ap, = A(1/2™F — 1/2™) = —1/27+!
and
2 i 1 1 1
Apn = A(Apy) = A(-1/27T) = T oni2 + on+l ~ 9n+2
thus
B (Apn)? _ 1y 1 1 0
On = Pn — AQpn " on 1/2n.+2 - an on
4.
1 1 1
Apn = n+1 n  naln+l)
and
Api = A(Ap,)
= A (“ n(n1+1))
_ 1 g1
(n+5)(n+2) n{n+1)
= ST
thus
L
4= po — (Ap,)? 1 (_n(n+1)) B 1
n n A?p, n ——n(n+12)(n+2) 2(n+1)
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5

Pn = 1/(4n + 4—n)

qTL - 1

= Pn—

(Apn)?

A?p,

(pr-l — p'n)2

Pr+2 — 2Pp+1 + Pn
PnPny2 — p121+1

P2 — 2Png1 + D

2" -1

1

1 1
m_m

1 —
27 +I-1

2 1
pEE e T

2n

n(2 T — 1)(2n 1t 1 1)

1

1

Pn

gn Altken’s

0.5

-0.26437542

0.23529412

-0.00158492

0.06225681

-0.00002390

0.01562119

~-0.00000037

0.00390619

G x| =D B

0.00097656

)= (6+x)!/2

DPn

qn Aitken’s

2.5

3.00024351

2.91547595

3.00000667

2.08587943

3.00000018

2.99764565

3.00000001

2.99960758

Q
cn;:o:w»—nowg\

2.99993460

In(z 4 2)

Pn

gn, Aitken’s

3.14

3.14619413

3.14422280

3.14619331

3.14556674

3.14619323

3.14599408

3.14619322

3.14612992

o
crl.-lkc,ot\:H—ﬂDb’H‘

3.14617310

cos(z) —1=0

(22t _1 " gmil
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2.5. AITKEN’S PROCESS AND STEFFENSEN’S AND MULLER’S METHODS29

P Steffensen’s
0.5
0.24465808
0.12171517
0.00755300
0.00377648
0.00188R824
0.00000003

oyl wine]—lol B

10. In formula (4) let p, = S, and g, = T}, then AS, = Snt1 — Sn = Anp1
and A%S, = A(AS,) = AAn 1 = Ao~ Aniy. Substituting into formula

2
(4) vields T, = §,, — A

An+2 —An+1 )

n41

11. The sum of the series is 99.

nl S, T

0.99 98.9999988
1.9701 99.0000017
2.940399 98.9999988
3.90099501 | 98.9999992
4.85198506
5.79346521

SOy i —

12.

.-.--a
=
o]

sum is S = 0.31838039
Sy Tn
0.23529412 | 0.31840462
0.29755093 | 0.31838076
0.31317211 | 0.31838039
0.31707830 | 0.31838039
0.31805487
0.31829901

=21 2] TSN K] B OGT E) =)

13. The sum of the sories if 4.

n| S, Ty

1] 1.0 2.0

2120 4.25
31275 4.08333333
41325 4.031215

5 | 3.5625 4.0125

61 3.75 4.00520833
7 | 3.859375 | 4.00223215
8 | 3.921875 | 4.0097656

14. The sum of the series is In(2).
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30CHAPTER 2. THE SOLUTION OF NONLINEAR EQUATIONS FX)=0

Sn

T

0.5

0.6875

0.625

0.69166667

0.66666667

0.69270833

0.68229167

0.69300595

0.68854167

0.69309896

0.69114583

0.69312996

0.69226191

0.69314081

[eoHIEN | Nar] K] BN RJU] B O] Bl

0.69275019

0.69314476

15. f(z)

=g3 - —

3.

DPn

f(pn)

1.0

-2.0

1.2

-1.472

1.4

-0.656

1.52495614

0.02131598

1.52135609

-0.00014040

(521 It~ R B OG] R e

1.52137971

-0.00000001

L~

z) = 4z% — &%,

Pn

f(pn)

4.0

9.40184997

4.1

6.89971240

4.2

3.87366896

4.30844335

-0.07396483

N RIS o Bl R

4.30657286

0.00047140

w11

4.30658473

0.00000005

17
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A(pn an)

Il

(Prs1 + In+1) — (P + In)
(pn-H - pn) + (QH+1 - QH)
Ap’n. + A‘In

Put19n+1 — Pnln
Pr+1Gn+1 — Prn+1Qn + Pn+14n — Pnln
Pn+18¢n + g Ap,
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2.5. AITKEN’S PROCESS AND STEFFENSEN’S AND MULLER’S METHODS31

18.

Pry2Pn — ‘P?z+1
P2 — 2p-n+1 + Pn
Pnt2Pn — p%-i-l
Dni2 — 2pn+1 + DPn
Pn+2Pn — p%-ﬂ — 27%.;_2 + 2Pn49Pn+1 — PrPryo
Pn+t2 ~ 2Pnt1 + Pn

+2 = 200 0Pnt1 + Pras
Pnt2 = 2Pni1 + D

P =

= Pn+2 —Pny2 T+

= Pay2+

= Pnta— En

2
(pn+2 r_ pn+1)
Pn+2 — 2Pnyt + Pn

= Pny2—

19. (a) Ey = KVE,
(b) From part (a), if Exy = KN E,, then

|En| = |KNE,
108
KN <
—8 — logy | Eol
10g10|K!

(=8 ~logig |Eo|)
N = int| —=———""T"1+41
( logy | K|

N >
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Chapter 3

The Solution of Linear
Systems AX = B

3.1 Introduction to Vectors and Matrices

1.

(1) (i) (iii) (iv)
(a‘) (1’4) (_14’&3) (5,—20,—10) ( a~770a2)
(b) (5’_12) (27_251) (3,4>12) ( 2)37 72)
() | (9,-12) (—18,9,4) (12, -24,3) (3,-6,-12,6)
(d) | 5 7 9 5
(e) | (=26,72) | (—32,23,—1) | (-9, 52, —81) | (17,27, 44, —8)
f) | 38 65 89 3
(&) | V2440 V1554 V9346 V3018
2. (a) 8= arccos(—16/21) ~ 2.437045
(b) 6 = arccos(—8/117) ~ 1.639226
3. (a) Assume that X, Y#0. X-Y = 0iff cos(d) = 0iff § = (2n +
1)% iff X and Y are orthogonal.
(b) Yes, (—6,4,2) - (6,5,8) =0
(¢) No, (- 483) (2,5,16) =80 #0
(d) No, (-5,7,2) - (4,1,6) = =1 #£0
(e) Any solutlon of (1,2, -5) - (z,9,2) =0
[ -5 18 6
4 (a) A+B=| 5 -8 1
| 8 6 1 j]
[ 3 0 2
by A—-B=| -1 2 -13
EiE1
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34 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B
5 9 8
(c) 3A-2B = 0 1 -32
-16 13 33
[ 2 1 7 11
5. (a) 5 40 —3
-1 6
4 3 8
b) 19 51
| 2 7 6
6. (a) Yes (b) No c) Yes (d) No
7. (20)
Y+X = (?/1,2/2,---;?171)+($1,1‘2a---,1’n)
= (M +rL,Y2s+T2,. . Yy +20)
= (T1+y1, T2+ Y2, Tn + Un)
= (371,12,...,]7”)+ (y13y27"'7yn)
= X+Y
(24)
(a+0)X = (a+b)(x1,29,...,70)
= ((a+b)zry,(a+b)xs,...,(a +b)z,)
= (azy+br1,azs + bz, ..., azy + bxy)
= (az1,azy,...,az,) + (bz1, bzg, ... bxy)
= a(z1, T, 2,) + b(z1, 23, ..., 7))
= aX+bX
(25)
«(X+Y) = c((ml,mg,...,xn)+(y1,y2,...,yn))
= ¢z +y1, T2+ Y2, .. & + Yn)
= (C(Il +y1)1c(m2 +y2)7~--70(37n +yn))
= (1 +cyr,cxa -+ cya,y...,CTn + CYn)
= (cx1,¢Ta,...,CT,) + (ey1, Y2, - .., CYn)
- C($1,I21'--7xn) +C(y173/2>"'ayn)
= ¢X+cY

3.2 Properties

of Vectors and Matrices

~11 —12 ~15 10

1. AB= [ 13 —24 } BA = [ —-12 20 ]
3 6 9

2.AB=[;1 jg} BA-| 9 2 2
-1 -6 -1
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3.2. PROPERTIES OF VECTORS AND MATRICES 35

w

() (AB)C = A(BC) = [ _83 :52 ]

(b) AB+C)= AB+AC=[10 41}

4 -8

() (A+B)C = AC + AB = [ s }

’ AL 1 _8

(d) (AB) = B’A _[0 o
22 30 24
4. A2=[_3§ _51] B2=| —19 45 -34
17 =35 42

5. (a) 33 (b)—80 (c) not defined (d)70

6.
R (a)Ry(-a)
[1 0 0 1 0 0
= 0 cos(a) —sinfa) 0 cos(a) sinfa)
| 0 sin(a)  cos(a) 0 —sin(a) cos(a)
[ 1 0 0
= 4] cos?(a) + sin®(a) cos(a) sin(a) — sin(a) cos(a)
| 0 sin(a) cos(a) — cos(a) sin(a) smz(a) + cos?(a)
=1
7.
R (a)Ry (8) )
1 0 0 cos(f) 0 sin(B)
= 0 cos(a) —sin(a) 0 1 0
| 0 sin(a)  cos(a) —sin() 0 cos(B3)
cos(3) 0 sm (8
= sin(a@) sin(#)  cos(a) —sm cos(,B)
| —cos(a)sin(8) sin(a) cos(e)sin(8
8.
(AB)BT'A ™) =ABB HA ' =ATA ' =AA 1 =1
(BT'A™)AB)=B}(A"'A)B=B'IB=B"'B=1
9. (13) We show IA = A. By hypothesis A = [@i)mxn and T = [6;5]arxn.

Thus:
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36 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B

1A C

lCijlMxn
[Eﬁil 511;‘%;}
[biailmxn

{aij]MxN

A

I

MxN

ir

The proof of AI = A is similar.

(16) We will show ¢(AB) = (cA)B. Let ¢ be a scalar, A = (@] v x N
and B = [b;;]axn. Then

¢(AB) ¢ [ZkN 1 a,-kbkj} i
Zk 1GﬂkkaJ

:
- [Eisoun
s

1(caix bk]]

N

xN

MxN

MxN

(cA)
Similarly, c(AB) = A(cB).

10. (a) MN  (b) M(N - 1)
11.

A(B +C) [Eﬁf:l @ik (bry + ij)] M P
= I:Z;’cv:l((aikbkj) + (aik:ckj))] MxP

_ N N
= [Zk=1 Qikbrj + > p_; az‘k%‘]
MxP

[ZkN=1 aikbkj] wap Tt [ZkN=l aikﬂkj]
AB + AC

MxP

12.

(A+B)C = |20 (a + b,—k)ckj]
Zszl(aikck]’ + bikckj:I
Ellcvz1(aikckj + ZkN=1 bikcka’]

Zg:l(aikckj] + [ch\;l bikﬂkj]

— o ) ——

I
>
@)
+
us]
Q
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3.3. UPPER-TRIANGULAR LINEAR SYSTEMS 37

13.XX'=[1 -1 2] 1 -1 2f =[]

1 -1 2
X'X=[1 -1 2/ 1 -1 9 =[m1 1 —2}

2 -2 4
14.
(AB) = C' =] = [¢;] = [e54]
= [Zszlaa‘kbki]
= [Zi:v:lbkiajk}
= [chvzlb:lka;cj}
= B'A’

15. (ABCY = ((AB)C) = C/(ABY = C'(B'A’) = C'B'A’

3.3 Upper-Triangular Linear Systems
1L o1=2,20=-2,23 =1, 24 = 3, and det(A) = 120
2. 71=2,73= -3, 23 =5, &4 = 2, and det(A) = 1155
3oz =5,m=4,23=1, 24 =—6, 25 = 2, and det(A) = 48
o11biy auibiz + a12bay  @11biz + ar2bes + aizbss

4, (a) C = 0 Qo9b99 agabog + aszb + 33
0 0 a33bss

(b) (We need to show that the ij th entry of the product AB is zero when
i > j.) Given A = |a;j]yxn and B = [b;}nxn are upper-triangular
matrices, then by definition, a;; = 0 = b;; when i > j,

Case 1: If 7 > k then a; = 0 and aipbr; = 0.

Case 2: If i # k, then ¢ < k and 4 > j imply that br; = 0; and thus
aikbkj = 0

Thus, if ¢ > j, then the 45 th entry of the product AB is Zszl Qikbr; =
0. Therefore, the product of two upper-triangular matrices is an
upper-triangular matrix.

9. #1=3,72=2,23 =1, 24 = —1, and det(A) = —24

6. z1=-2, 23 =2, 23 =0, 24 =3, and det(A) = 30
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38 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B

7. From Program 3.1 2y = by /ayy and

N
b =) g aky

ALl

T

fork=N-1,N-2,..., 1. There are (N—1)+1 = N divisions. For each
value of k there are N — (k+ 1) +1 = N — k multiplications (one for each
term in the summation) and N —(k+1)+1 = N —k additions/subtractions
(N —(k+1) from the summation and one subtraction from the numerator)
Therefore, there are

N-1 N N-—
k=1 (N - k) = k=11 N — Zk:ll kK
N—-1)N
= (N-1N - &5
_ N(N-1
- 2

multiplications and additions/subtractions, respectively.

3.4 Gaussian Elimination and Pivoting
lLzy=-3,20=2,25=1
2 2y =3,mp=-2 75=1
3.z1=1,20=3, 03 =2

4. 11=2, 20 =5, 23 =1

5 y=05—3z + 222
6. y=5+2z — 22
7. 314 ot — L23
8. z1=3,za=-1,23=1,24=2
9. 2:=2,22=3,23=1, 24 = -2

10. z3=1,29=3, 13 = 2, 14 = —2
11. 1'1‘—'1,.'1.‘2:3,(133:2,334:—2
12021 =2, 19 =3, 25 = -2, 14 = 1

13. The exact solution is [z y ' = [ =1 1 ]. Clearly, (unexpectedly?)
the MightyDo 11 solution is best: [ z y |'=[ —-0.99 1.01 }'.

14. (a) Compare to x; = 0.00000000, zo = 0.00000100, z3 = 0.01000003
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3.5. TRIANGULAR FACTORIZATION 39
(b) Compare to zy = 0.06035701, 3 = —0,0015951, x5 = 0.02820363, x4 =
—0,25201729

15. (a) ry = 25, r9 = =300, z3 = 1050, Ty = —].400, x5 = 630

(b) =1 = 28.02304, 75 = —348.5887, x5 = 1230.781, x4 = —1666.785,
x5 = 753.5564

3.5 Triangular Factorization

1. (a) Y’—[—4 12 3V, X'=[-3 2 1Y}
b)Y =[20 39 9], X'=[5 7 3V
2. () Y=[7 9 12]"X'=[3 -2 17
() Y =[25 60 42}, X' =[3 -2 1)
[ -5 2 17 i 1 00 -5 2 -1
3. (a) 10 3|=|-02 10 0 04 28
| 31 | | —06 55 1 0 0 -10
[ 0 37 1 0 0 10 3
(b) 31 6|= 310 01 -3
| -5 2 -1 | | -5 2 1 00 20
T4 2 17 ! 0 0 4 2 1
4, (@) |2 5 =21|=1| 05 10 0 4 =25
1 -2 7] | 0.25 —0.625 1 0 0 5.1875
(1 -2 7] 1 00 1 -2 7
) |4 2 11=14 10 0 10 -—27
2 5 -2 | 2 09 1 0 0 83
5 (&) Y'=[8 —6 12 2),X'=(3 -1 1 27
b)Y ={28 6 12 1], X'=[3 1 2 1)
1 0 00 1 1 0 4
, _ 2 1 00 0 -3 5 -8
6. LU= 5 1 10 0 0 -4 -10
-3 -1 175 1 0 0 0 -75
7.
S (N=p)(N=-p) = YNZH(N?—2Np+p?)

= NAN-1)—2N ((N—21)N) L (N‘I)N(ZG(N—1)+1)

(6N®—6N?)—(6N? ~6N2)+(2N°—3N?+N)
3

_  2N®_3N24N
6

STUDENTS-HUB.com Uploaded By: anonymous



40 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B

8. Use the fact that Ly, U}, Lo, and U, are all nonsingular,

9. When 7 > ¢

c

k)
dre = Z'm'rkal(m
k=1

c—1
= Z mrkagz) + mrcagg)

k=1
¢—1

= D (al¥) —afetD) 4 o9
k=1

= o

10. (a) Carry out the indicated products.
(b) Note:
1j=k
0 j#k;
If P=[E, E, --- E,], then P' = [Ey, E, -+ Ex,). Thus
P'P = [a;;]nx N, where

Ek’j = [elj]lxN where €15 = {

i

03 .
a.,-]- zEk'E;cj :{ z#]

Thus P'P = I. Similary, PP’ = I. Therefore, P~1 = P’.

11. Let A = [ais]nx~, where a;; =0, if 4 > j. Thus A~! = ]}\_—lade = [al_Jl]
where

O ST o VA PP o

= — A= i = =0,
i = A T Ay M= TR (@ =0

provided i > j. Therefore A~ is upper-triangular.

3.6 Iterative Methods for Linear Systems

1. (a) Py = (3.75,1.8), Py = (4.2,1.05), P3 = (4.0125,0.96). Tteration will
converge to P = (4,1).

(b) Py = (3.75,1.05), Py = (4.0125,0.9975), P3 = (3.999375, 1.000125).
Iteration will converge to P = (4,1).

2. (a) Py =(1.25,1.5), P; = (1.8125,1.8125), Py = (1.9296875, 1.953125).
Iteration will converge to P = (2,2).

(b) Py = (1.25,1.8125), P = (1.9296875, 1.98242188),
P3 = (1.9934082, 1.99835205). Iteration will converge to P = (2,2).
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3.6. ITERATIVE METHODS FOR LINEAR SYSTEMS 41

3. (a) Py = (=1,~1), Py = (~4,-4), P3 = (—13,-13). The iteration
diverges away from the solution P = (4, 1).

(b) P1=(-1,-4), Py = (-13,-40), P3 = (-121,—-364). The iteration
diverges away from the solution P = (4,1).
4. (a) P; = (0.5,—-0.5), Py = (1.25,1.25), P3 = (—1.375, 3.875). However,
the solution is P = (0.2,0.2).

(b) P1 = (0.5,1.25), Py = (~1.375, ~5.3125), P = (8.46875, 20.140625).
However, the solution is P = (0.2,0.2)

5. (a)

X
|

(2,1.375,0.75)
Py = (2.125,0.96875,0.90625)
(2.0125,0.95703125, 1.0390625)

.
[+
|

Iteration will converge to P = (2,1,1)

(b)
P, = (2,0.875,1.03125)
P; = (1.96875,1.01171875,0.989257813)
Ps = (2.00449219,0.99753418,1.0017395)

Iteration will converge to P = (2,1, 1)

6. (a)
P, = (55,-10,0.75)
Py = (48.875,18.25,4.625)
P; = (-65.1875,224,7.6525)
However, the solution is P = (2,1,1)
(b)
P, = (55,17.5,—2.25)
P> = (-65.625, —340.375,69.4375)
P3 = (1401.71875,7068.03125, —1415.82813)

However, the solution is P = (2,1,1)

3
I

97.3333333, 45.3333333, —4.5)

(
(214.166667, —220.83333, 11.88889)

>
|

However, the solution is P = (3,2, 1)
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42 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B

(b)
P, = (-8,45,-9.83333333)
P, = (207.16667,—825.5,206.97222)
Ps = (-3928.5278, 15934.0833, —3964.8565)

However, the solution is P = (2,1,1)

8. (a)
P, = (3.25,1.6,0.33333333)
P, = (293333, 2.183333,1.15)
P; = (2‘991667,1.956667,0.947222)

Iteration will converge to P = (3,2,1)

(b)

P, = (3.25,2.25, 1.04166667)
(2.9479167, 1.98125, 0.9857639)
(3.0011285, 2.0030729, 0.9998640)

UY
[E I N
ol

Iteration will converge to P = (3,2,1)

9. (14) If v, € R, then |ox| > 0for k= 1,2,..., N. Therefore, Z,vazl |k >
0or ||X|, =0.

(15) If X =0 then X = (0,0,...,0) and |X|, = ¥N .0 = 0. Now

N
assume [|X||; = 0, and by way of contradiction assume X # 0. Then
there is a k such that zx # 0 and |z;| > 0. But then, |X|; =

Yo, Jxk] > 0 -a contradiction to the hypothesis || X||; = 0. Thus,
if |X]l; = 0, then X = 0.

(16)

Xy

N
5 e
k=1
N
= > lc]|zl
k=1
N
= el Y ol
k=1

= X

10. (14) If i € R then 2} > 0 and |X| = /TN 22 > 0.
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3.6. ITERATIVE METHODS FOR LINEAR SYSTEMS 43

15) If X =0 then X = (0,0,...,0) and |X]| = N 0=0 N
(15) en X = ( ) and [X]| = /S50, ow

NOs
assume || X|| = 0, and by way of contradiction assume X +£ 0. Then
there is a k such that 2 # 0 and 2 > 0. But then, ||X] =

\/E,]:;l z3 > 0—a contradiction to the hypothesis |X|| = 0. Thus,
if |X|| =0, then X = 0.

(16)

N

[[eX]| = \Z(C-Tk)z

k=1

N
— 2 2
= @k
\ =

= V& ixz
Jk:l

lellIX]|

(17) First note from Exercise 2 of Section 3.2 that

XY
—_— cos(0
BRI (6)
X.Y .
XYy -
XY < XY
Thus
IX+Y)? = X+Y) (X+Y)

X-X+2X-Y)+Y Y
X +2(X- Y) + Y2
X+ 2 XY+ Y]
(X0 -+ 1y

A8

it

Taking the square root of both sides of the resulting inequality yields

X+ Yl < [IX] + Y]

11. (14) If 2 € R then |z] 2 0 and | X|| = maxi<pen 2] = | X]loo > 0
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44 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B

(15) If X =0 then [|X]le = maxi<g<n |2k| = maxi<x<n [0] = 0. Now
assume [|X|| = 0, and by way of contradiction assume X # 0. Then
there is a j such that z; # 0 and |z;{ > |zx| for k = 1,2,..., N.
But then, ||X|loo = |2;| # 0-—a contradiction of the hypothesis that
X} = 0.

(16)

| X|lee = max. lexg|
1<k<

= gy i

= | 1g}ca<XN| |

= e X]leo
(17)
IX+Y]e = (2% 1w + ye| say when k = j
|75 + vyl

(25 7l e el

1Xlloo + Y [l

IA I

3.7 Iteration for Nonlinear Systems

1. (a) (0,0)
(1) (30— 2v/30), 3(~6 + VAD)) , (4(9 + 2v30), 1(~6 — VD))
(¢) (0,nm)
(d) (1,2,1)

3. The system has two fixed points:

(9—2\/:% 6—x/§6> <9+2\/% 6+\/:E)

37 3 3 7 3
Formula (16) becomes:

2¢ -1
3

991
ox

99| _
Ay

2y
2

<1
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3.7. ITERATION FOR NONLINEAR SYSTEMS 45

and 5 5

Og2 g2 1 1

=+ |2 = +<1

oz | |y "33

The second fixed point doen’t satisfy the first inequality, thus convergence
isn’t guaranteed. The first fixed point satisfies both inequalities and both

inequalities are satisfied for every point (z,y) in the region defined by

9“2m_l<x<9*2‘/3_0+i
3 10 3 10
and
6-v30 1 6-v30 1
s g <Y< ———+
3 10 3 10
4.
l—-y—=z
m:gl(m’yaz):—g_
22—z —2z
y=gz($,y,Z)=—4—
ey
Z=g3(.7,',y,2): = Y
)
Ogi|  |0qi| [0¢a| 1 1
oz | Ty Tl "0t tE T3 <!
| Og2 dga|  |0ga| 1 1 1
2] L) L = 404+ ==
}6:ﬂ+8y+8z 4+ +4 2<1
| Ogs Ogs g3 1 1 2
sl —_ —_— = - - 0=~ 1
l3m+5y+f)z 5+5+ 5

Thus fixed-point iteration will converge to the fixed point %—7(11, 54, —-13)
for any initial guess (po, o, 70).

|24

5. (a) Fixed-point iteration:

(po, q0) (1.1,2.0)

(r1,¢1) = (61(1.1,2.0),92(1.1,2.0)) = (1.12,1.9975)

(P2, q2) = (91(1.12,1.9975), g2(1.12, 1.9975)) = (1.1166, 1.9964)
(ps,q3) = (91(1.1166,1.9964), g»(1.1166, 1.9964)) = (1.1164, 1.9966)

(b) Seidel iteration

(Posg0) = (1.1,2.0)

(Pr.a1) = (91(po,q0), 92(P1,90)) = (1.12,1.9964)
(P2@2) = (91(p1, 0):92(p2, q1)) = (1.1160,1.9966)
(p3,q3) = (91(p2,92), 92(ps, g2)) = (1.1166, 1.9966)
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46 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B

6. (a) Fixed-point iteration:

(Po; 90) (—0.3,-1.3)
(p1,q1) = (—0.2684,-1.3175)
(p2,q2) = (—0.2694,-1.3161)
(ps,q3) = (—0.2696,-1.3153)
(b) Seidel iteration
(Po,q0) = (-0.3,~1.3)
(Pr,q1) = (-0.2719,-1.3191)
(p2,@2) = (-0.2704, —1.3139)
(p3,q3) = (—0.2694, —1.3160)

v —z—0.3
(a)
P = | 1]
P - e 1]
- pyean [t
(b)

~0.2
Po = [0.2]

_ [ 02004762

Pi = PotdP= { —0.1238095 }
—0.2860634

P2 = PivdP= [ —~0.1181872 }

8. (a) Clearly y # 0. Substituting = 1/y into the first equation yields
y = £1. Thus the solutions are (1,1) and (—1,-1).

(b) The values of the Jacobian determinant at the solution points are
(L, 1)] = 0 and |J(—1,-1)] = 0. Newton’s method depends on
being able to solve a linear system where the matrix is J (Pn,qn) and
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3.7. ITERATION FOR NONLINEAR SYSTEMS 47

(Pn,gn) is near a solution. For this example, the system of equations
is ill-conditioned and thus hard to solve with precision. In fact, for

some values near a solution we have J(xo,y0) = 0, for example,
J(1.0001, 1.0001) = 0.

9. Assming ay; # 0, then Jacobi iteration for the linear system

anz+aizy+azz = b
a2T + agely +agzz = by
0317 + azoy +azzz = by

is

by — a1y — a3z

r = gi(r,y,z2)= an
by — anT — agz
y = gz(x,y,2)=T—
bz — az T — agqy
z = 93(33;3},3):_"—

a33

The fixed-iteration in (15) follows from thesc equations. If the coefficient
matrix of the given lincar system is strictly diagonally dominant then

3
lakk| > ) lag|
=1
ik
for k= 1,2,3. In particular, for k = 1 we have |a11| > |a12| + |a13] and
Oq1 9g1 dg; a1z &3
B |G [ = o]+ ax
_ laia| + |ays] <1
{611

The conditions for go(z,y, 2) and g3(z,y, z) are derived similarly.

10. From Newton’s method;

P = Pr—-J'F(Py)

ar
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48 CHAPTER 3. THE SOLUTION OF LINEAR SYSTEMS AX = B

sen] = Gl (GD=(E])

R z By (
f2a(zﬂl) afza(;,y) f2(1'7 y)

8fa(z 8fi(zy)
_ [ = 1 Bayj - flayy [ filz,y) ]
Ly ) NI -2 2 [ faley)

ay

Thus

a 2 8 1

Shay o4
glz,y) = m—L.JI_!{_Q

aiZQ _ 8 1
ga(r,y) = y—mflT 5:1"f2

11. (a) From the Mean Value Theorem therc are numbers a5 and ¢f such
that

dg1(ay, @) 0g:1(p, )

€ = or ep + 6?j Eq
og1(ag, 0 ,Ch
|61| - gl( 0 q0)€0+ 91(10 Co)EO
oz Oy
091 (ag, q0) Og1(p, ¢})
< [Z221%0.90/ Gy, )
- or fo| + Ay Eo
dg1(as, qo) da1(p, cf)
<L —_ oM U
= O To + oy T
_ (10g1(a§,q0) | |01 (p,c3)
B ( Or + Jy o
< Kry

(b) From part (a): leg| < Kry and vy = maz{|e,|,|E1|} € Krg. Thus
le2| < K(Krg) = K?rg. Similarly, |Ex| < K?ro.

(¢) Assume

Kri_y < K"y,
Kry o < Kk'il'r'o.

lex—1]
|Ex1]

IA 1A

Then
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3.7. ITERATION FOR NONLINEAR SYSTEMS 49

12.

STUDENTS-HUB.com

Krig_y
K(maz{lex_1|,|Ex—1]})
K(K.’C—ITO) — KkTO

lex|

IA A

Similarly, |Ex| < Krp_y < K¥rq.

Note: limy, o |en| = limp—oo K™rg = 0(rp) = 0, since 0 <K <1
Thus

0= lim |e,| = lim |p—p,|= lim (p—pn)
n—oo n—0Q n-—0Q

or limy, o0 Pn = p. Similarly, lim,—oc gn = q

Note: As with derivativs, we have %(cf(x,y)) = cZ f(z,y). F(X)
was defined as

F(X) = [ 1(331,--‘11:77,)" 'fm(Il,...,.’En)]l;

thus, by scalar multiplication,
cF(X) = [cfi(zr,...,20) - cfmlmr, ... 20)].
J(cF(X)) = [Jix)mxn, where
) 0 5
Jik = (—,aux—k(cfz-(xl,...,mn)) = ca—xk-fi(zl,...,zn).

Therefore, by the definition of scalar multiplication, we have J(cF(X)) =
cJ(F(X)).

Note:
FX)+G(X) = il @) fmlmy, 2]
Hgr (e, o zn) gm0
= fito - fm+gm!
Thus
[ &8
IER)+CX) = |5(i+g)]
[ 8 o
= d_’['kfl_'—a_’ﬂkgl}

— -,,d_f + i .
o axk-"h

= J(F(X)) +IJ(G(X))
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Chapter 4

Interpolation and
Polynomial Approximation

4.1 Taylor Series and Calculation of Functions

1. (a) Ps(z) =2 —23/31 + 25/5!
Pr(z) =2 —2*/3! + 23/5! - 27 /7!
Po(z) =z — 2231+ 25/5! — 27 /71 4 2° /9!

(b) |Eo(z)| = |sin(e)20/10!] < 232 — 0.0000002755.. ..

(c)
Ps(z) = \—}5(1 +(z—7w/4) — (x —7m/4)?/2 — (x — 7/4)%/6+
(2 —7w/4)4 /24 + (z — 7/4)%/120)
2. (a) Py(x)=1—22/20 +2%/4!
Ps(x) =1—z%/2! + 2% /4! — 25 /6!
Py(z) =1—2/2! + 2 /4! — 28 /6! 4 28/8!
(b) |Es(z)| = | sin(c)z®/9!| < &2 = 0.0000027557 . ..
(c)

Pyz) = %(1 ~(x—n/4)—(z —7/4)?/2+ (z — 7/4)% /64
(z —m/4)*/24)

3. No, the derivatives of f(z) are undefined at z = 0.
4 (a) Ps(z)=1—-a2+2% -x3 4 2% - 28

(b) Es(z) ~

[

Py(z) =140z —22/24+02% =1 — 22/2

91
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52CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

6. P3(z) =1+ (z—1)4 (2 —1)®+ (z — 1)°. There are several ways to show
f(z) = Ps(z). For example, P3(z) can be expanded and simplified. The
following argument makes use of the Identical Polynomial Theorem—If
two polynomials of degree n agree at n+ 1 points then they are identical.
Evaluate f(z) and P3(z) at x = —1,0,1,2:

I
—_
=

I

!

i

i1

|
o= S

o, (24 (=382 (z-4)° 5x—4)* T7(x-4)°
Po(z) =2+~ 64 512 16384 131072

Pyz) = 3+ 3@ -9 yle(e 92+ Tagg (T — 9)°
~ o @ - 9+ k(e — O
(c) mo=4: P5(6.5) ~ 2.55116, zo = 9 : P5(6.5) ~ 2.54955

8. (a) f(2) =2, f(2)=1/4, ["(2) = ~1/32, f® = 3/256
Py(z) =2+ 3(z-2) - (@ —-2)2+ o5z ~2)8
(b) P3(1) = 1.732421875; compare with 31/2 — 1.732052808. ..
() f4x)=—(x+2)"7/% the maximum of | f4(x)| on the interval 1 <

« < 3 occurs when z =1 and | f4(x)] < |£4(1)] < 37772 ~ 0.020046.
Therefore,

(0.020046)(14)

[Bafa)] < S

= 0.00083529 . ..

9. f(x) = e® implies f(")(z) = e®, thus |E,(0.1) = f(ﬂ)(o)g?‘lho)n = @7

n!

E4(0.1) = 4.16 x 1075 and E5(0.1) = 8.3 x 108 < 1075, Thus we select
n = 3 to obtain the desired accuracy.

10. |E4(331/32)| < wm@m/se=n)’ 3¢ 19-¢,
|E5(33m/32)| < SO0 754 10-8; thus use Py(x).

11. (a) F(z) = [" cos(t?)dt,
F'(z) = cos(z?),
F”(z) = —2zsin(z?),
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4.1. TAYLOR SERIES AND CALCULATION OF FUNCTIONS 53

®)(x) = ~4z? cos(x?) — 2sin(z?),
F(4)(’E) —12z cos(z?) + 827 sin(z?),
FO)(z) = —12cos(z?) + 162* cos(z?) + 4872 sin(z?)

F(0) = [°, cos(t®)dt, F'(0) = 1, F"(0) = 0, F"(0) = 0, F®(0) =
0. Thus

0
P.,,(m):/ cos(t?)dt + .
-1

(b) F(0.1) = P4(0.1) fl(oq (t2)dt + 0.1 = 0.904524 + 0.1 = 1.00452
(6) Note: |Ey(r)| = | £

51

where ¢ is between 0 and .

Thus |E4(0.1)] = 'F“’(fgg‘“)s < 0D . 0.000001
12. (a)
/ dr _ tan(x)
. mz— = arctan(r
and
/ (Z(—l)kmzk) dr = Z(—l)k (/xzkdm>
k=0 k=0
x 2k+1
T
= 2. 2% + 1
k=0 +
2 5 L7
A T
(b)
3—3/2 3—5/2 3—7/2
. a—1/2 — 9-1/2 _ ..
arctan (3 ) = 3 3 + 5 = +
2-3/2  n-5/2 —7/2
E — __1/2 . d 15 - 3 .
6 3 3 T 5 7t
3
—

-1 —92 g—
) (5 )
1 3

o= 2(31/2) (1ﬂ3—3-+§~3—;—+---)

(¢) 2v3 (1 - 3 o+ 850) 314159265,

STUDENTS-HUB.com Uploaded By: anonymous



54CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

13.

14.

STUDENTS-HUB.com

(a)
flz)=Q0+2)7" @)= -(1+2)72
fm(m) =2(1 +.’L‘)_3, f(4)(T) =-2-3(1 +'7:)(_4)7 s

Inductively we see the pattern:

ke (CDFHE - 1)1
A e
(b)
N
IM(0)a*
Pale) = 3 =g
N
_ (~1)* 1k — 1)lzh
R D
3 N (_l)k-lmk
2%
O R
T TTyty ottt TR
(c)
En) ~ L@ ()Y 1 e
Vo= N+ DL+ gV
(*I)N.TN—FI

(N + D1 + )N+t

where ¢ is between = and 0.
(d) P3(0.5) = 0.41666667, Ps(0.5) = 0.40468750,
Py(0.5) = 0.40553230, In(1.5) = 0.40546511
(e) If 0.0 < z < 0.5 then

(_1)91.10
10(1 + )10

(0.5)10
10(1)

|Eg(z)| = ‘ < ~ 0.00009765 . . .

(a) When k=1, f/(z) = p(1 + z)? 1. Assume
™ @) =plp—1)- (p—n+ 1)(1 +2)P"
Then
1) = (1) =plo 1) p—nt 1)(p - )1+
B = 1) (b=t 1)(p— (n+ 1)+ 11+ 2=+
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4.1. TAYLOR SERIES AND CALCULATION OF FUNCTIONS

[
c

Therefore, by the principle of mathematical induction, for k > 1

fP@) =pp=1)-(p—k+ 1)1+ *

(b)

N k) (0)® N S ) (p— k4 1)k

Py(z) = Zf ](C!)T :Zp(p ) fj )
k=0 k=0
— 1—|—pT+p(p;'1 xZ_’_.”er(p_]-)"'(jf\)’!*.lv-l-l)l‘N
()
FNED ()N +1
Bia) (N +1)!
_ plp=1)-(p— (N +1)+1)(1 4 ¢)p~N+Dph=1
B (N +1)!

plp—1)---(p— N)z"!
(L+e)NtH-P(N +1)!
(d) P2(0.5) = 1.218750, F4(0.5) = 1.224121, P5(0.5) = 1.224744, /1.5 =
1.224744
(e) If N =5 and p = 1/2 then Ex(z) in part (c) becomes
94525
26(720)(1 + ¢)11/2
If 0.0 <2 <0.5 and ¢ is between 0 and 1/2, then

Es(:l?) = -

94555 945(1/2)°
Es(x)] = |- <
|Es()| BT20)(1 1 12| = | 2B(720)(1)
21
= — 2 ().0003204 . ..
56(1020) (.0003204
(f) In part (a) let p = N:
— 1)z?
Py(z) = 1-’;-N1:—|--N_(N2,i
LN =D (N N 422!
(N =1
NN -—1)---(N=N+1)2¥
+ NI
N(N — 1)a? NizML NN
= 1+N:n+—“‘é-!—“"""'(N_l)g+ N!
—1)a?
= 1+Nm+N(NQ—,)”+---+NzN‘1+mN
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536CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

15. (a) For f(z) = cos(x) and xp = 0 we have
FO(d)(z — 0)®
- (L0t —0
where d is between z and 0. Thus

5

|Eq(z)] < Q-)S('L) <107°
or ¢ < (107850)1/3 2 0.164375. . ..

(b) For f(z) = sin(z) and z¢ = 7/2 we have

[0) (= - 5)°

)

|y ()] =

where d is between x and 7/2. Thus
1 5
(Ea(o) < LA ¢ e
or ¢ < (107851)1/3 =~ (,164375. . ..
(¢) For f(z) =e® and xg = 0 we have
ed(x — 0)°

|Es(z)| = 5

where d is between 0 and ». Thus

edc® ecc

51 5
or c®e® < 120(107%). The root-finding techniques from Chapter 2
can be used to show that ¢ < 0.158 will satisfy the error constraint.

16. (a) Pn(z) is even

(b) Py(z) is odd

5

|Ea(z)| <

17. 1f f is a polynomial of degree N, then f equals its Taylor polynomial of
degree N expanded about xg:

N " —
f(z) = Pn(z) = Z f(k)(.'z:o)(m xo)*

!
= k!

Consider the case where z > 25. Since f(zg) > 0 and f®)(z4) > 0 for k =
1,2,... N, it follows that

N

)fL' Ir—2x
fle) = Pyta) = 3 L@@ 20t

]
pard k!

for # > xg. Therefore, the real zeros, if any, of y = f(x) must be less than
Zo-
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4.2. INTRODUCTION TO INTERPOLATION 7

18. For f(z) = €” and 2o = 0: Py(z) = E,{LO ”,”r—,,c Further, note that
Py(z) = Py_y(z) for N > 2. By way of contradiction assume p is a
root of multiplicity M > 2. Then

N pk'
k=0
and
N-1 pk
Ph®) = Pyan) 3 B =0
k=0

N

Thus Py(p) - Pxy_1(p) = &5 = 0 or p = 0. A contradiction. Therefore
every real root of Py(z) has multiplicity less than or equal to one.

19. In Corollary 4.1 it was shown that PY(z) = f/(z). Assume PJ(Vk_l)(m) =
fFE=D(z). Thus

PP@) = (PE @) = (7)) = 16-0()

Therefore, P\ (z) = f®)(z) for all k > 1.

20. Let z,70 € (a,b). Since g(z) = 0 = g(xo) and g is continuous, then by
Rolle’s Theorem there is a ¢; between z and o such that g'(¢;) = 0.
Inductively, there is a ¢x such that ¢g\V)(zg) = 0 = ¢V )((:N). Therefore,
by Rolle’s Theorem there is a ¢ between x and ¢y such that (V=1 (¢)=0.

21.

EN('I')

g ID() = FN @) — 0 - gV + 1!

0= g™+ (e) = FIHD () — E(N(m)(]\;;i)!
T — Xy

Solving for En(z):

£ D) — o) MY

En(z) (N+ 1)

4.2 Introduction to Interpolation
1. P(z) = —0.02z3 + 0.01z% — 0.2z + 1.66

(a) Use z = 4 and get b3 = —0.02, by = 0.02, by = —0.12, by = 1.18.
Hence P(4) = —0.36.
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S8CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

(b) Use z = 4 and get dy = —0.06, d; = ~0.04, dy = —0.36. Hence
P'(4) = —0.36.

(¢) Usex =4 and get iy = —0.005, i5 = 0.01333333, i2 = —0.4666667, i; =
1.47333333, 40 = 5.89333333. Hence 1(4) = 5.89333333. Similarly,
use 2 = 1 and get I(1) = 1.58833333. Thus [ P(z)dz = I(4) ~
I(1) = 5.8933333 — 1.58833333 = 4.305.

(d) Use z = 5.5 and get by = —0.02, by = —0.01, b; = —0.255, by =
0.2575. Hence P(5.5) = 0.2575.

(e) The corresponding linear system is:

a+b+c+d = 154
8a+4b+2c+d = 1.5
27a+ 9+ 3c+d = 142

1256+ 25b+5¢c+d = 0.66

The solution is ¢ = —0.02, b = 0.1, ¢ = —0.02, and d = 1.66.
2. P(z) = —0.042% + 0.142? — 0.16z + 2.08

(a) Use z = 3 and get by = —0.04, by = 0.02, by = —0.10, by = 1.78.
Hence P(3) = 1.78.

(b) Use £ = 3 and get d» = —0.12, d; = —0.08, dy = —0.40. Hence
P'(3) = —0.40.

(c) Use 2 =-3 and get ig = —0.01, i3 = 0.01666667, i = —0.03, 4, =
1.99, i = 5.97. Hence I(3) = 5.97. Similarly, use # = 0 and get
1(0) = 0. Thus [’ P(z)dz = I(3) — 1(0) = 5.97.

(d) Use z = 4.5 and get bg = —0.04, by = —0.04, by = —0.34, by = 0.55.
Hence P(4.5) = 0.55.

(e) The corresponding linear system is:

a+btct+d = 1.05
8a+4b+2c+d = 1.10
270 +9+3c+d = 1.35
125a +26b+5¢+d = 1.75

The solution is @ = —0.029166667, b = 0.275, ¢ = —0.570833333, and
d = 0.1375.

3. (a) LBZ0 ~ . 0.04%, L0112 1 79%

L38-L34 o (.75%, LI5=L18 ~ _1,69%
~0.02916%6267 992 ~ 45.83% change in a3

0.
=0.5708333874+4 ~ 42.71% change in a4
(b) P(4) = 1.625
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4.3. LAGRANGE APPROXIMATION 59

(¢) P'(4) = 0.229166667
(d) I(4)—I(1) = 4.933333333 — 1.173958333 = 3.759375
(e) P(5.5) = 1.70156261

4.3 Lagrange Approximation

L (a) Pi(z) = (-1)Z 5 +0=2+0=2x
(b) Pa(z) = (~1) =gttty + 0+ (1) =3 — &
(©) Pal) = (DR ro+ (OGRS < o
(d) Pi(z) = (1)2=2 + 82=1 = 77 6
(€) Po(z) =0+ 222 4 gzl _ 3,2 o

(1(-1 @
2 f@)=z+2/z
(a) Pa(z) =0.42% — 1.2x 4+ 3.8; Py(1.5) = 2.9
(b) Pa(w) = —0.82% + 4.822 — 8.82 + 7.8; P3(1.5) = 2.7
3. f(z) = 2sin(mz/6)
(a) Py(x) = (—2? +71)/6; P2(2) = 5/3
b) Ps(z) = (—2® — 622 + 67x)/60; P5(2) = 1.7
4. f(x) = 2sin(nz/6)
(a) Py(z) = (—x* + 7x)/6; Py(4) = 2.0
(b) Pa(x) = (—2® — 622 + 672)/60; P3(4) = 1.8

(b) F*(e) = 24 for all ¢, thus Es(z) = (z + {(xz —0)(z —3)(x —4).
(¢) Es(z) = (etlz—8)a—0)020c-120)
4

z~1.25)(z—1.5 & 1)(z—1.5 5y ([z=1)(z—=1.25
6. (2) Po() = (1)%5%59”0—5.)”(12 5% oy +(1.51%) Bl
(b) g f}° 2%dz ~ 0.676833
(¢) The fourth derivative of f(z) = z*:

) P,
)
5. (a) f™(c) =0 for all ¢, thus Eg(z) = 0 for all .
)
) E

FO(z) = (1 +In(2)*s® + 22° +(1 (1 + In(x))?

+2(1 + In(z)) (—+ln ) (__+1n ))Q)xm_l
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60CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

i8 positive on the interval [1, 1.5]. Thus the third derivative of f:

f(2) = 22"71(1 +1n(2)) + 2°(1 + In(x))? + 27! (T —1 + ln(m))

is strictly increasing on the interval [1,1.5] and the maximum value
of |f"(z)| occurs at 1.5:

{f(””(:r), < FON(15) = 7.97643 = M;.
Using h = 0.25 in (27):

(0.25)3(7.97643)

|Ea(z)] < 03

= (0.0239854.

i~

—
8

~—
il

Lzlo(flt) + Lz,l(.’r) + LQ,Q(ZII) -1
(2 —z1)(z — 7) (2 — z0)(z — 22)
(o —z1)(To —22) (21 — z0)(z) — 72)
(2 — z0)(x — 1)
(w2 — o) (72 — 21)

-1

The function g(z) is a sum of polynomials of degree less than or equal

to two. Therefore, ¢ is a polynomial of degree less than or equal to
two.

(b) 9(z0) = Lgolzo) + La1(wo) + Laof(ze) — 1 =14+040 -1 = 0.
Similarly g(z1) = 0 = g(x3).

(c) In part (b) it was shown that the polynomial g(z), of degree less
than or equal to two, has at least three distinct real zeros. But, the
Fundamental Theorem of Algebra says a nonconstant polynomial of
degree less than or equal to two can have at most two distinct real
zeros. Therefore, g(x) = 0, a polynomial of degree zero, for all z.

8. For x = x4,

Ing= (k= ®o) - (T = Tp_1) (g — Tpy1) -+ - (2, — TN) 1
’ (T — o)+ (2k — Tp—1) (@ — Thy1) - - (Th — TN )

_ (@) (w5 —wy) (25 — ) (@5 = Ber) - (25 - Tw)
(@ = 20) -+~ (2 — 5) -+« (o — Be—1) (21 — Thg) -+~ (24 — TN)

=0

Thus ij\;o Ly =1 for any real number z.

STUDENTS-HUB.com Uploaded By: anonymous



4.3. LAGRANGE APPROXIMATION 61

9. Let f(z) = exa™ + ey12V " + - 4 yz + ¢o. Thus fVD = 0, It
follows from Theorem 4.3 that

f(2) = Pula) + EmlCoian sV )

= Pula) + Eosslligmplemn )
= Pn(z)

10. |f7(c)] < | —sin(1)] = 0.84147098 = M,
|f(3)(c)| <] —cos(0)) =1=M;
|f#(e)] < |sin(1)| = 0.84147098 = M,
(a) If h2M2/8 = h2(0.84147098)/8 < 5x1077, then h? < 4.753580 % 10~
and h < 0.00218027.

(b) I £ = Q) 55 1077, then h® < 7.794298 x 10~ and h <
0.01982703.

(¢) If "’421,\{4 = h4(0'8§;47098) < 5% 1077 then h? < 1.426074 x 107 and
h < 0.06145193.

11 |z~ mo||x ~ zy ||z — 29| = [t + A|[t]|t — k| = |v(t)] where v(t) = E+R) ) (t—
h) =t —th? for ~h <t < h. The critical points of v(t) occur where
v'(t) = 3t2 — h? = 0; they are t = +h/+/3. The values at the endpoints of
the interval are v(+h) = 0, and

( h ) R R® _9pd
V|l —=)=——=—=
VvV3/ 33 V3 33

( h ) —h3 + h® 2h3
V| ——= T rr— —_— e ——
v3/ 3V3 V3 33
Hence |v(t)| < maz {0,;—\’}%} for —h <t < h. Therefore, |z — ||z -
zy|jx — x| < %35 for zg < & < x4, where 1 = z¢ + h and 9 = 7 + 2h.
12. (a) 2=3—-32+4y
(b) 2=3.5- 2.5z + 1.5y
() z=% -4+ iy

(d) No. The linear system is inconsistent. The two points (1,2,5) and
(1,2,0) have the same x and y coordinates.

13. Let )
g(t) = f(t) — Pn(t) — En(x) (%ﬁi’“))
k=0T — k)
Note:
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02CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

(a) By hypothesis z,zq,...,2x € [a,b] and are constants with respect
to t.

(b) g(x) =0 and g(zx) =0for k=0,1,...,N.

(c) g(t) satisfies the hypotheses of the Generalized Rolle’s Theorem (The-
orem 1.7).

(d)

(Nt (py = FONFL ) 0 — B (e (N4 1) )
s N()(Hﬁzg(w—xk)

By the Generalized Rolle’s Theorem there is a ¢ € (a,b) such that

0 = g™+
D) By [ Y 1) )
P N()(Hﬁdw—xﬂ

or

(Mo - ) £V D(e)

En(z) = (N +1)!
4.4 Newton Polynomials
L P(z)=4—-(xz-1)
Pyz)=4—(z—-1)+04(z - 1)(z - 3)
Pa(z) =4~ (- 1)+ 04z — 1)(x — 3) + 0.01(z - 1)(z — 3)(z — 4)
Py(x) = P3( = 0.002(x — 1)(z - 3)(z — 4)(z — 4.5)

Py(2.5) = 2.5, P5(2.5) = 2.2, P3(2.5) = 2.21, Py(2.5) = 2.21575

2. P(z)=5-2(z-0)
Py(z) =5—-2(x —0)+0.5(z — 0)(z — 1)
P3(x) =5~ 2(z - 0) +0.5(x — 0)(z — 1) — 0.1(z — 0)(z — 1)(z — 2)
Py(z) = Ps(z) +0.003(z — 0)(z — 1){z — 2)(x — 3)

P1(2.5) = 0.0, P3(2.5) = 1.875, P3(2.5) = 1.6875, P,(2.5) = 1.6846875
3. Pi(x) =T7+3(x+1)
Pz) =743z +1)+0.1{zx + 1)(z - 0)
Ps(z) = Py(z) +0.05(z + 1)(z — 0)(x — 1)
Py(r) = P3(z) — 0.004(z + 1)(z —~ 0)(z — 1)(z — 4)
P1(3.0) = 19, P»(3.0) = 20.2, P3(3.0) = 21.4, P4(3.0) = 21.496
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4.4. NEWTON POLYNOMIALS 63

4. Py(z) = -2+ 4(x +3)
Py(z) = =2+ 4(z + 3) — 0.04(z + 3)(xz + 1)
Py(x) = Po(z) + 0.06(z + 3)(z + 1)(z — 1)
Py(z) = P3(z) + 0.005(z + 3)(z + L)(z — 1)(z — 4)
P2 0) 18, P5(2.0) = 17.4, P5(2.0) = 18.3, P4(2.0) = 18.15
5. flz)=
Py(z) = 2.0-+2.3607(x — 4)— 0. 01132(:c 4)(z — 5)
+0.00091(x — 4)(z — 5)(z — 6)
—0.00008(z — 4)(z — 5)(z — 6)(x — 7)
Py(4.5) = 2.11804, Py(4.5) = 2.12086, P3(4.5) = 2.12121,
Py(4.5) = 2.12128
6. fz) =2

Py(z) = 3.6-18(x—1)+0.6(x~1)(x—-2)
—0.15(z — 1)(z — 2)(z — 3)
+0.03(z — 1)(z — 2)(z — 3)(xz — 4)
P1(2.5) = 0.9, Py(2.5) = 1.35, P5(2.5) = 1.40625, Py(2.5) = 1.423125
Py(3.5) = 0.9, P5(3.5) = 1.35, P3(3.5) = L.OGSTS, F4(3.5) — 1.040625
7. f(z) = 3sin(rz/6)
Py(z) = 0.040.75(x —0) 4+ 0.375(x — 0)(x — 1)
—0.25(z — 0)(z — 1)(z — 2)
~0.03125(z — 0)(z — 1)(z - 2)(z ~ 3)

Py(1.5) = 1.125, Py(1.5) = 1.40625, P5(1.5) = 1.5, P4(1.5) = 1.51758
8. f(x)=e"

Py(z) = 1.0-0.63212(z — 0) +0.19979(z — 0)(z — 1)
—0.04210(z — 0)(z — 1)(z — 2)
+0.0065(x — 0)(z — 1)(x — 2)(x — 3)

Py(1.5) = 0.05182, P»(1.5) = 0.20166, P5(1.5) = 0.21745, P,(1.5) = 0.22119

9. (a) We are given that all (N + 1)st divided differences are zero. If we
assume that all (N +-4)th divided differences are zero, then using the
recursive definition (14) all (N + (¢ + 1))st divided differences are

Zero; i.e.,
F [ v i41))s T (N 41415 -5 TR
_ f [ﬂEk-(N+(@+1))+1,---=-’Ek] —f [mk*(N+(i+1)),---a$k—1]

Tk = Te—(N+(i+1))
T — Tk (N+(i+1))
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64CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

Therefore, by the principle of mathematical induction; if all (N+1)st
divided differences are zcro, then all (N +k)th divided differences are
zero for k > 1.

(b) The Newton interpolatory polynomial for the sct of points {(z, Yk) }2/1:0

k-1
(ak (z — xj))
k=1 §=0
k=1
(f[mo,.z‘l, ey T H(r — 'rj))

!
&

_|_
WE

a polynomial of degree N, assuming that not all Nth divided differ-
ences equal zero.

10. Py(z) = 2+4e—z(xz—1) = 22 + 52— 2
. Po(z) =849z —1) — (z - 1)(z - 2)

12. P3(z) =5 —a(z — 1) +z(x — 1)(x — 2)

13.
JE2(77)| — $($"W/2)gq!;_7r)fl/r(c)
= z(z — w/2)(x — m)73 sin(ne)
6

IA

71.3
Slal@ /2@~ )

The function g(z) = |z(x—n/2)(z~)]| is continuous on the closed interval
(0,7]. The maximum value of g occurs at an cndpoint or at a critical
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4.5. CHEBYSHEV POLYNOMIALS (OPTIONAL) 65

number in the open interval (0,7). In particular, the maximum value

occurs at the critical number z = %%%lw. Therefore,

3 -1
|E2(z)] < %g (\/25_\/34) A 7.709142

4.5 Chebyshev Polynomials (Optional)

1.
Ty(z) = 2xTs(z)— To(z) = 2x(42® — 3z) — (222 — 1)
= 8z —62% 2% +1=8z%—8z2 41
Ts(z) = 22Ty(x) —Ts(z) = 2z(8z* — 82% + 1) — (42® — 3x)
162° — 167° + 2¢ — 42° 4 3z = 162° — 202% + 5z
2.
Te(z) = 20T5(x) — Ty(z) = 2x(162° — 202° + 5z) — (82 — 8x% + 1)

322% — 402* + 1022 — 82* + 822 — 1 = 32¢° — 482 + 1822 — 1

T7(x) 22T5(z) — Ts(x)
20(322° — 482* + 1822 — 1) — (162 — 2023 -+ 5z)
64x" — 9625 + 3623 — 2 — 1625 + 202° — 5z

= 647 — 11225 + 5623 — Tz

fl

3. When N = 1: Ti(z) = x and the leading coefficient is 1 = 2!~1, Thus
the statement is true when N = 1. For the inductive hypothesis assume
the statement is true for N = j, ie,; the leading coefficient of T;(x) is
27-1. From Property 1: Tjii(z) = 22T;(z) ~ T;—1(x), where T;(z) and
Tj_1(z) are polynomials of degree j and j — 1, respectively. Thus the
leading coefficient of Ty, (z) is 2(27~1) = 20+1D=1 Therefore, by the
principle of mathematical induction: ”The coefficient of 2V in Ty(z) is
2¥-1 when N > 1.”

4. To(z) + 1 is even and Ty(x) is odd. Hence 2Ty(z) is odd and =T} (x) is
even. The sum of two even functions is even and the sum of two odd
functions is odd. It follows that Ty(z) = 22Ty (zx) — Tp(z) is even and
Ts(z) = 22Tp(z) ~ T1(x) is odd. Assume that Toi () is even and Togyq(z)
isodd for k =1, ..., n. Then Tagt(x) = 2xTog41(x) — Tor(z) is even and
Torys = 22Togy2(x) — Togy1(x) is odd. Therefore, it follows that Thps(x)
is even and Typs11(x) is odd for all M.
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66 CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

5. To(z) = 272 — 1, T5(x) = 4x. The critical valuc in (—1,1) is z = 0. At the
endpoints Ta(~1) = 1 = T3(1) and at the critical value 75(0) = —1. The
minimum value of T3(x) over [—1,1] is —1 and the maximum value is 1.

6. Ta(z) = —3r + 42°, Ti(z) = =3 + 1222 = 3(—1 + 22)(1 + 2z). At the
endpoints T3(—1) = —1 and T3(1) = 1. The critical values are z; = 1/2
and x5 = —1/2. At the critical values T3(1/2) = —1 and T3(~1/2) = 1.
The minimum of T3(z) over [-1,1] is —1 and the maxmimum is 1.

7. Ty(z) = 1—8z% + 824, T} = —16z + 3223 = 162(222 — 1) = 16z(z —
1/V2)(z + 1/v/2). The critical values are ; = 0, +1/+v/2. At the end-
points Ty(—1) = 1 and Ty(1) = 1. At the critical values Ty(—1/v/2) =
—1, T4(0) = 1, and Ty(1/v2) = —1. The minimum of Ty(x) over [—1,1]
is —1 and the maximum is 1.

8. (a) sin(z) ~ 0.99898284z — 0.158504892°

g .
(b) szs(ig))l < Lol = 0.00438266
9. (a) In(x+2) = 0.69549038+0.499050427 —0.1433460522 + 0.049090732°

F9) -
(b) 1—2,%[ < gty = 0.03125000

10. g = cos(51/6) = —v3/2, 1 = 0, 73 = cos(n /6) = V3/2.

(.’E—O) .’I‘fﬁ 2_@)
Lyo(z) = (—g_o)(( 232_)@)293 %za‘_gmz_%m
.’E—l—ﬁ x_ﬁ 2 3
s+ (2~0) 2,
LQ’Q(‘T) = (A;_*_AZ@))(AQ@O) T +%2T_2T2+\/L§T

11. (a) cos(z) = 1 — (.4695208722
Bz sin
(b) L&l < Ll _ g 03506129
12. (a) €% & 14 1.12077208 + 0.53204180z2
f(3) e 1
(b) Ll < Lol 011326174

13. The error bound for Taylor’s polynomial is:

FO@)| _ [sin()
&l - 8!

= 0.00002087.
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4.5. CHEBYSHEV POLYNOMIALS (OPTIONAL) 67

The error bound for the minimax approximation is:

fO@)] _ [sin(1)
278N = 27(8))

= (.00000261.

14. The error bound for Taylor’s polynomial is:
FO@)| _ [sin1)

7! -7
The error bound for the minimax approximation is:

@) |sin()]
26071 = 98(7)

= 0.00016696

= 0.00000261.

15. The error bound for Taylor’s polynomial is:

EARIEI]
81

The error bound for the minimax approximation is:

9@ e

fal

S = 0.00006742

TE) S TE) 0.00000053.
16,
N N
Ti(re)Ti(2r) = Z cos(izy) cos(jxy)
k=0 k=0
1
= Z 5 cos((i — j)xxk) + cos((i + 7)xx))
k=0

Assume 7 # j. Thus:
Cage 1: If N is odd, then

2k +1 o 2(N—k)+1
cos ((? +‘7)2N+2 >:—cos ((’L+])%——ﬂ'>

for k= 0,1,..., N. A similar result occurs for the term cos((i — j)ay).
Therefore, in this case

N N
Y T Tyan) = 3 glcos(ld — ) + oos((i + )
k=0 k=0

1

Case 2: The case when N is even is similar.
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68CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION

17. Wheni=j 0

™=

N
Y Tilan)Ti(ze) =

k=0

cos(izy) cos(jzk)

o
1
=3

I
NE
Do =

(eos((i + 7)xr) + cos((i — j)x))

e
1l
o

I
hE
| —

i
o

(cos(2jzx) + cos(D))

N
2k+1 ) 1
cos( —Z
0 + 2k=
N+1 N 1

2 2

S

I
B —
riMZ

I
=)

+

4.6 Padé Approximations

Ll=po,14+q=p,1/24+q=0,q1=-1/2,p; = 1/2

et ~ R]yl(m) = %_'_—i

2. (EL) 1= po, —1/2+QI:pla :13—%=0, Q1=2/3’P1:1/6
i
ln!a;+1 ~ R1,1(I) — 1+S$

1+§z
2
(b) In(x + 1) = xRy (:E) = R2,1(:L') = %i_;%
50 = 3+ B g, S =0 =Ly
1/2 _
ta:rlx? ~ Ry = 1155—62
/
(b) If tm;f; D %‘%, then
tan(x) 15— 72
r 15— 6z2
7 15 3
T —z
tan(z) A 66,7 = fsale)
L@ l=psta=pi-%=0a=hn=g%
arctangxl/gg x4+ Aad
x1/2 MRy = 1+ émz
(b)
arctan(z) 15 + 4x?
T T 15+ 022
or Lo 4 40
ox + 4z
arctan(x) ~ 57022 = Ry 5(x)
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4.6. PADE APPROXIMATIONS 69
3
© $aE -0+ % ()

5. (a) 1 = po, 1+q¢ = p1, 1/2+Q1 + g3 = pa, 1/6+ql/2+(I2=0, 1/24+
71/6 + g2 /2 = 0 First solve this system:

%"'%"’QQ = 0
i _
utt+% =0

n=-1/2,9,=1/12,p, = 1/2, py = 1/12.
1+ Lm -+ L:172

e = Ryole) = 2301 0"

1— §'$+ ET

(b)
22462412 T
: —6;4-12 = 1+12 (m5-6m+12)
— 1
=1 + 12 (mz-—ﬁwim)
x

6. (a) L=po, ~1/24+q1=p1, 1/3~q1/2+ g2 =p2, ~1/4+ /3 —q1/2 =
0,1/5+ ¢1/4 + q2/3 = 0. Solving the last two equations for ¢; and
92 yields g1 = 6/5, g2 = 3/10, p1 = 7/10, and py = 1/30

2

7 1
1+ —]P:c+ —gum
In ];£+a:) e R2,2(1') _

1+ 5T + 5%

(b) If
In(1+ z) 30 + 212 + x?
7 Raa(r) = s s,
then
30z + 212 4+ 23
In(l4g)m oo T4 T e
) N S e 1 a7 @)
(©) AR = o+ ¥ - :

27, 4 4401 _ 9375 1
124 7688  3s4d \ TH . IO
7T+

7. (a) 1=po, 1/3+q0 = p1, 2/15+q1/3+q2 = pa, 17/315+ 201 /15+q2/3 =
0, 62/2835 4 1741 /315 + 2¢2/15 = 0. Solving for q; and ¢ yields
7 = ~4/9, 2 = 1/63, py = —1/9, pp = 1/945.

tan(z'/? - iz + =a?
JTﬂTI ~ Ryp(z) = — 55—~

1— 51‘—|— 55.7‘
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70CHAPTER 4. INTERPOLATION AND POLYNOMIAL APPROXIMATION
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(b)

tan(z) 945 — 105z + 2
7 945 - 4202 4 15¢7

. 945z — 10523 + z°
™ 045 — 42022 + 1524

(¢) Recursively dividing yields the quotients:

tan(n:) = Ry A (37)

T 15z 63 14z

TT T R BT m 16

16798369500 = 212960z 408441 (327845  424dls)

58501087 T 14147’ T T T 1968733861380
The continued fraction form is;

q4 =

1

T 1
q2 _ﬁ'"_qs R S
Qs+ T

R5,4(CL’) =q1 +

(a) 1:'p07 “1/3+(11 =P, 1/5—Q1/3+‘]2 = P2, —1/7+Q1/5—(]2/3=
0,1/9-q:1/7+q2/5 = 0. Solving for g and ¢ yields ¢, = 10/9, g, =
5/21, P11 = 7/9, P = 64/945
arctan(z!/2 14+ fx 4 B4 2
) » Tuate) = T

(b) Substitute = for x'/? in the result from part (a):

arctan(z) 945+ 73522 4 64a?

z T 945 + 105022 1 22527
arctan(z) =~ Rs4(z)
945x735x% 6425

945 + 1050x2 + 22574

(¢) Recursively dividing yields the quotients:

64z 6oz 3496w
T= 555 = 1309 ® = Toa0m
4s — 390000250 2916
4 =

4907628 * ¥ T 31925

The continued fraction form for Rs 4() is

Rsa(z) =q +
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4.6. PADE APPROXIMATIONS

71
9. Note: ¢* =377 ‘fc—’: From formula (5) we consider:
#? o ot 2 3 2 3
(1+I+?+F+ﬂ+“')(1+f11-’17+Q21‘ +432°) = (po+ prz+paa® +paz’).

Matching common terms yields the linear system:

Solvmg the last three equations first, yields ¢; =

1—po
1+ —m
1
§+Q1+Q2—p2 = 0
1 1
—.+§q1+Q2+(13—p3 = 0
Lt imda = 0
24 g TR TB =
— i atinele = 0
2‘11 6(12 2‘1 =

+1 +1 = 0
20!11 24(12 693 =

2’ g2 =

and g3 =

—35- Substltutmg these values into the first four equations V1elds po =

11 n= éap2

R3’3(.’l‘)

10. Note: e* =320 &7,

k!

l+e+E +2 —|-24+

10, and p3 = 20 Therefore,

1 1,2 1 .2
143724 5% +1207'

1— g2+ Jo72 — 2
120 + 60z + 1222 + 23
120 — 60z + 1222 ~ 23

3
D.T

From formula (5) we consider:

—(po +p1'c+pz:6 + psz® + paz?).

Matching common terms yields the linear system:

STUDENTS-HUB.com

1—[)0
l+ag1—m
1
§+111+‘12—P2 =

1 1
6+591+Q2+Q3AP3 =

V1 + qz + qr? + ggriqur?)

0
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72CHAPTER 4. INTERPOLATION AND POLYNOMIAIL APPROXIMATION

1 1 1
—_— = - . = 0
T gt oltdBta—p
L + L + 1 + + =0
20 T 249 T g% 2‘13 o=
b aqtagtiedig = 0
6! 5!Q1 9172 PR 9% =
1 1 1 1 1 _ 0
7,'+ 6,Q1‘+ Fdzt TR i =
11 1 1 1 _ 0
§+EQ1+§Q2+EQ3+ZQ4 =
Solving the last four cquations first, yields gy = —1, ¢» = :zs’ = —g,
and g4 = 1680 Substituting these values into the first five equations yields
p=1p= 1 » P2 = 2";3, p3 = 84, and pg = 1680 Therefore,
4
Reslz) = 1+—-'l'+§'8'£€ +84’L‘ + 1680'T
' 1- 32+ S22 — Lod 4 Logt

1680
1680 + 840z + 1802: + 2023 + 24
1680 — 840z + 180x2 — 2023 + 24

STUDENTS-HUB.com Uploaded By: anonymous



Chapter 5

Curve Fitting

5.1 Least-Squares Line

1. (a) Solve:
104408 = 7
0A+5B = 13
y = 0.7z + 2.60, Fy(f) ~ 0.2449
(b) Solve:
80A+0B = -—48
0A+5B = 17
y = —0.6x + 3.40, Ey(f) =~ 0.2828
(c¢) Solve:
304+0B = 21
0A+5B = -1
y=0.7—z, Ey(f) ~ 0.1414
2. (a) Solve:
4044+ 0B = 58
0A+58 = 312
y = 145z + 6.24, Ey(f) ~ 0.8958
(b) Solve:
80A+0B = 63.2
0A+5B = -6.3
y=0.79z — 1.26, Es(f) = 0.5299
(¢) Solve:
12044+0B = -15
0A+5B = 13.2

y = 0.585z + 2.64, By(f) ~ 0.6488

73
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74 CHAPTER 5. CURVE FITTING

3. (a) Lilowy /S0 73 = B = 0.7, y = 073, Ex(f) ~ 0.2449
(b) Ty aem /S, 7} =

) TN 17‘k1jk/zk Lo :85——158 y = 158z, Fy(f) = 0.1720

(IIOJ
=]

= 0.574, y = 0.574z, Ey(f) ~ 0.0756

:.00|

4. Use the second normal equation (Zi\;l :l:k) A+NB = Zszl yi and divide

through by N, and obtain A (7{,« P Ik) + B =% . Therefore,
AT+ B=7

5. In (10) the sum of N times the first equation and — 31 b1 Zr times the
second equation is:

N N 2 N N N
N(ZT%)A—(ZT;C) A=N2$kyk—kaZyk
k=1 k=1 k=1 k=1 k=1
Thus
A = Nzk 1 TeYr — Elc 1 Tk Ek ] Yk

(Ek lmk) (Ek 11"“)
- 1 (N PIHRE VD SARETS SN yk)

Substituting the expression for 4 into the first equation in (10) and solving
for B yields

N N N N
ZN y Zk:l Tk (N Ek:l ThYk — Zk=1 T Zkzl ?/k)
k=1Yk —

k= D
B = N

2
N N
D ZiﬁV:l yk - N Zk:l L Zk:l mkyk + (Zszl "L‘k) ijvxl yk
ND

N

- _ZEMLJ%%TLLJLZL]M
= %(Zk 17/kzk L TG — Zk 1’%2;6 1-73kyk)

NY Y (-5 = NN, (a2 - 2:5,;13;?2)
N — N
= N (Zk:l Ti — Y py Th + Y gy m2>

= V(S - (Sl + 4 (S ))
NZI: 1-'1:k (Zk 1-'Ek:)2
D
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5.1. LEAST-SQUARES LINE 5

Clearly D = NZ;LI (z —':‘1:“)2 > 0 since N > 2 and the z}s are all

distinct.

7. To find the least-squares line Y =

AX for the data {Xj,Yi}r | first

minimize F(A) = Zi\;l (AXy — Yk)2. Solving

yields

IF
>|tzi

N
=D (AXy - Yi) Xx,
k=1

_ S XY
R L L
Zk:l X%

Making the substitutions Xy = ry — T and Yy = y;, — 7 yields

— chvzl(‘zk ) yk N y

Eﬁ;l( lc_T

——Z (ke — T)(yx — )

To see that this is equivalent to the result obtained for A in Exercise 5
make the substitutions indicated in Exercise 4 to obtain

A =

S (e —T) (e —7)

N [ —— e
N (Beys—2kT—Fyp+77)

D

N(Z:’:l Tevie— 3 E:’:l I"y’“_'}v z:':l Tk Z:’:1 yk+FN7 ZkN=1 i ZkN=1 yk)
D

LD DN DAL DI
D

In Excrcise 4'it was shown that (Z,7) lies on the least-squares line Yy =

Ax + B for the data points {7y, yk},]cv:

1- Thus = AT+ B or B =7 — AT.

Thercfore, the expressions given for A and B in Exercise 7 are equivalent
to those given in Exercise 5.

y = 0.5606x3,

8 (a) y=
(b) y=
9. (a) y=
y:

(b) y=

E(
y = 0.590233, Fy(
(
Ey(

1.6866z2, f

f

Pl

1.3
0.29 The best fit.

0.359 The best fit.
1.165

Q

)
)
1617722, Ea(f) =~
)~

~

35339 g (f) &~ 0.034. The best fit.
20000 Fa(f) ~1.189

4.6013, Ez(f) 22 1.082

y__rﬁ 9755, E5(f) = 0.035. The best fit.
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76 CHAPTER 5. CURVE FITTING

10. (a) Given f(z) = Az and {xx,yx}1_, minimize
E(A) = 3L, (Azy — )™

g_i = ZkN=1 2y (Azyk — yr)
= 2(Ti, Ask - S, e )

Setting 0E/0A = 0 yields the single normal equation:

N N
k=1 k=1
(b) Given f(z) = Ax® and {mk,yk}lk\/:l minimize
2
(4) = X (Aef — )"
g_i = Ellcv:l 2af (A} — )
= 2(T 40t - T, 2hm)

Setting 9E/0A = 0 yields the single normal equation:
N N
(Z :r%) A= Zmﬁyk
k=1 k=1
(c) Given f(z) = Ax? + B and {mk,yk}kN=1 minimize
E(A,B) =Y (Az2 + B —y)*.
5% = Y20} (A2} +B—w)

N N N
= 2 (Zk:l Az + k=1 Bri — k=1 ‘T%yk)

and

@
EE

= Eg:l 2(Aei+B - Yr)

Setting OE/0A = 0 and @E/3B = 0 yields the normal equations:

(Tiast) A+ (D) B = Si ok
(lec\r:l xi?c) A+NB = Y7 w

11. (a)
. — N
lmy e T = lim,_oo— am

lwnn_wo N% (

L

1N
N(N+1)
2

%)
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5.2. CURVE FITTING

(b)

limg,_.o

Un

77

: Ly N k2
Uy oo g Y by 77

li’rﬂn—»poo ("Nl"ﬁ') (N(N+16 2N+1))

2 _ 1
6§ 3

To show that § = 1/3 use the Mean Value Theorem for Integrals:

g:

12.

limp—oo TN

(b)

lima 0o In

5.2 Curve Fitting

Lo, 2" 1
_ de==| ==
1-0 0 v 3 0
= ]’L'rnnﬂoo% Z;cv=1 ((b a‘)%‘,_a)
= l?mn__‘oo% ((IJ—Ta) (N 1\;+1 ) +Na)
b—a
= +a
62 a

i

limn—»oo% chv:l f ((b - a)% + a’)
limnﬁcozil_a zivzl f ((b - a)% + a’) (FTG)
ﬁli"”'n—boo E}?f:l f ((b - a’)% + CI,) (b—l_\!a-)

w2 o fle)de

=,

1. (a)
1644 +20C = 186
20B = 34 , y=§m2~%m %
20A +4C = 26
(b)
164A+20C = 50 - . .
B = 6 y~—%"m2+~1‘%x+2§"
20A+4C = 50
2. (a)
34A+4+10C = -248
10B = 108 , y=-192%+1.08z+3.98
10A+5C = 09
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78 CHAPTER 5. CURVE FITTING

(b)
34A+10C = 65.3
10B = 213 |, y=224213z+3.13
10A+5C = 2565
(c)

0B = —1 , y=2522-012-06

JM4A+10C = 79
10A+5C = 22

(=) { SSA+ISB = BINT s B= 10193,

15A+5B = 6.1515
C = e® = 0.3634; y = 0.3634¢0- 74757

(b) 6.19934 4+ 4.7874B = 8.9366
4.7874A+ 5B = 6.1515

C = eB = (0.5625; y = 0.5625x 15859
(¢) In part (a) Fa(f) ~ 1.2723 and in part (b) Eo(f) ~ 0.4761.

15A+5B = -08647 , .
(a){ SA4+5B — 49196 ‘= 05084, B=1.3524,

C = e? = 3.8665; y = 3.8665¢0-5084=

(b) 1544+ 5B = 5.1619
SA+5B = 2.73

; A=1.8859, B = ~0.5755,

; A=0.2432, B = 0.3028;

— 1
Y= 02259z 3 0.3028

¢) In part (a) E2(f) ~ 0.1192 and in part (b) Ea(f) ~ 2.1663.

a) (i) y = 3.0053¢~1-4991= (ii) y = 2.3995¢ 10556z

b) (i) y = (0.7573zx + 0.7845) 2 (i) y = (0.5777z + 0.8499) 2
)

(¢) In part (a i) Ea(f) = 0.0041 and in part (a ii) Fu(f) ~ 3.4097. In
part (b i) Ea(f) ~ 0.8195 and in part (b ii) Ey(f) =~ 0.0767

_CT!

(
(
(

6. (a) Using linearization: y =

1000
1+ 4.3018¢—1.0802t
Minimizing least square: y =

1000
1+ 4.2131¢ 104562
5000
1+ 8.9991¢~0-BIT3EE
5000
1+ 8.9987¢~V-31157T

(b) Using linearization: y =

Minimizing least square: y =

7. (a) Using linearization: y = 1— 11.63(2)2‘0'23893"’ P(10) = 386.3 (mil-
lioins)

Minimizing least squares: y =

1+ 9.35282‘045401& P(10) = 303.6
(millions)
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5.2. CURVE FITTING 79

800
T+ 9.3784¢ 0045

(b) Using linearization: y = P(10) = 284.6 (mil-

lioins)
nimi e — 800 -
Minimizing least squares: y = 1793560 016001 > P(10) = 284.2
(millions)
8.Y = % + B. Use the change of variables X = 1/2 and Y = z to got
Y =AX 4+ B.
9.
_ D
v = 5T
zy+Cy = D
v o= g+

Use the change of variables and constants X = zy, YV =y, 4 = —1 /C and
B=D/CtogetY = AX + B.

10.
“ 1
Y A+ B
% = Axz+B

Use the change of variables X =z and Y = 1/y to get Y = AX + B.

11. If y = A+BI, then & = —+— A( ) + B. Use the change of variables
X=1/a°andY-1/ytogetY AX + B.

12. Substituting X = In(z) and ¥ = y into y = Aln(z) + B yields Y =

AX + B.
13.
y = Czt
In(y) = In(C)+In(z)
In(y) = In(C)+ Aln(z)

Use the change of variables and constants X = In(z), Y = In(y), and
B=1In(C) togetY = AX + B.

14. If y = (Az + B)~?, then y~V/2 = Az + B. Use the change of variables
X=zandY = y‘1/2 to get Y = Ax + B.

15.
y = Cze D=
In(4) = m(C)- Dz
Y = B+ Az
Y = Ar+B
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80 CHAPTER 5. CURVE FITTING

16. (a) To minimize F(A,B) = ij:l (Acos(zy) + Bsin(xy) — y)?, first
find the partials with respect to A and B;

9 — N 2(Acos(z) + Bsin(xy) — yx) cos(zy)
g—g— = ZkN=1 2(Acos(zy) + Bsin(ag) — yx) sin(zy)

Setting the partial derivatives equal to zero yields the normal equa-
tions:

(Zi\,:l cosz(z:k)) A+ (EkN=1 cos(zg) sin(wk)) B = Eszl Y cos(zg)
(szzl cos(zg) sin(:rk)) A+ (Z}Ll sinz(:vk)) B

ey Yk sin ()
(b) f(x) = 0.4998 cos(z) + 2.1541sin(z)

17. First take the partial derivatives of E(A, B,C) with respect to A, B and

C:
g_ﬁ = EIJCV:I 2(Axr + Byy + C — 2z)zg
g_g = chv=1 2(Azk + By + C — 2y
aF

5 = Elj{jvzl Q(Afzk + By, + C - Zk)

Setting cach partial derivative equal to zero and using the properties of
finite summations yields:

(zi\rzl m%) A+ (Efj:l :L'kyk) B+ (Zi\;l :r:k) C - Ziv=1 TRz = 0
(ch\;l mkyk) A+ (211;;1 y;‘i) B+ (Eiv:l yk) C—Yimozn = 0
(EkN=1 xk) A+ (lecvzl yk) B+ 2521 C - Ei\;l zg = 0

or
(ZkN=1 Iﬁ) A+ (Ei; -’ﬁkl/k) B+ (thl mk) C = Yotz
(Zl]cvzl 'Tk?/k) A+ (ZkN:1 yﬁ) B+ (211:’:1 yk) ¢ = ch\;l Yk Zk
(Ciim)a+ (Dim) B+NC = S a
18. (a)

15A+19B+9C = 93

14A+15B +8C = 82
BA+9B+5C = 49

A=24,B=12C=38: 2=24z2+12y+3.8
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5.3. INTERPOLATION BY SPLINE FUNCTIONS 81

(b)

[t

15A 4+ 19B + 9C
84+ 9B +5C

W SO
QD O

{ 14A + 158 4+ 8C

A=16,B=-12,C=72: z= 16— 1.2y + 7.2

(c)
19A+12B+9C = -7
124+ 11B+7C = 3
9A+T7B+5C = 0

A=-22 B=-14,C=20: z=—221 — 1.4y + 2.0

19. For the first function Es(f) = 5.689905 and for the second function
E2(f) = 25.151736. The second function has a vertical asymptote be-
tween 4 and 5.

5.3 Interpolation by Spline Functions

1. (a) Making the substitutions S(1) = 1, §'(1) = 0, S(2) = 2, and S'(2) =
0 into S(z) = ap + a1% + azz? + azz® and S'(x) = ay + 2007 + 3azz?
produces the system

ap+a;+ax+ay =

ay + 2a0 + 3a3 =

ag + 2ay + 4ag + 8az =
a1 +4as + 12a3 =

o O~

(b) ap=6a;=—-12a,=9a3 = —2: §(z) =6 — 122 + 922 - 223

2. (a) Making the substitutions S(1) = 3, §(1) = -4, §(2) =
5'(2) = 2 into S(z) = ag + a1& + azz® + a3z and §'(z)
2a2z + 3azx? produces the system

1, and
= a; +

ap+aytaz+az = 3

a) + 20,2 + 30,3 = —4
ag+ 201 +4as +8az = 1
1 + 4(1,2 + ].2(13 = 2

(b) ap =5a; =2a3 = —6az=2: S(z) =5+ 2z — 622 + 223
3. (a) Cubic spline

(b) Part IIT not satisfied: So(2) # S,(2).

(c) Cubic spline

(d) Part IV not satisfied: S§(2) # S1(2).

STUDENTS-HUB.com Uploaded By

. anonymous



82 CHAPTER 5. CURVE FITTING

4. h():l, h1:3, h2=3; d0=—2,d1:1,d2=-—2/3; u1:18, ngflo

15
Fmi+my = 21 i _ - _
Solve { 3rmy -+ %mz — _15 ; to get my = 314/101 and mo = —234/101.
Then mp = —460/101 and mg = 856/303. The cubic spline is
So(z) =z +3)° - Bz +3)2 — (2 +3) + 2 T [-3,-2
Si(z) = e+ 2 + (e +2)? - F(x+2)  cec[-21]
So(e) = Ze(o— 17— H(w- 12+ fZ(x - 1)4+3 ze 14

<t

ho == 1, hl =3, h,2 =3; do = —2, dl = 1, dg = —2/3; Uy = 18, Uy = —10

8my4+3my = 18 _ -
Solve { 3y + %mz _ _10 to get my = 82/29 and mqy = —~134/87.

Set mo = 0 = ma. The cubic spline is

So(z) = #(x+3)° — L2(z +3) +2 z € [-3,-2]
Si(r) =—5@+2°+ $(x+2°-Z@=+2)  ze[-21
Sy(x) = $(x — 1)8 - 8z —1)? 8—6(.2?—1)4-3 z € [1,4]

6. ho=1,h1 =3, hy=3;do=~2,dy =1, dy = ~2/3; uy = 18, us = —10

Omi +18my =
Then mg = 187/63 and m3 = —403/126. The cubic spline is

28 8m =
Solve { 3 M+ 3y 1_810 y to get my = 263/126 and mo = —5/9.

So(z) = — g5z +3° + 8 (z +3)? - 8Lz +3)+2 ze[-3 -2
Si(x) = —g5(x+2)° + (x4 2)2 - LL(zx +2) z € [-2,1]
So(@) = =25z -1 - F(r -1+ Bz - 1) +3  zel,4]

7. h0=1,h1:3,h2:3;d0——2,d]=]. d2=~2/3'u1=18 UQ:—lO

9mi +3my = 18 .
Solve { my+15my = —10 to get m; = 25/11 and ms = —9/11.
Then mg = 25/11 and mg = —9/11. The cubic spline is
So(z) = (2@ +3) - L) (= +3)+2 z € [-3,-2)
Sie) = (-BE+2+B) @ +2) - ) @+2) zel-21)
Sy(z) = (—55(z— 1)~ 2) (- 1) + 3 z €[1,4]

&, h(] = 1, hl = 3, h,g = 3, do = —2, dl = 1, d2 = —2/3, U = 18, Us = —-10
8my +3me = 19 ) _ o
Solve { Sy +12m, = 16 to get my = 92/29 and mq = —185/87.

Then mp = §”(—3) = —1 and ms = 5§”(4) = 2. The cubic spline is
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5.3. INTERPOLATION BY SPLINE FUNCTIONS 83

So(r) = ((Bi(z +3) - 3) 3) - Bl (r +3)+2 T e [-3,-2]
Si#E) = (- +0+2)z+2) - )2 +2)  ze]-2,1]
Sg(ilt)=((f’556% ——?l,-) (x—1)+ )(:I:—l)—|—3 z € [1,4]

(= +

9. (a) ho = 1/2, hl = 1/2 hg = 1/2 d
_ my + sms
16,“2—4801V6{ % ny + tmg

1. Then mgo = 23 and m3 = 2 The cubic spline is

So(e) = ((-7(e =) +8) (r—1) - 2) (o=} +§ 2 [41)

~3,d1 = —1/3, dy = 1/3; uy —
4

11 5 toget my =2 and my =

Six)=((-3-1)+1)(@-1)-3)(z-1)+3 ze(l,§
S@=(GE-D+DE-Hr0E-D+E  se(3y
(b) Solve zmlliézz z }16 , to get my; = 8 and me = 0. Then
mg = §"(1/2) = 0 and ms = §”(1/2) = 0. The cubic spline is
So) = {(-7(z =9 +0) (z-3) -7z~ 5)+3 =z¢[}1]
Si@@) = (-3 -D+4) (z-1) -3 (z-1)+3 zell,]
S@)=(GE-3)+0)(=-H+0) (= -§) +¥ =zc[32

10. (&) ho = /m/2, hy = \/3w/2 — \/7/2, hy = /)2 — Va2 dy =
—/2/m,dy =0, dy = 05 uy = 6/2/7, uy = 0 Solve

3.714959m; + 0.917490m,
0.917490m; + 2.782252m,

7.181061
16.849736

to get my = 0.479571 and my = 5.884950. Then my = —2.149645
and m3 = —29.561425. The cubic spline is

So(x) = ((0.349635z — 1.074822) 2 + 0) z + 1

v e 0,v3)

S1(z) = ((0.981915 (z — \/F) + 0.239785) (¢ — /T)
—1.046564 ) (z — \/F)

re [ VEA
Sa(w) = ((-9.352233 (z- /%) + 2.902474) (- /%

+1.873127) (:H 3x

< V.V

.

3]
S
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84 CHAPTER 5. CURVE FITTING
(b) Let mo = §”(0) = 0 and m3 = §"(\/57/2) = 0.
So() = ((0.2397852 — 0.898060) 7 + 1
z € [0,/F]

Si(z) = ((2.702690 (2 — \/F) + 0.239785)

(z— /%) —~1.046564) (z — \/T)

¢ Te %, 3
\/;) +2.942474) (o — \ /3%
V¥)

Sa(z) = (( 2.942475
—-1.239158)

;
.
< /F(H

11.
Sk(z) = gflf;(xkﬂ*m) +mk (%— 'r_n%i_z&) (Tht1 — )
+<wfzj_ mk%ﬂlk)

= gﬁ& (h*” 3h% (x — zx) + 3hk (33 —ap)’ — (2 - fck)3)

+gt (o — o)’ +(%‘T_n%ﬂ)(h*(x_“))

e (t - 2t
The spline has the form:
Sk(®) = sk0 + sk1(% — 24) + sp2(x — 1) + spa(z — 24)°
The coefficients si; are now determined:

2
First, %nﬁbzhﬁ + Yk — @éﬁ" =Yk = Sko

Second,

—Tng 2 .y__. 7"khk Yk+1 _ 7nk+1hk
Ohy (dh ) + 6t Fir G
T e L (2mk6+ Mps1)

%
= dy— i (2mkb+ gy1)

= Sk1

Third, FFE (3hy) = T = sy

boomg , Mgt _ (Mg — i)
Last, —ghe ¥ 6hy = Ohr = %8
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5.3. INTERPOLATION BY SPLINE FUNCTIONS 85

12. (a)

fzk_H Sk (’E) dx

T

= ;:“ sk3(x — 2k ) + spo(r — 24)? 4 spy (2~ Tx) + yp do

= 2 -z + B (e —2)® + B - 1) + (e — m)lﬁi“

-SI'T'a(-’I?kH - -’171«)4 + skT’z(-TkH - mk)g + ﬂ;—l(karl - -T»k)z

e (Thsr — 2k)
= (((%2he + 252) hy + 251) by + )
(b) 1, S(x)dr ~ 5.054688
() JV*™2 5(x) dz ~ 0.80749
13. When £ =1 (12) becomes

homo + 2(ho + h1)my + hyma = uy

Substituting the end-point constraint mq = =(do ~ $'(z0)) — T info this
equation yields

ho (;?—O(do — 8'(20)) - ‘%") + 2(ho + hy)my + hymy = uy
(—3ho + 2(ho + h1)) My + hymng = uy — 3(do — §'(x0))
(Zho + 2h1) my + hymg = uy — 3(do — S'(xq))

Similarly, letting K = N — 1 in (12) and making the end-point constraint

substitution my = hlf’“l (S(xn) —dn-1) — m’;‘l yields

hn—emy_a+2(hy_2+hy_1)my_;
+hn_1 ( 2_ (S (zn) —dn-1) — '”’;ﬁ‘)

hn-1

= UN-1,

or
3 .
hn-amn_o+ (2hn_g + EhN—l)qu =un-1 —3(S () — dn—1)
Thus solving the linear system in Lemina 5.1 yields m;, M2, oo, MN_1.

Then my and my_1 are used in the corresponding formulas in Table 5.8
(i) to solve for mg and my, respectively.

14. When k =1 (12) becomes

homg + Q(hg + hl)ml + himo = uq
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Substituting the end-point constraint mo = m; — Eﬂ.’.’%ﬂl into this
equation yields

h —
h() (‘Tl’l]_ — LT”Z";LI)) + 2(h0 + hl)m1 + hlmg = U]

or

h2 h2
(Sho +2h; + f-) my + (h1 - EQ) my = uy
1 1

Similarly, letting k = N — 1 in (12) and making the end-point constraint

e B —mn_g) .
substitution my = mpy_; + 2& “mé"N ’2 my_3) yields

hn_amy g+ 2(hy_o+ hy_1)my_1

+hy_1 (mN—l + hN_l(mf]th_jz_mN_Z)>
= Ul

or

h3 h3
(han - hz ;) my_2 + (QhN—z +3hy_1 + hz_}J My_1 = UN_1

Thus solving the linear system in Lemma 5.3 yields M, M2, ..., My_1.
Then m; and my, and my_3 and my_; are used in the corresponding
formulas in Table 5.8 (iii) to solve for mp and my, respectively.

(a) Given f(z) = 2% — = we note that f(—2) = —6, f0) =0, f'(-2)
11, and f(0) = —1. Thus we seck the clamped cubic spline S{z) =
az® + bx? + cz + d with derivative §'(z) = 3az? + 2bz + ¢ that
satisfies the constraints S(—2) = -6, 5(0) = 0, §'(~2) = 11, and
5'(0) = —1. Substituting the constraints into S(z) and S(z) yields
the linear system

[

—8a+4b—2c+d = -6
d = 0
12a —4b+c¢ = 11
c = =-1

with solution @ = 1,5 = 0, ¢ = —1, d = 0. Therefore, S(z) = f(z)
on [—2,0].

(b) Given f(x) = 2° — z on the interval [~2,2] consider the clamped
cubic spline §(zx):

So(r) = apx®+bor? 4 cox +dy  [-2
Si(x) = a1 +bhr? e +do [0
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5.4. FOURIER SERIES AND TRIGONOMETRIC POLYNOMIALS 87

It is sufficient to show So(x) = f(z) and S1(z) = f(z) on [-2,0] and
[0,2], respectively. For So(x) the constraints Sp(—2) — 6, S0(0) =
0, §3(~2) = 11, and SF(0) = 0 yields the linear systern:

—8ap + 4by — 2004+dy = 0
do = 0

12a¢ — 4b0 +cp = 11
20 = 0

with solution ap = 1, by = 0, g = —1, and dy = 0. Thus So(z) =
f(z) on the interval [-2,0]. A similar argument shows that S (z) =
f(z) on the interval [0, 2]. Therefore, f(z) = 23— is its own clamped
cubic spline for the given nodes over the interval [—2,2].

(c) First geuralize the results in parts (a) and (b) to any third-degree
polynomial on an interval [a,]. As an inductive hypothesis assume
that cvery third-degree polynomial is its own clamped cubic spline
on an interval [a,b] with k£ nodes. Then using the generalized results
from parts (a) and (b), and the inductive hypothesis show that every
third-degree polynomial is its own clamped cubic spline on an interval
[a,b] with k + 1 nodes. Therefore, the statement is true for any
interval [, b] with N nodes.

(d) In general the statement in part (c) is false for the other four type of
cubic splines.

3.4 Fourier Series and Trigonometric
Polynomials

L. f(z) = £ (sin(z) + 1 sin(3z) + Lsin(52) + L sin(7z) + - - 3

2. f(z)=12 ((:os(a:) + glg cos(3z) + 512- cos(5z) + -7—1:; cos(7z) + - - )
3. %4—2( )(0531" Z( ‘)smg'r)
j=1 i=1

4. f(z) = 2 (cos(x) — % cos(3z) + L cos(5z) — L cos(7z) + - )

. flz) = % (sin(a:) - 317 sin(3x) + 512- sin(5z) — ?15 sin(7z) + - - )

o

6. From Exercise 1:

SRS

flx)= (sin(m) + %5111(3:27) + %Sin(f)m) + %sin(?x) +-- ) .
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Letting 2 = m/2 yields f(n/2) = 1. Thus

1

£ (sn <g>

™
= 1-

Y
CJ!II—'

ul»—

7. From Exercise 2:

f(z)

Letting = = 0 yields f(0

4 1 1 1
- (cos( ) + 7 cos(3z) + = cos(5z) + - cos(7z) +

3w 5
2

2

+ gsin (3) + Lsin (82) + Lsin () +--1)

1
3
1

4+

= /2. Thus

7 =1 (cos(O) + 512- cos{3(0)) + glf cos(5(0)) + 715 cos(7(0)) + -+ )
L o= l+htdidt
8. flz)= s —cos(z) + ] cos(2z) — 1 cos(3x) + 1 cos(dx) +
. A TQ' 52 EE AT ZE (e

9. If g(2) has period 27, then a; = & ="

Let z = %t. Thus

@

Let f(¢)

)cos(jx)dx for j = 0,1,2,.

=g (%t) a function of period 2P.

b9 (5t) cos () ($) dt
= 30 0 (Bt)cos () ar
¥l f_ ('OS(%) dt

a;

Let t = 2 (dummy variable)

a; = 3 Jlpf(x)cos () do
Similary b; = le-ffpf(a:) sin(jmz/P)dz for j = 1,2,....
— 2 . [ (2§ =)z
10, f(z) = %Z (__.._) sin (—-—)
p (25— 1= 2
11.
ag = % .
. 2 .
o = 3 Fun()+(2) () )
bj = 2 (cos (&) - cos(jm))
as i+l i
12. f(x) —b—I-;L)’r-g-Z(—w—ll?) )cos(%)

j=1
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13. The function f satisfies the hypotheses of Theorem 5.5. Thus f has a
Fourier serics expansion:

o0
= ?O + ,; a; cos(jz) + b; sin(jx))

In addition, f(—z) = f(#) for all x € Dy. Thus f(x)sin(jz) is an odd
function and i
by = 1 f( ) sin(jz)dr =0

™

since the integral of an odd function over an interval symmetric about the
origin is zero. Therefore,

ap - ,
[@)=—5+ > a;cos(jz)
k=1
14. The proof of Theorem 5.7 is similar to the proof of Theorem 5.6.

5.5 Bézier Curves

1. Bpa(t) = 612 — 123 + 6t
By 5(t) = 102 - 20t* + 10t°
Bs 7(t) = 2115 — 4248 + 2147
2. (1 — t)Bi,N_l(t) + tBi—l,N—l(t)

—(1—1) ( Nt )ti(l-t)N‘l‘i+t( vl )ti_l(l—t)N—l—(il)

- ( Nt )ti(1~t)N—i+( vl )ti(l-t)Nﬂ'

(T e
_ ( N )tiu-t)N"i = Biwl(t)

3. Note: The binomial coefficients are non-negative, and t* and (1 — t)N—i
are non-negative for ¢ € [0,1]. Can also be established using formula (4)
and mathematical induction.

4. Tioo Bis(t) = Bos(t) + Bus(t) + Baa(t) + Baa(t)
=1 -t +3t(1 -2+ 321 —t) + 3
=14+(-3+3N+B-6-N2+ (-1 +3-3+113=1
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10.
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5 Ba5(t) = 5(Baa(t) — Bsa(t)) = 5(662(1 — )2
de3 5(1/3) = 80/81 and Bg 5(2/5) —40/81

—4t3(1 — 1)

Edsz',N(t) = ( sz )(t"(l—t)N—i)'

( ]j ) (#H1 =V (V= i)t - N1 (1))
- (11‘:’)#-1(14)%1'—1(1‘(1t)—(N—i)t)
= (C’)t 1N - N

On the open interval (0,1), B} x(t) = 0 when ¢t = i/N. Since B; ~N(0) =
0 = B; (1) and B; y(i/N) > 0, the maximum value of the Bernstein
polynomial B; y(t), on the interval [0,1], occurs at t = i/N.

tB; N(t) = (j;,)tz+1
_ (]Tv)t’“(l (N+1)=(i+1)
< N
= TRy Seea)
(5)
it+1
= Nyl
(a) P(t) = (1+6t—9t% 4+ 5t%, 3 — 12¢ + 272 — 18t3)
(b) P(t) = (=2 + 4t 4 18t% — 2813 + 10¢4, 3 + 1262 — 2063 + 8¢4)
(¢) P(t) = (146t 1+ 5t + 102 — 303 + 15¢4)
P(t) = (1+3t, 1+ 6t).
By Definition 5.5
_ {0 i#N ' [0 i£AN-1
Biay-a(®) _{ 1 j=n 24 Bavaa(t) = { 1 i=N-1
Thus
N
P'(1) = ZPiN(Bi‘l,N—l(l) - Bin1(1))
i=0

= N(Py—-Py_,).
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5.5. BEZIER CURVES 91

11. Note: by Definition 5.5

0 i#£2 0 i#1
Bi_sn-2(0) = { 1 ziQ » Binin—2(0) = { 1 2 i 1
and Bi_’N_z(U) = { g) :’ i 8 -

Taking the derivative of P'(t), evaluated at ¢t = 1, shown in Exercise 10
above, yields

N
d d
P/I(]_) = ZPlN (EBi—l,N—l(l) bt aBi,N~1(1)>
i=0 ’

= Y PiN((N —1)(Bizn-3(1) — Bi_1 y_5(1))
e
—(N = 1)(Bi—1,v—2(1) = Bin—1(1)))

= N(N-1)) Pi((Bian-2(1) - Bi_yn_2(1))

1=0
~(Bi—1,n-2(1) ~ By ny-1(1)))
= NN -1)({(P,—Py) - (P; - Pyp))
= N(N - 1)(P2 - 2P, +P0)

12. (a) The linc segment (including endpoints) with endpoints (1,1) and
(7,-3).

(b) The parallclogram and its interior with vertices (—4, 2), (—3,5), (2,5)
and (1,2).

(¢) The triangle and its interior with vertices (0,0), (0,1), and (1/2,0).

1
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Chapter 6

Numerical Differentiation

6.1 Approximating the Derivative

1. f(z) = sin(z): Find approximations to f/(0.8).

h f'(x) Error Truncation Error
0.1 0.695546112 | 0.001160597 | 0.001274737
0.01 0.696695100 [ 0.000011609 | 0.000012747
0.001 | 0.696706600 | 0.000000109 | 0.000000127

2. f(z) = €”: Find approximations to f*(2.3).
h f(x) Error Truncation Error
0.1 9.990814405 | —0.016631050 | 0.018371961
0.01 ] 9.974348950 | —-0.000166495 | 0.000183720
0.001 | 9.974184000 | —0.000001545 | 0.000001837

3. f(z) =sin(z): Find approximations to f/(0.8).

h f{x) Error Truncation Error
0.1 | 0.696704390 | 0.000002320 (0.000002322
0.01 | 0.696706710 | —0.000000001 | 0.000000000

4. f(z) = e*: Find approximations to f/(2.3).
h f{z) Error Truncation Error
0.1 | 9974149167 | 0.000033288 0.000040608
0.01 | 9.974182750 | —0.000000295 | 0.000000004

o]

(8) F/(2) ~ 12.0025000

(b) £(2) ~ 12.0000000

(¢) For part (a): O(h2) = —(0.05)2f®)(¢)/6 = —0.0025000.
For part (b): O(h?) = —(0.05)* ) (¢) /30 = —0.0000000.

93
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7.

CHAPTER 6. NUMERICAL DIFFERENTIATION

(a) Taylor's Theorem applied to f(z + h) expanded about z = = yields

noork
PR
k=0

When n = 1 this yields

x+h—zx)* N SO (2 + b — )+

f@+h)

where |z — ¢f < k.

(b)

k!

(n+1)!

<L R

1 k h
_ kZOf (Z!) .
= fl@)+ f(z)h + L0

N

Y

F(o i) = fa) = () + ML)

[z + hi) — f(z)

ik

f(a) = Lt

= /() + 2L L8

) — f(x)

_ hef7(e)
2

k

F(x) = Dy - LD _ p o)

(¢) In (3) larger values of A can be used, thus, in most cases, avoiding
the subtractive cancellation difficulties that can occur for the smaller

values of h used in (2).

(8) folz,y) = (u/(x +9))?, f=(2,3) =0.36

h = f(2,3) Error

0.1 0.360144060 | —0.000144060

0.01 [ 0.360001400 | —0.000001400

0.001 | 0.360000000 | 0.000000000
fulz,y) = (2/(= -+ y))%, £,(2,3) = 0.16

h ~ f£,(2,3) Error

0.1 0.160064030 | —0.000000600

0.01 ] 0.160000600 | —0.000000600

0.001 | 0.166000000 | 0.000000000
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6.1. APPROXIMATING THE DERIVATIVE 95

(b) fe(z,y) = arctan(y/z), f+(3,4) = —0.16

h ~ fz(3,4) Error

0.1 —0.160009380 | 0.000009380
0.01 | —0.160000100 | 0.000000100
0.001 | —0.160000000 | 0.000000000

fulz,y) = m, fu(3,4)=0.12

h = f,(3,4) Error

0.1 0.120024960 | —0.000024960
0.01 | 0.120000255 [ —0.000000255
0.001 | 0.120000050 | —0.000000050

8. Under the assumption that f©(¢;) ~ f©®)(c,) equations (31) and (32)
can be expressed as
f'(xo) = 16Dy(h)+ Ch?
f(xo) = Di(2R) + 16Ch4
respectively. Multiplying both sides of the first expression by 16 and
taking the difference in the two resulting expressions yields

15_]”(:170) ~ 16D1(h) - (Qh,)
, . 16D1(h) — D1(2h)
['(@o) = 15

9. (a) Let g(h) = 76{ + Méﬁ Then

roy — & _

) = =55+ 3 302
Solving ¢'(h) = 0 yields
“3e+ MK _
Jh

—3e+ MR = 0

— 3¢\ /3
no= (%)

o \1/3 1/3
Substituting h = (qu(') into g"(h) = 772'5'4“]\34‘ yields g” ((%’6{) ) >

0. Therefore, by the second derivative test, g(h) has a minimum at
_ (363
h=($f)
4
(b) Let g(h) = $€ + ME_ Then

3¢ N 2Mh®  —45¢ + AMh®
2h2 15 30h2
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96 CHAPTER 6. NUMERICAL DIFFERENTIATION

Solving ¢'(h) = 0 yields

—45¢ + AMBS  _
30R2
—45¢ +4MK3 = 0
_ (45¢\/?
ho= (455)

L Eo\1/5 . 2 1/5
Substituting b = (%})ﬁ.) into g”(h) = %&—F—Qj-%h— yields g (2117%') ) >
0. Therefore, by the second derivative test, g(h) has a minimum at
B (45"

- (W>

10. (a) Formula (3) gives I'(1.2) = —13.5840 and E(1.2) ~ 11.3024. Formula
(10) given I'(1.2) ~ —13.6824 and FE(1.2) ~ 11.2975.

(b) Using differentiation rules from calculus, obtain I’ (1.2) =~ —~13.6793
and E(1.2) = 11.2076.

11. Numerical differentiation formulas (3) and (10) yield D'(10.0) ~ 4.4205

and 1(10.0) ~ 4.4248, respectively. Differentiation rules from calculus
yield D/(10.0) ~ 4.4248,

12.
h = f'(1.2) | Error [round-off|+|truncation]
0.1 —0.93050 | —0.00154 | 0.00005 + 0.00161 = 0.00166
0.01 | —0.93200 | —0.00004 | 0.00050 + 0.00002 = 0.00052
0.001 | —0.93000 | —0.00204 | 0.00500 + 0.00000 = 0.00500
13.

h = {'(3.0) | Error [round-off|+|truncation]

0.1 0.33345 —0.00012 | 0.00005 + 0.00014 = 0.00019
0.01 | 0.33350 —0.00017 | 0.00050 + 0.00000 = 0.00050
0.001 | 0.33500 —0.00167 | 0.00500 + 0.00000 = 0.00500

14. (a) Maximize E(h) = 29905 1 9.5n2 Solve £’(h) = 0 and obtain h = 0.1.
(b) Maximize E(h) = 29975 4 0.05h%. Solve E'(h) = 0 and obtain

h = 0.327195.
15.
h =~ f'(1.2) | Error jround-off|+|truncation]
0.1 —0.93206 | 0.00002 0.00008 + 0.00000 = 0.00008

0.01 | —0.93208 | 0.00004 0.00075 4+ 0.00000 = 0.00075
0.001 | —0.92917 | —0.00287 | 0.00750 + 0.00000 = 0.00750
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16.

h ~ f'(4.0) | Error iround-off|-+truncation|

0.1 0.33333 0.00000 0.00008 + 0.00000 = 0.00008
0.01 | 0.33350 —0.00017 | 0.00075 + 0.00000 = 0.00075
0.001 | 0.33583 —0.00250 | 0.00750 + 0.00000 = 0.00750

6.2 Numerical Differentiation Formulas
1.

(a) f7(5) & —0.040001600  (b) f"(5) ~ —0.040007900
(¢) f"(5) ~ —0.039999833  (d) f”(5) ~ —0.040000000 = —1/52
2.
(a) f(1) =~ —0.540190000 (b) f”(1) ~ —0.539852200
(c) f"(1) ~ —0.540301667 (d) f”(1) ~ —0.540302306 ~ — cos(1)
3.
(a) f7(5) =~ 0.0000  (b) f(5) ~ —0.0400
(c) f"(5) = —0.0133  (d) f7(5) ~ —0.0400 = —1/52
4,

8) f"(1) ~ —0.5200  (b) ["(1) ~ —0.5400
) f7(1) = —0.5133  (d) (1) ~ —0.5403 ~ — cos(1)

—
~

(a) f(z) =22, (1) ~ 2.0000
(b) f(z)= =%, (1) ~ 12.0002
6. (a) f(z)=a* f”(1) ~ 12.0000
(b) f(x) =25, f”(1) ~ 29.9992

i 3 7(3)(p
T fe k)= f(x) + hple) + L BT D@

" ) T
flw=h) = fla) — hf'(@) + L) BLD@)

3 £(3) 5 £(5)
J(@+h) = flw - h) = 2hf/(a) + 2L @) W)
Similarly, (or substitute 2k for k in the previous equation)

16h3 FO3) (1) . 64h° F(5) (x)

f(x +2h) — f(z — 2R) = 4hf'(z) + 31 5!

Then

1203 f®)(z)  60h5 ) (x)

f(a+2h)=2f (2+h)+f(z—h)~ f(z—2h) = —= 5!
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98 CHAPTER 6. NUMERICAL DIFFERENTIATION

Now solve for f®)(z) and get

56 _ J@+2h) —2f(x+h)+2f(x - k) - flz —2h)  REfO)N(a)

2h3 A
8.
>, &) )k ) (&) (—h)*
fa+n) =Y LoD gy = 30 L2
k=0 k=0
Substituting 2k for h in the two previous expressions yields:
— [ (z)(2h)* o [®) (z)(—2n)*
[@+2h) =) = f(z — 2h) =)
k=0 k=0
Then
f@+2h) —Af(z+h)+6f(x) —4f(x—h) + f(x - 2h) = BB (2) + O(h®)
Thus
FO () fle+2h)—4f(z+h) + 6f(4x) —4f(x — h) + f(z — 2R)
h
g9,
z ) z M)
0.0 0.141345 0.0 | —0.993310
(2)[ 0.1 | 0.041515 | (b} 0.1 | —0.997470
0.2 | —0.058275 0.2 | —0.996635
0.3 | —0.158025 0.3 | —0.990805

10. We are given, as approximations, that the points (x + h/2, f'(z + h/2))
and (z — h/2, f'(z — h/2)) lie on the graph of f'(z). The slope of the
tangent line at x can be approximated with the slope of the secant line
passing through the two given points. Thus

@) = me

_ et h2) — fx—hy2)
@ T R/2) — (x — R/2)
N CRTEES JER )]

Hh=fo fo—fa
h A

Q

_ f1—2£0+f_1
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6.2. NUMERICAL DIFFERENTIATION FORMULAS 99

11. Let to = 2, t; =z + h, and £ = z + 3h. Then

fi—fo  fi—fo

al::{:+h—m~ h

and

fa—f1 L—Jfo
r+3h—x—h ’r+h~a:)
r+3h—1x

<

(o £ 4
(s 2zt
_ (2h —6?;Lf1 f f2)

ay =

Thus

fll&) = a1 +ax(z—(z+h)
— fo 2 —3f1+
R fo GhZ [2( h)
- —_8.%%1‘1_*,&

_ =8f(z) +9f(z +h) ~ flz + 3h)
6h

12. Letto =z, t1 =2 — h, and t2 = z + 2h. Then

fi=fo  h-=fo fo—h
r—h—-2  —h h

1] =

and

( fi— fo)
an = :r,+2h .7:+h r—h—=x
2 = z+2h -z

(L
(g 0t

L3f0+2f1 +f2
6h?

il

Thus
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100 CHAPTER 6. NUMERICAL DIFFERENTIATION

fz) = ai+ay(z—(z—h))

_ fO“};‘fl 4 =3fo -Eéfl +f2(h)
- 8(fo—f1) L 3ot 2f+ fo
oh 6h

_ 3,Zo—gh11 + fo

_ Bfla) 4f(x—h)+ fw+2h)
6h

13. (a)

o))~ DI BT
2f1 ~4fo+2f_1+hfi —hf_y
2h?
2+mf—4fo+©2-h)f
2h2

)+ pe) o oAl St Ah
4o = 10f +8fs = 2fs — 3hfo + 4hfs ~ hfy
2h2
(4= 3h)fo + (<10 +4h)fy + (8 — h)fy — 2/
2h2

(c) O(r?)

14. In the two representations the value of ¢ lies between = + A and z, and
x — h and x, respectively. Thus, in general, each representation will have
a diflerent value of ¢, say ¢; and cg, respectively. As given the formula
for f"(z) is inappropriate, but under the appropriate assumptions about

the size of h and the behavior of f)(x) the formula for f” (#) could be a
good approximation.
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Chapter 7

Numerical Integration

7.1 Introduction to Quadrature

1. (a)
trapezoidal rule 0.0
Simpson’s rule 0.666667
Simpson’s 3/8 rule  0.649519
Boole’s rule 0.636165
(b)
trapezoidal rule 1.379769
Simpson’s rule 0.958319
Simpson's 3/8 rule  0.986927
Boole’s rule 1.008763
(c)
trapezoidal rule 0.420735
Simpson’s rule 0.573336
Simpson’s 3/8 rule  0.583143
Boole’s rule 0.593376
2. (a)
trapezoidal rule 0.603553
Simpson’s rule  0.638071
Boole’s rule 0.636165
(b)

trapezoidal rule  1.020128
Simpson’s rule  1.005610
Boole’s rule 1.008763

101

STUDENTS-HUB.com Uploaded By: anonymous



102 CHAPTER 7. NUMERICAL INTEGRATION

trapezoidal rule 0.577889
Simpson’s rule  0.592124
Boole’s rule 0.593376

[Pran = U@ EAER)+/0)

(b—a)(a® + (a +b)* +b7)

_ (b—a)(2a® + 2ab + 2?)
b

b2 g2
R

[T IGESICORYI0

(b—a)(a® + & 4 19)
i}

(b —a)(3a® + 3a%b + 3ab® 4 30%)
§

bt gt
- T 7

1

Ty I
r— I r— T
Py (z)dz fo dx + fi / dr
Jxg o To— I Jzg *1—To

T=x7 =
= fo =)

2
I —XTp
+f1%-—15
Ty — &1 =z L1 —Zo

= _foﬁLEﬂ +f1£1_5ﬂ1
= £]_5'£Q(fo-l-f1)

5. The degree of precision is n = 1.

r=Ip

6. The degree of precision is n = 3.
7. The degree of precision is n = 5.

8. (a) m=(b—a)/(d-c)

o
!
)

r—a

(t—c)

a,
i
o
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7.1. INTRODUCTION TO QUADRATURE 103

. - b—af bc — ac
T od—c¢ d—c¢

b——at be —ac  ad-—ac
d—c d—c d—c
b—a ad — be

= tp——
o " d—c

+a

{(b) The precision is 1.
(¢) The precision is 2.
(d) The precision is 5.

/773 flz)dz " P;(x)dx

_ fo (z —x21)(x — 22) (% — 23)
zo  (Zo—21)(To — T2)(zo — x3)
(= — 20)(x — T2)(x — 3)
M 2o h (71 — wo)(x1 — 22) (&1 — x3)
N /“’3 ! (x — zo)(x — 1) (@ — x3)
o (#2 — mo) (2 — 1) (w2 — 13)
Y (z —zo)(x — 21)(x — x3)
2o (3 — To)(¥3 — 1) (x5 — x2)
Now make the substitution & = 2o + At where h = (23 — 20)/3. Then
dx = hdt, zy, — z; = (k — j)h, T — z; = h(t — i), To=0,zy =1, 2, =2
and z3 = 3. This yields the first line of the expression in Exercise 9.
Starting at the last line of the expression in Exercise 9:

= f—g}i(—i—l+54—~—+18)+—(—~—4'+27>

f2h 81 fa
+T( 4+56——2—)+T(T—27+9>
—8@(f0+3f1 +3f2+ f3)

Which is Simpson’s 2 rule

10.
[ geae = [ ne

N /T: ZfJ,H(j—m) dm

i#j

&

dr

dzx

dzr
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104 CHAPTER 7. NUMERICAL INTEGRATION

Now make the substitution z = x5 + ht where h = (23 — 20)/3. Then
dr = hdt, 2, — x5 = (k—j)h, @ — 2 = h(t —i), 20 = 0,71 = 1, 29 =
2,23 =23, 14 = 4 and x5 = 5.

- L (61— 2)( = 8)(t — )¢ - 5)de
+££—Z/:(t —0)(t = 2)( - 3)(t — 4)(t - 5) dt
+:‘"f12;% ‘/Os(t —0)(t = 1)(t = 3)(t —4)(t - 5) dt
+{;Zi /Ds(t —0)(t - 1)t~ 2)(t —4)(t — 5) dt
+wf§f;5 /Os(t—U)(t— D(t—2)(t —3)(t—5)dt

6 5
+1};5025/0 (E=0)(t = 1)(t ~2)(t — 3)(t — 4) at

_ Mo ( 475\  hh (125  hfp ( 125
T —120 12 24 \ 4 —12 12

hfs (125N  hfy [ 125\  hfs /475
+12(12>+—_24(_4)+ﬁ 12

=

h
- ;88 (190 + 75f1 + 505 + 503 -+ 75f4 + 19f5)

11. Constructing a divided-difference table for the three points (g, f(z0)),

(x1, f(z1)) and (x2, f(x2)) produces the second-degree Newton polynomial

Pa(z) = fo+ (f—liﬁ) (x — z0) + (fi_g%f% (2 — zo)(z — 7).

Thus

/:2 flz)dr = /: Py(r)dr

0
fo—2fi+ fo /m
oh2 i

+ (x —20)(z —z1) dx

0

Now make the substitution £ = z¢ + ht where h = (z3 — 70)/3. Then
dz = hdt, xp—x; = (k—j)h, 2 —2; = h{t—14), 20 = 0, £; = 1 and 75 = 2.
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7.2. COMPOSITE TRAPEZOIDAL AND SIMPSON’S RULE 105

2

2 2
= hfo/o dt-|-h(f1—f())‘/0 tdt*l*h(l_éfl_-‘_fo)‘/o t(t~1)dt

2 2 _ 3 2y 2
= hfo ()2 +h(fr - fo) (%)O+W(%_%>D

= 2hfy +2h(f1 — fo) +§ (W)

= g(f0+4f1 + fa)

Simpson’s rule.

7.2 Composite Trapezoidal and Simpson’s Rule

1. (a) F(z) = arctan(z), F(1) — F(=1) = 7/2 7~ 157079632679
i M =10, h =02 T(f,h) = 156746305691,
Er(f, k) = 0.00333326989
i M =5, k=02, S(f,k) = 157079538808,
Es(f, h) = 0.00000093870
(b) F(z) =2z — /T cos(2/Z) + sin(2/7) /2
F(1) — F(0) = 2cos(2) + sin(2)/2 ~ 2.87079554995998
i M =10, h = 0.1, T(f, h) = 2.85740884711,
Er(f,h) = 0.1338670225
ii. S(f,R) = 2.865601
(¢) Fz) =2z, F(4) - F(1/2) =3
i. M =10, h = 0.375, T(f, k) = 3.04191993765.
Er(f,h) = —0.04191993765
ii. M =5, h=0.375, S(f,h) = 3.00762208163,
Es(f,h) = —0.00762208163
(d) F(z) = —(a® + 22 + 2)e~®
F(4) — F(0) = 2 - 26e™* ~ 1.52379338889291
i M =10, h =04, T(f,h) = 152162778130,
Er(f,h) = 0.00216560759
ii. S(f,h) = 1.524599
(e) F(z) = 2cos(z) + 2z sin(zx)
F(2) — F(0) = 2cos(2) + dsin(2) — 2 ~ 0.804896034208442
i M =10, h= 0.2, T(f, h) = 0.78330408729,
Er(f,h) = 0.02159194692
ii. §(f,h) = 0.805005
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106 CHAPTER 7. NUMERICAL INTEGRATION

(f) F(z) = —&cos(2w)e ™ — Lsin(2r)e~

F(m) — F(0) = £ — 2™ ~ 0.382714432604491

i. M =10, h = 7/10, T(f, h) = 0.36695122058,
E7(f,h) = 0.01576321211

ii. S(f,h) = 0.382793
1
2. (a) / V1 + 924dz = 1.54786565460019
J0

i. M =10, T(f,1/10) = 1.55260945
ii. M =5, S(f,1/10) = 1.54786419

x/4
(b) / 1+ cos?(z)dxr = 1.31144249821555
0

i. M = 10, T(f, 7/40) = 1.3110891
ii. M =5, S(f,m/40) = 1.31144352

1
(¢) / V14 e 22dy = 1.19270140197215
0
L. M =10, T(f,1/10) = 1.19318470
ii. M =35, §(f,1/10) = 1.19270186
1
3. (a) 27 / 2* V1 + 9xtdr = 3.5631218520124
¢}

L M =10, T(f,1/10) = 3.64244664
ii. M =5, 8(f,1/10) = 3.56372816

n/4
(b) 21 / sin(z) /T + cos(z)dz = 3.65837776892123
0

L. M =10, T(f, 7 /40) = 3.65242104
il. M =5, S(f,n/40) = 3.65860833

1
(©) 27‘(‘/ e \V1+ e~ 28 dr = 4.8492184914728
0

i M =10, T(f,1/10) = 4.85802252
ii. M =35, S(f,1/10) = 4.84924283

4. (a) The trapezoidal rule (M = 1, h = 1) is exact for f(z) = 1z + co
over [0, 1] since:

T(f,) = 5U70)+ £(1)) = 5(c0+ (c2 + o)) = ex + g

[Nl e

and

! ey '
/ (er12 + cg)dx = (T + (;01:) =54 + ¢p.
0 0
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7.2. COMPOSITE TRAPEZOIDAL AND SIMPSON’S RULE 107

(b) It is sufficient to show Er(f,1) = fol cor®dz — T(cax?, 1). Thus

_ —{1-0)(2e9)(1%) RS
Er(f,1) = D =%
and
1 31
1 Col I
2 zd — — = 2 —_ —2
/0 coxdr 2(0+c2) 5,72
_ Co _ Co ]
3 26

(a) By the summation properties of definite integrals, it is sufficient to
show Simpson’s rule is exact for each of the polynomials c; 72, cox?, 1wy,
and ¢g. Thus

f02 codz = 2c¢9

.

%(C[) + 4co +Co) = 2¢p

2 C 1}2 ? 1
Jo erwdz = | =20 5(0+4cy + 2¢1) = 2¢3
0
2 w2 ]?
fo cor’dr = 523@‘_ = %CZ 3];'(04-402 +4dcg) = %(:2
0
9 a2
fo cax’dr = gzir— = 4c3 %(0 + des + 8¢3) = 4ces
0

(b) It is sufficient to show f02 cartdr — S(cqzt, 1) = Es(eqr®, 1).

oy (2 0)2e)(1)? 4
Ex(eg®, 1) = 180 T
2 5
/ carldr — l(0 +4deq + 16cq) = i I 29(14
Jo 3 5 | 3

32 20

S 3

(

1
Agmmzmmm+mmm

Jerm -

1

<

6. (a) We want a quadrature formula:

that is exact for polynomials of degree less than or equal to one. Thus
we find values of wy and w; satisfying the equations:

1
/ 1dt
0
1
[
0

wo(1) +wi(l1)

wo(0) 4+ wi(1)
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108 CHAPTER 7. NUMERICAL INTEGRATION

or 1 =wp +w; and § = wy. The solution is wp = w; = 5. Thus the
quadrature scheme

| ot~ 390)+ 301

is exact over the interval [0, 1] for all polynomials of degree less than
or equal to one.

(b) Make the substitution z = zg + ht into the approimation scheme
(note: f(z) = g(t), di = $dz, 2o = 0, and z; = 1)
1 [ 1 1
5 flz)dz ~ 7f(@o) + §f($1)

7 2o

or

[ rwr =S+ 1),

o
the trapezoidal rule for M = 1 and h = 2, — To on the interval
[.’120,:81].

7. (a) We want a quadrature formula
2
| 9ttt = wog(0) + ng1) + wag(2)
0

that is exact for polynomials of degree less than or equal to two.
Thus we find values wo, w1, and wy such that

2
[ var
0

‘/ogtdt = wo(0)+w1(1)+w2(2)

il

wo(1) +wi (1) + wa(1)

/ztzdt = wo(0) + w1(1) + wa(4)
0

or

wo + w1 + wy
w1+2w2 =

w1 -+ 4&)2 =

celos B B

The solution of the linear system is wg = 1/3, w; = 4/3 and wy = 1/3.
Thus the quadrature scheme

2
|| a0t~ 2900) + 3o(0) + 242

is exact for polynomials of degree less than two on the interval [0,2].
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7.2. COMPOSITE TRAPEZOIDAL AND SIMPSON’S RULE 109

(b) Make the substitution # = xo + ht into the quadrature scheme (note:
f(x) =g(t), dt = %dw, zg=0,71=1and zo = 2):

§ e g0 + g + 5

or

w| >

/ Y f@yde~ B v a4 ),

Simpson’s rule for M = 1 and h = Q—Eﬂ on the interval [zg, zs).

8. (a) Use the bound |f@(z)| = | — cos(x)| < |cos(0)| = 1, and obtain
((r/3-0) h?) /12 < 5 x 1072, then substitute h = w/(3M) and get
m3/162 x 108 < M2, Solve and get 4374.89 < M; since M must be
an integer, M = 4375 and h = 0.000239359.

b) Use the bound |f@(z)| = ———52 < 1F@(3)| = 1/4, and obtain
|5 — z|

5
3 —2)zh?
(8=2)

< 5x107°, then substitute h = 1/M and get 2 x 108 <

M?2. Solve and get 2041.24145 < M; since M must be an integer,
M = 2042 and h = 0.000489716.

(c) Use the bound [f®)(z)| = |(z — 2)e~?| < ‘f(z)(())‘ = 2, and obtain

_ 2

2020 < 5« 107%, then substitute h = 2/M and get & x 10° <

M?2. Solve and get 16329.9316 < M; since M must be an integer,
M = 16330 and h = (0.000122474.

9. (a) Use the bound |f™)(z)| = [cos(z)] < |cos(0)] = 1, and obtain
((r/3—0)A?) /12 < 5 x 10~°, then substitute h — 7/(6M) and
get /34,992 x 107 < M*; since M must be an integer, M = 18 and
h = 0.029088821.

(b) Use the bound |f®)(z)| = I’E)E_4r1:|5 < |f%(3)| = 3/4, and obtain
3-2)¢n -9 - 1

< 5x 1077, then substitute b = 1/(2M) and get 35 x
107 < M*. Solve and get 15.106877 < M; since M must be an
integer, M = 16 and h = 0.03125.

(c) Use the bound |f®(z)| = |(z — 4)e~| < |f®(0)| = 4, and obtain
2 — 0)4ht

< 5 x 107°, then substitute h = 2/(2M) and get 5= x

101 < M*. Solve and get 54.602417 < M; since M must be an
integer, M = 55 and h = 0.0181818.
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110 CHAPTER 7. NUMERICAL INTEGRATION

10.
1 0.2 0.199008 | 0. 0006660
2 0.1 0.1995004 { 0.0001664
4 0.05 0.1996252 | 0.0000416
8 0.025 | 0.1996564 | 0.0000104
16 | 0.0125 | 0.1996642 | 0.0000026
11.
M|h S(f,h) Es(f,h) = O(h%)
1 0.75 1.3658444 | -0.0025669
2 0.375 1.3634298 | -0.0001523
4 0.1875 1.3632869 | -0.0000094
8 0.09375 | 1.3632781 | -0.0000006

12. (a) Let h= 2520 * = 25+ h, and F'(z) = f(z). Then

2
Flz) = Z
=0
= P2(T)+EM(fa h),

F® @)z — a2k FO(e)(z — %)
+ 3!

x

where ¢ is between z and z*. By the Fundamental Theorem of Cal-
culus:

/z f(@)dz

F(l‘l) - F(Io)
PQ(.’I)l) — PQ(.’IIO)
= (F@") + P~ 2) 4 2P @) - 2)?)

Q

~(P(")+ F(a*) (o = ) + 5 (a%) (0 - 2)?)

= 9MF'(2*)+ %(iﬂ (=R ()
= 2hF/(2*) = 2hF (zo + h) = 2hf(z0 + h),

the midpoint rule. The error term is:

1 1 .
Mm(foh) = 3—,F(3)(61)(T1—T) —3—,F(3)(Co)(ﬂfo—ﬂ? )?
1 1
= EF(S)( 1A EF(B)(CO)(—h)3
h3
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7.2. COMPOSITE TRAPEZOIDAL AND SIMPSON’S RULE 111

If f"(x) is continuous on [z, x;], then, by the Intermediate Value
Theorem, there exists ¢ € [xo, 1] such that f”(¢;)+ f"(co) = 2f"(c).
Thus Ep(f, h) = %f”(c).

(b) Note: We now let h = %ﬂ, the length of the ith subinterval. Then

/a " ey = /m k fla)dz
hf (a+ (k—%) h)
,zNjf(a-#(kk-;-)h),

k=1
(c) From part(a) over the interval [z;_1, z;] we have Ex; (f, h) = ’g—sf”(ci).
Thus over the interval [zp, zy]

I

2
] =

a~
n

1
>

the composite midpoint formula.

N h3 h3 N
Eu(fh) = Y —f"e) == f"(ex)

3 3
k=1 k=1
b-a)h? [ 1 &
- ( da') (N Z fll(0k>>
k=1

The term in parentheses can be recognized as an average of values
for the second derivative and hence is replaced by f"(e). Therefore,
we have established that for the composite midpoint formula:

. (VB2
Entr,h) = LA _ g

13. (a) [1,(1+2?)~ldz ~ 1.1074
(b) fo (2 + sin(2y/Z)dz ~ 5.5111
(€) Jogs iz ~ 2.5582

(d) [ z%e~"dz ~ 0.6467

(e) foz 2z cos(z)dx ~ 0.8157

(f) [y sin(2z)e *dz ~ 0.4593

14. We first determine the error when the rule is applied over the interval
[0, 22). In the proof of Corollary 7.2 we were able to use the Second
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Mean Value Theorem for Integrals. But, in this case the expression {(x —
zo)(x — 21)(x — x2) changes sign on [rg,2,]. Hence, we proceed in a
different manner.

Let P3(x) be the Newton interpolatory polynomial of degree two for
f(x) at the nodes zg, r1, and z5. Let  be the value at which we want
to calculate the error. Adding z to the divided-difference table for Py(z)

vields Ps(z) an interpolatory polynomial agreeing with fz) at xg, z1, x9,
and z. Thus

P3(z) = Pa(z) + flzo, 21, 22, 2)(z — 20) (x — 21) (2 — z2)

But Ps(z) = f(z), at z, thus

f(z) = Py(z) + flzo, 71,22, 7)(x — zo)(z — z1)(z — 12)

Integrating:

Joa f(@)dz
= [} Py(z)dx
+f;,2 f[Io,-’l‘1,$2,x](ac - fL'o)(m — 1’1)((1; — $2)d$

= 3(fo+ 41+ fo) + [ Flwo, 1,22, 2)(z — 20) (7 — 21)(z — 32)dex

We now consider the error terms.
Ty
Es(f,h) = / flxo,z1, 22, 2](2 — 20) (2 — 21) (22 — x9)dx.
4o
Define

g9(z) = /x(t —x)(t — z1)(t — z2)dt.

0

Note: By the Second Fundamental Theorem of Calculus; ¢'(x) = (z —
zo)(z —21)(z —2), and by the Fundamental Theorem of Calculus; g{x) =

hTz(.r—moF(m—xl)z. Thus g(x0) = 0 = g(2), g(z) > 0 for all z in (zq, 25),
and

Es(f,h) = / " fleo, 21, 2, )yl (z)

Integration by parts yields:
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7.2. COMPOSITE TRAPEZOIDAL AND SIMPSON’S RULE 113

ES(fa h’)

T2

q(l‘)(f[ﬂ'g, T1,T2, .'L'D’d.’l,’

f[xovxlamzam]g(m)ﬁg _/

To

_ /xz 9(x)(f[zo,z1, %0, 7)) dz

T2 (4) T
o e,

where d = d(x) € (zo,z2), by Theorem 1.7 Ceneralized Rolle’s Theorem.
Applying Theorem 1.11 Weighted Integral Mcan Value Theorem yields

Ex(f,h)

(g) [o2
%—)/ g(z)dx

i(j'ﬁ/: (/mj(t—mo)(t—ml)(t—wg)dt) dr
f“;)!(tf) /” ([(f — 20)(t - @) (¢ mg)dx) dt

(e m;”
20 [ e 1)t - e -
hSF4)(¢) /32 64
— (3“““’*‘3“8)

P )
_gb.f 4 (¢).

where ¢ = ¢(z) € (zg,22). Now sum the error over each subinterval:

s 2M
Bs(f,h) = =55 > 1@ ()
k=1

Assuming f® is bounded and continuous over [a,b], then by Theorem 1.2
Intermediate Value Theorem there exists ¢ € (a,b) such that

) L = 0
fOe) = = FD ()
M; i
Therefore,
K5 N (h—a)MfH ()
Es(f,h) = —gg(Mf(4)("))—_ 90(2M)
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7.3 Recursive Rules and Romberg Integration

CHAPTER 7. NUMERICAL INTEGRATION

1. (a)
J | R(J,0) R(J,1) R(J,2)
0 | -0.00171772
1 | 0.02377300 | 0.03226990
2 | 0.60402717 | 0.79744521 | 0.84845691
(b)
J | R(J,0) ROLT) R(7,2)
0 | -0.00199505
1 | -0.02186444 | -0.2848757
2 1 0.01611754 | 0.02877821 | 0.03259592
(c)
7 | R(J,0) R(J,1) R(7,2)
0| 288
1 ] 210564024 | 1.84752031
2 [ 1.78167637 | 1.67368841 | 1.66209962
(d)
J | R(J,0) R(J,1) R(J,2)
0 | 10.24390244
1 {6.03104213 | 4.62675536
2 | 465685845 | 4.19879722 | 4.17026668
(e)
7 | R(J,0) R(J,1) R(J,2)
0 | 0.44127407
1 | 0.95641862 | 1.12813347
2 | 1.21628836 | 1.30291160 | 1.31456348
(f)
J | R(J,0) R(J,1) R(J,2)
0]20
1 ] 2.73205081 | 2.97606774
2 | 2.99570907 | 3.08359515 | 3.0976365
2. (a)
AaT(J) -T(J -1 41, — L
lim S(J) = lim (J) . ( ) = — =T
J-00 J—00 3 3

STUDENTS-HUB.com Uploaded By: anonymous



7.3. RECURSIVE RULES AND ROMBERG INTEGRATION 115

(b)

Jim B(J) = lim 165()) ~S(J—1) 16L—L _

= L
J—oo 15 13

Joldz=4  [lrdz=8  [}22dp=S

fc;l 3z = 64 f4 4dm-—1024 f4 idr — 2048

B(1,1) = Z(T+324+12+32+7) =4

B(z,1) = Z(0+32+24+96+28) =8

B(z2,1) = Z(0+32+12(4) +32(9) + 7(10)) = &

B(2%,1) = Z(7(0) 4+ 32(1) + 12(8) + 32(27) + 7(64)) = 64
B(z%,1) = Z(7(0) +32(1) + 12(16) + 32(81) + 7(256)) = 102¢
B(z®1) = £(7(0) + 32(1) + 12(32) + 32(243) + 7(1024)) = 2028

4 _ 16384 7040 128
6 — 6 — e e — —
—2(4 - 0)(6)(1)° 128

6 —
Ep(a”,1) = 945 T

4. We want a quadrature scheme

/0 g(t)dt = wog(0) + wrg(1) + wag(2) + wsg(3) + wag(4)

that is exact for polynomials of degree less than or equal to four. Thus
we seek wg, wy, wy, ws, and wy such that

4
/1dt = woptw; +wst+ws+wy
0

4
/tdt = wy + 2ws + 3w + 4wy
0

t2dt = w + dws + Yws + 16wy

I
4

/ t3dt = w1 + Bws + 2Tws + 64wy
0

/ tidt = w; + 16ws + 8lws + 256w,
0
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116 CHAPTER 7. NUMERICAL INTEGRATION

or

4 = Wy +wy + o+ ws A wy
8 = w4 2w+ 3wz + 4wy
64
3 T @ + dws + w3 + 16wy
64 = (%] + 8&)2 + 27(4)3 -+ 64&)4
1024

5 = wy + 16ws + 8lws + 256wy

The solution of the linear system is: wp = %, wy = g‘é, wo = 15 w3 = i—g,

and wy = %%. Therefore,

/0 * byt = %(m(o) +32(1) + 129(2) + 329(3) + Tg(4))
Qr

/ f(z)dx 7f0+32f1+12f2+32f3+7f4)

Boole’s composite rule for A = 1 and M = 1 over the interval [0,4].

16(5(fo +4f1 +2fa +4fs + fu)) — 28 (fo+4fs + f4)
1o

= 25 (160 + 64f1 + 32f5 + 64f3 + 164 — 2fo — 85 — 2f4)
= £ (14fo + 64f, + 24f5 + 64f3 + 14f4)
= 22 (Tfo+ 32f1 + 12f2 + 32fs + Tf4)

Boole’s Composite rule for J = 2.

9(L(fo+2f +2f2;fa)) — 32 (fo + f3)

—’é (3fo+6f1+6f2+3f3 — fo — fa)
B (fo+3f1+3f2+ f3)

Simpson’s £ rule (6) from Section 7.1.

7. Multiply both sides of (25) by 16 and subtract (26) from the result:

16 [ f(2)dz — [° f(x)dz
= 168(f, h) — S(f,2h) + ba(16 — 64)h° + b3(16 — 256)h8 + - - -
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7.3. RECURSIVE RULES AND ROMBERG INTEGRATION 117

[0)

T
b , B ] \
/ fl@)dn = 205U ) — S(F,2h) _ 48bah  240bsh
“ 15 15 15

8. Multiply both sides of (28) by 4% and subtract (29) to obtain:

4%Q-Q = 4XR(h,K —1)— R(2h,K — 1)
+(:1(4K —“4K)h2K+C2(4K _4K+1)h2k+2 4o

or

o = 45 R(h, K — 1) — R(2h, K — 1) N cd K (—3)p2K+2
B 4K 1 4K 1
4XR(h,K —1) — R(2h, K — 1)
4% 1

+ O(R24+2)
9. (a) f®(z) = 0, thus by Theorem 7.7 R(3,3) = 256. The following
Romberg tableau shows the result.

1024 0 0 0
520 352 0 0

2627 529 776 0
I 3

6314 32841 6145

BT w9 256

(b) f(z) = 0, thus by Theorem 7.7 R(4,4) = 2048. The following
Romberg tableau shows the result.

11264 0 0 0 0
5643 L1308 0 0 0
288757 5990 35299
I A S 0

28031 184082 84158 125062
Tyt Sgpee Sgps laz

933309 47135 24577 200705
o~ oI T g 2048

10. (a) r=0=t=0,z=1=1t=1, and Vi2 = { on the interval (0,1).

[ vri= [ [ - [ o

40
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118 CHAPTER 7. NUMERICAL IN TEGRAT 10N

1

(b) For / VT dz, Romberg integration converges slowly because the
0
higher-order derivatives of the integrand f(x) = /Z are not bounded

near x = (.

11, (a) Substitute by for h in the formula for M(f, k) to get the sequential
midpoint rule;

M(J):M(f,hJ)thif(a+ (kvé) hJ)

k=1

(b) Since the given error term Ej(f, h) has the same form as the error
term for the trapezoidal rule, we follow the work outlined in formulas
(20) through (33) and see that R(J,0) = M(J) for J > 0, and for
J>K

AXR(JK—1)-R(J-1,K —1)
4K — 1

R(JK) =

7.4 Adaptive Quadrature

There are no Exercises for this section-just Algorithms and Programs.

7.5 Gauss-Legendre Integration

1. [ 65 dt = 64, G(f,2) = 58.6666667

el

. [ sin(t) dt ~ 1.41647, G(f,2) = 1.410157

2]

- Jy 220 gt~ 0.9460831, G(£,2) = 0.9460411

£

=

T2
. »\712_ / e~ /201 ~ 03413447, G(F,2) = 0.3412211
T Jo

- & [7 cos(0.6sin(t)) dt ~ 0.91200486, G(f,2) = 0.91200411
(A N=4 (bB)N=6

(=T

-3

- The roots of the Legendre polynomials are (a) :I:\/Lg, (b) 0,++/0.6, and
(c) +0.8611363116, -£0.3300810436.

8. If the fourth derivative does not change too much, then

f(‘”(C:x) < ‘_f(4)(62)
135 90

The truncation error term for the Gauss-Legendre rule will be less than
the truncation error term for Simpson’s rule.

STUDENTS-HUB.com Uploaded By: anonymous



7.5. GAUSS-LEGENDRE INTEGRATION 119

JLidt=2 ['ta=0 [ i2dt=2
JLtd=0 [ tda=2 [1Sar—o

Gs(1) = %(5+8—|—5)=2

Calt) = %(—5\/<T6+8(0)+5\/(ﬁ)=0
Ga(t?) = %(5(0.6)+5(0.6))=§

Ga(t¥) = %(5(—\/(ﬁ)3+8(0)+5\/ﬁ3)=0
Ga(th) = -;—(5(0.6)2+8(0)+5(0.6)2)=g
Co(t5) = %(—5(0.6)5/2+8(0)+5(0.6)5/2):0

10. If the sixth derivative does not change too much, then

F () — [ (e2)
15750 15120 |

Since the magnitude of the truncation error terms are about the same,
both methods have about the same precision. But the Gauss—Legendre

rule requires three calculations compared to five calculations required by
Boole’s rule.

11. We want a quadrature scheme

/ F@)da & w1 f(—VOB) + waf(0) + waf(VOT)

that is exact for polynonuals of degree less than or equal to two. Setting
f(z) equal to 1, z, and 2® in the previous scheme yields the linear system

2 = wtwtws

0 = —v0.6w; + v0.6ws
2

§ = 0.6w; + 0.6ws

The solution of the linear system is wy = g, wy = %, and wg = —g—. There-
fore,

[ i~ 65V +810) 1 57(/03),

the three-point Gauss-Legendre rule.
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120 CHAPTER 7. NUMERICAL INTEGRATION

i " ) B3 ()28 (171y4 .
12. Truncation Error for Gauss-Legendre: f—(e%)ws—é,r) Truncation error

for Romberg: O ((%)2(4)”) =0 ((%) 10),
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Chapter 8

Numerical Optimization

8.1 Minimization of a function

1. (a) fl(x) =62® — 182+ 12 =6(x — 1)(z — 2)
On (—00,1) : f'(z) > 0, thus f is increasing.
On (1,2) : f/(x) <0, thus f is decreasing.
On (2,00) : f'(z) > 0: thus [ is increasing.
(b) f'(z)= Erl_l > 0 for all z in the domain of £, thus f is increasing
for all z in the domain of f.

(¢) f'(x) = —1/2? < 0 for all x in the domain of f, thus [ is decreasing
for all z in the domain of f.

(d) f'(2) =2"(a+ In(x))
On (0, e”l) : f'(z) <0, thus f is decreasing.
On (e7!,00) : f'(x) > 0, thus f is increasing.

2. (a) f(z) is unimodal on [0,4], since f'(z) = 22 — 2 = 0 when z = 1, and

f'(2) <0o0n[0,1] and f'(z) >0 on [1,4].

(b) f(z) is unimodal on [0,4], since f'(z) = —sin(z) = 0 when = = =,
and f'(z) < 0on [0,7] and f'(z) > 0 on [r,4].

(¢) f(2) is unimodal on [0.1,10], since f/(z) = 2%(1 + In(x)) = 0 when
z=e"!, and f'(z) <0 on [0.1,e™ ] and f'(z) > 0 on [e~!,10].

(d) f(z) is unimodal on [0, 3], since f'(z) = (3 — 2)?/3(8z — 3) = 0 when
r=9/8, and f'(z) <0on [0,9/8] and f'(z) > 0 on [9/8,3].

3. (a) f'(z) =122® — 162 — 11; local minimum at z = 11/6
(b) f'(x) =1—6/z% local minimum at z = ¥/6
(¢) f'(x) = (z? + 52 +4)/((4 — £2)?; local minimum at z = —1
(d) f'(z) = e*(z — 2)/z3; local minimum at = = 2
(e) f'(x) = — cos(x) — cos(3z); local minimum at x = (.785398163

121
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(£) f'(z) = —2(cos(z) — cos(2z) + cos(3z)); local minimum at z =
2.356194490

- Minimize the distance squared: d(z) = (v — 3)2 + (22 — D% d(x) =

2(22° — z — 3). The minimum occurs at = = 1.28962390.

Minimize the distance squared: d(z) = (z — 2)? + (sin(z) — 1)%; d'(z) =
2(z — 2 +sin(2) cos(z) — cos(z)). The minimum occurs at = = 1.96954061.

z = —1.09638, y = —4.87831

(a) [ao,bo] = [~2.4000,—1.6000], [a1, by] = [~2.4000, —1.9056],
[ag, by] = [—2.2111, —1.9056]

(b) [ao,bo] = [0.8000, 1.6000], [a;, b1] = [1.1056, 1.6000),
[ag,bg] = [1 1056 1. 4111]

(¢) [ao,bo] = [0.5000,2.5000], a1, b1] = [1.2639,2.5000],
[aa, ba] = [1.7361, 2.5000]

(d) [ao,bo] = {1.000,5.0000], [a1,b;] = [2.5279, 5.0000],
[(12, bg] [25279, 40557]

(a) [ao,bo] = [—2.4000, —1.6000], [a1,b;] = [—2.4000, —1.9056],

]
[as, bg] = [—2.2112, —1.9056]
| =

(b) [ao, bo] = [0.8000, 1.6000], a1, b,] = [1.1056, 1.6000],
[az, ba] = [1.1056,1.4112]

(¢) [ao, bo] = [0.5000, 2.5000], ay, b] = {1.2640, 2.5000],
[az, ba] = [1.7360, 2.5000]

(d) [ao, bo] = [1.0000,5.0000], [as, by] = [2.5281,5.0000],
la, ba] = [2.5281, 4.0562]

(2) po = ~2.4000, pin, = —2.1220, prain, = —2.1200

(b) po = 0.8000, Pin, = 1.2776, Pin, = 1.2834

(¢) po = 0.5000, i, = 1.9608, Ppin, = 1.8920

(d) po = 1.0000, prin, = 2.8750, Prmin, = 3.3095

(
(b) po = 0.8000, p; = 1.2809, ps = 1.2834
(¢) po = 0.5000, p; = 1.8566, p» = 1.8906

(d) po = 1.0000, py = 3.3333. Note; p; is the abscissa of the minimum,
since f is a cubic.

)
)
)
)
a) po = —2.4000, p; = —2.1180, ps = —2.1200
)
)
)

(a) by — ap = (:li‘?:@)4 (1—0) = 0.14590

(b) by — ax = (=25 5)5 (=16 - (—2.3)) = 0.063119
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10
() br—ax = (= 5) " (3.5~ (~4.6)) = 0.065858

12. (a) 2029 _ 35 000 < 46,368 = Fy,
(b) Lo—90 _ 7 800,000 < 9,227, 465 — Fyg
(c) 80280 — 66,000,000 < 102,334, 155 — Fio

. Fog 1 _ Fogp—~Fo_je Fn_o
13. 1 - %n_k = =B ankn 1 —

14. (19)

F = f(p1)— f(po) = P(p1) — P(pao)

_ a(pr—p2)® " Blpr —p2)*  a(po - p2)®  Blpo — p2)?
- h3 h2 h3 h2

_ el =hP Ay =k o) (R

B h3 h2 h3 h2

—a(y —1)* + By — 1) + ¥ — 39°
a(¥’ = (7 =3 + 3y = D))+ B~ 2y + 1= 4?)
(372 = 3y + 1) + 8(1 — 29)

(20)

G = A(f'(p1) - f'(po)) = (P (1) - P'(po))
— (30(201 —p2)* + 28(p1 —p2)  3a(po —p2)*  2B(po 102))

- K3 h2 h3 h2
_ p(3cthy-h)?  28(hy—h) 3a(hy)® | 28(hy)
- h3 B h2 T TR T T

= 3a(y— 1) - 28(y — 1) — 3a7® + 28y
= Bo(y* -2y +1 ~ ) +28(y =y +1)
= 3a(l-2y)+28

(21)
hf'(po) = hP'(po)
3 —pa)®  28(py —
- h( Q(Pohs P2) n (Pz2 p2))
B h<3a(h'y)2 2[3}1,7)
B h3  hZ
= 3avy* — 28y

15. The result follows immediately by adding twice the difference of equations
(21) and (19) to cquation (20).
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124 CHAPTER 8. NUMERICAL OPTIMIZATION

16. The sum of cquation (21) and v times equation (20) yields
hf'(po) +~G Boy? - 28y + v(3a(1 — 2v) + 287)
hf'(po) +74G = 3oy - 3ay?
307" + (G —3a)y+ hf'(po) = 0O

I

17. (a) [a1,b1] = [~2.4000, —1.9000], [ag, b5] = [—2.2500, —1.9000]
(b) (Principle of Mathemaical Induction) When &k = 1:

b
bl_a’l et (M+(> _ao’
2
or
b
1)1—a1 = b0_<a0'2}"0_6).
In either case:
by —
b —a = LE-FE.

2
Thus the statement is true for k = 1. It follows,

b —a
bk‘—}-l"a’k"{'l e %_‘_F
bo—a 1
2e (]l — =
— Pl +26( 21€)_+_E

bo—ao 1
- %T“(l_z_k)“

b0~a0 1
= R +26(1——2k+1>

Therefore, by the principle of mathematical induction:

by — 1
bk—ak = D—Qkﬂ+2€(1*2—k>,

for all £ > 1.
{¢c) k=13
18. {(a) P'(z) = 3a(z — a0)* + Az — ag) + 7. Solving P'(z) = 0 yields:

-28 + \/iF? - 12ay

Z — Qg 60:
_ =BE/B*—3ay
B Ja
Thus
—f+/3? — 3ay
Pmin = Qo + ey -
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8.2. NELDER-MEAD AND POWELI’S METHODS 125

(b) Substituting ag into P(z) and P’(z) yields: P(ag) = f(ag) = p and
P'lag) = f'(a0) = 7.

(¢) Substituting by into P and P’, and letting b = by — ag vields:

ah® + BR* +yh 4 p = f(bo)
3ah® + 26k +v = f'(b)

or

ah®+ BR2 = f(bo) — f(ao) — hf'(aq)
3ah® +28h = f'(by) — ['(ag)

Eliminating 3 (—2E; + hE,) yields:
ah® = —2(f(bo) - f(a0)) + 2hf'(a0) + h(f'(bo) ~ f'(ac))
—2(f(bo) = flao)) + 2hf'(a0) + h(f (ko) — f'(a0))

h3
&D)Zf'(ao) B 2 (fgboz*ffa:! —f’(ag))
h

c-2(5) g
h T by —ag

¥ =

Similarly, eliminating o yields:

B = 3(f(bo) — flao) — hf'(ag)) — h(f (bo) — f(ag))

5= 3 (M%“—l - f’<ao)) _10) ~ 1'(a0)
h h

= 3(—P’;—7)%G=3D—G

(d) [(Il,bll = [—24000, _21197], [ag,bg] = [—21200, —21197]

8.2 Nelder-Mead and Powell’s Methods

L (a) fe(w,y) =322 -3, fy(v,y) =3y -3

Critical points: (1,1),(1,-1),(-1,1),(=1,-1)
Local minimum at (1,1)

(b) fole,y) =220 —y+1, fylw,y) =2z -2
Critical point: (0,1). Local minimum at (0, 1).

(C) f,:(.’l:,y) = zxy + yz — 3y, fy(:l;)y) =2? + 2-731! — 3z
Critical point: (0,0), (0,3),(3,0),(1,1)
Local minimum at (1,1).
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126 CHAPTER 8. NUMERICAL OPTIMIZATION

249 2 — g2
d) £, =YLty
oy —2xzy—2—=x
fu(z,y) = (m2+y2+2)2
Critical point: (1,~1),(—1,1). Local minimum at (—1,1).

() fulr,y) = ~4000(~5% + y) — 2(1 — 2), fy(r,y) = 200(=a” + )
Critical point: (1,1). Local minimum at (1,1).

2. M=%B+G)=(3/2,1)
R=2M-W = (-2,0)
E=2R-M=(-11/2,-1)

3. M=1(B+G)=(-3/2,-3/2)
R=2M-W = (~6,-4)
E=2R-M = (-21/2,-13/2)

4. M=3B+G+P)=1(1,1,1)
R=2M-W=(-1/3,1,1)
E=2R-M=(-1,5/3,5/3)

5. M=4B+G+P)=1(0,31)
R=2M-W = (-2,1,2/3)
E=2R-M=(-4,1,1)

6. Let U= [ (1) ? J and Po = X = (1/2,1/3). When i = 1 the function

fBo+mU1) = f((1/2,1/3) + 1(1,0))
= f(1/24+m,1/3)

L9 N (LY
= o7 2 T B !
has a minimum at v = 0.5. Thus Py = (1,1/3). When i = 2 the function

F(P1+7%Us) = f((1/1/3) + 72(0,1))
= f(1a1/3+72)

1 1 s
3*3(§+72>+(§+’)’2>

has a mininmim at y; = 0.666667. Thus Py = (1,1). Set U} = (Py — Py)’

and
U:[ 0 0.5 J

1 0.666667
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8.2. NELDER-MEAD AND POWELL’S METHODS 127

The function

fPo+Uz) = f((1/2,1/3) +~(0.5,0.666667))
= [(1/2 +0.5y,1/3 + 0.6666677)

1 1 8

3
-3 (% + 0.6666677) + (% + ().666667’)')

has a minitnum at v = 1. Thus X; = (1, 1).
Set Pp = X;. When i = 1 the function

f(Po+mU) = f((1,1)+m(0, 1))
f(1+71a1)
= 3=3(1+m)+1+m)°

I

has a minimum at y; = 0. Thus P; = (1,1). When i = 2 the function

f(P1+mUsz) = f((1,1) +72(0.5,0.666667))
J(140.572, 1 + 0.666667;)

5—3(1+0.5y2) + (1 +0.5y3)3

=3(1 + 0.666667v2) + (1 4 0.6666677,)>

has a minimum at v, = 0. Thus P, = (1,1). Set U, = (P, — Py)’ and
2

05 0
U= [ 0.666667 0 } '
The function
f(Po+~U2) = f((1/2,1/3) ++(0,0))

f(L1)
= 1

is a constant function. Thus the minimum occurs at Xy = (1, 1).

1 0

oo 0

J and Py = Xy = (1/2,1/3). When i = 1 the function

JPo+mUs) = f((1/2,1/3) + %(1,0))
= f(1/24+m,1/3)

1 +11+ +11+
—2’7192’713271
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128 ‘ CHAPTER 8. NUMERICAL OPTIMIZATION

has a minimum at v, = 0.833333. Thus P; = (1.33333,0.33333). When
4 = 2 the function
fP1+7Us) = f((1.33333,0.33333) + v,(0,1))

= f(1.33333,0.33333 + o)

= —2.22222(0.33333 + v2) + 1.33333(0.33333 + v — 2)2

has a minimum at vy, = 0.500002. Thus P, = (1.33333,0.833335). Set
U = (P2 — Py) and

U { 0 0.833333 ]

1 0.500002

The function

f(Po +~Uy)

F((1/2,1/3) + v(0.833333,0.500002) )
F(1/2 4 0.833333, 1/3 + 0.5000027)

= —3(0.33333 + 0.5000027)(0.5 + 0.833333
+(0.33333 + 0.5000027)(0.5 + 0.833333)
+(0.33333 + 0.500002)(0.5 + 0.833337)2

has a minimum at y = 0.872467. Thus X, = (1.22706, 0.769569).
Set Po = X;. When ¢ = 1 the function

f(Po+mU1) = F({1.22706,0.769569) + v, (0, 1))
= f(1.22706,0.76969 + 1)
—2.1755(0.769569 + 1) + 1.22706(0.769569 + ;)

has a minimum at ; = 0.116901. Thus P; = (1.22706,0.88647). When
1 = 2 the function

FP1+7Us) = f((1.22706,0.88647) + 2(0.833333, 0.500002))
F(1.22706 + 0.83333372, 0.88647 + 0.833333 + 0.5000022)
= ~3(0.88647 + 0.50000272)(1.22706 + 0.833333~,)
+(0.88647 + 0.50000272)2(1.22706 + 0.83333372)
(0.88646 + 0.50000272)(1.22706 + 0.83333342)?

has a minimum at 7, = 0.0927493. Thus Py = (1.14977, 0.840095). Set
U/2 = (Pg - PD)’ and

_ [ 0833333 -.0772911

U=1 0500002 00705262 |

The function

f(Po++U2) = f((1.22706,0.769569) + (—0.0772922, 0.0705262))
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8.2. NELDER-MEAD AND POWELL’S METHODS 129

F(1.22706 — 0.07720117,0.760569 + 0.0705262+)

—3(1.22706 — 0.0772911)(0.769569 + 0.07052627)
+(1.22706 — 0.07729117)2(0.769569 + 0.07052627)
+(1.22706 - 0.07729117)(0.769569 + 0.0705262+)2

has a minimum at y = 3.07333. Thus X, = (1.4646, 0.552819).

8. The midpoint of the segment joining the points B and G can represented
by the vector B + (G — B). Thus

1

1
B+5(G-B)=B+

G- ;B=1(B-G)

1
2
9. Reflecting the triangle through the side BG implies that the terminal

points of the vectors W, M, and R all lie on the same line segment.

Thus, by the definition of scalar multiplication and vector addition, we
have R - W =2(M~W)orR=2M - W.

10. The cxpansion requires moving from R a distance equal to the length
of the vector R — M in the direction of the vector R — M. Thus E =
R+(R-M)=2R-M.

11. Given a triangle with vertices A, B, and C. Let D and E be the midpoints
of the sides BC and AC, respectively, and let F be the point of intersection
of segments AD and BE. It follows that F— 4 = k;(D— F) and ¥ — B =
ko(E — F). Thus

F-A4 = l((E-F)+(C-E)+(D-)
_ kl(k—Z(FﬁB)+%(C—A)+%(B—C))
= k (kiz(F—BH%(B—A))
— (k—Z(F—B)Jr%((F—A)«F(B—F)))

or

I

(1-%1) (F-4) = & (kig(F~B)—%(F—B))
(1"2—1) (F—A) = Ik (k%_%) (F - B)

Since F' — A and F — B are not parallel we must have 1 - %’- = 0 and
kr (% - %) = 0. Therefore ky =2 = ky and F — A = 3(D — A).
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8.3 Gradient and Newton’s Methods
1. (a) Vf(z,y) = (2z - 3,3y*> - 3)
Vi(=1,2) = (2(-1) - 3,3(2)* - 3) = (-5,9)
(b) Vf(z,y) = (200(y — 2*)(—2z) ~ 2(1 — x), 200(y ~ z2))
VI/2,4/3) = (200 (3~ (3)°) (-2(8) — 201~ ), 200 (3 - (1)?)) =

(_62_3’6;30)

(¢) Vf(r,y,2) = (—ysin(zy) — zcos(xz), —z sin(zy), —x cos(xz)
V(0,7,7/2) = (—7 sin(0) — % cos(0), —0sin(0), —0 cos(0)) = (—7/2,0,0)

2. (a) When Py = (-1,2)

1
S = ”———V_f(f’m (=Vf(Pg))
1

T TV VR
- (5 9
a (\/T@ \/T()E>
The function
f(Po)+780) = f((~1,2) +~(5/v/106, —9/+/106))
o5 3o Y Y
= =32 )+ i)
5y oy 2
—3(—1+m)+<—1+m)

has a minimum at v = hppn = 1.5998. Thus P, = Po + hninSe =
(—0.223068,0.601523). Similary,

1
ENZID]

The function

S, (=V/(P1)) = (0.874158,0.485641).

F(P14781) = F(—.223068 + 0.8741587, 0.6 — 1523 + 0.4856427)
= 5 - 3(0.601523 + 0.4856417) + (0.601523 + 0.485641+)>
—3(—0.223068 + 0.8741587) + (—0.223068 + 0.874158)?

has a minimum at v = Ay, = 1.38124. Thus

P2 =P} + hpinS1 = (0.984354, 1.27231).
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8.3. GRADIENT AND NEWTON’S METHODS 131

(b) When Py = (1/2,4/3)

1
% = vy TV Pe))
1
= T=vrajzamy "V 24/3)

(0.708735, —0.705479).

The function

f(Pa) +980) = f((0.5,1.33333) + v(0.708735, —0.705479))
= (0.5 - 0.708735v)?
+100(1.33333 — (0.5 + 0.7087357)% — 0.705479)?

has a minimum at y = Ry, = 0.626677. Thus Py = Py + hpminSo =
(0.944148, 0.891226). Similary,

B 1
IERZIG]

The function

f(P1+98))

S, (~V£(P1)) = (0.727355,0.686261).

il

£(0.944148 + 0.727353, 0.891226 + 0.686261)
(0.055852 ~ 0.7273557)2
+100(0.891226 — (0.944148 + 0.727355v)? + 0.686261+)>

has a minimum at v = humin = 0.00057708. Thus
Py =Py + hmminS1 = (0.944568,0.891622).
(c) When Py = (0,7, 7/2)

1
T=viEal

1
BRI
= (1,0,0).

So = =V f(Pq))

~Vf(0,m,7/2))

The function
f(Po) +480) = f((0,m,7/2) +v(1,0,0))
= cos(my) —sin (W—;>

has a minimum at v = Api, = ~1.0. Thus P, = Py + himinSo =
(=1,7,m/2). The process ends at this point since Vf(—1,7,7/2) =
0. Specifically, a critical value of the function f has been located—at
which there may be a local extremum.
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132 CHAPTER 8. NUMERICAL OPTIMIZATION

—_

QX) = f(Po)+Vf(Po)  (X-Py)+ §(X = Po)Hf(Po)(X — Py)’
= 114+[ -5 9]-[z+1 y—2]

1 2 0][z+1
talatl y‘“[o 12”?/—2]

= 11=-5(x+1)+9y—2)+ (x+1)2 +6(y —2)°

QX) = f(Po)+Vf(Po)- (X — Po) + 5(X — Po)Hf(Po)(X — Po)’

_ 21T 1 _e53 650 1 4
e B [e-f v-4]
1 _84  _9np -1
- 1 3 z
+3| ?”—200 200“;,—2]
_ 563 493 . 347
= D + 3 x + 30y — 200zy + 100y -5

QX) = [(Po) + VI(Po) (X ~ Po) + 5(X — PoJH/(Po)(X ~ Po)’

= 1+[-% 0 0]-[z y—7 2z-%]

oo O
el

5. (a) If Po = (-1,2), then

Py = Po — VI (RO)(H/(Pe) ) = (5.

ot
N

Py =P, V/(P1)((Hf(P1))")) = (i 4_1)
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(b) If Po = (0.5,1.33333), then
Py = Po — Vf(Po)(Hf(Po))™")’) = (0.498424,0.248424)
Py =P1 — Vf(P1)((Hf(P1))™1)") = (0.493401,0.24342)
(¢) The matrix Hf(Py) is not invertible.
6. (a) When Py = (—1,2)
So = —Vf(Po)(Hf(Po))1)") = (2.5, -0.75).
The function
fPo+9S0) = 5-3(2-0.75y) + (2 —0.75v)*
=3(=1+2.57) + (—1+ 2.5v)2
has a minimum at v = Ay, = 1.07614. Thus
P1 = Py + hminSo = (169033, 1.1929)
(b) When Py = (0.5,1.33333)
So = —Vf(Po)((Hf(Po)) ")) = (—0.0023184, —1.08563).
The function

f(Po+1780) = 100(1.33333 — (0.5 ~ 0.00231847)% — 1.085657)2
+(0.5 + 0.0023184~)?

has a minimum at v = hn;, = 0.999984. Thus
P1 = Pg + hminSo = (0.5, 1.33324)
(c) The matrix Hf(Py) is not invertible.

7. By definition Vf(x,y) = [fe(2,y) fy(x,)]. It follows from Definition 3.8
of Section 3.3 that

Ofe(2y)  Bfz(z,y) }

IVf(z,y) = [aff(i,y) afya(lir,y)
dx 3y

_ fzcc(-’lhy) fmy(x,y) _ .
- [ fya:(-Tay) fyy(-’r,y) ] _Hf( ’y)

8. Show left-hand sides of formulas (6) and (7) are equal. Substituting X =
(z,%) and Py = (a,b) into formula (5) yields

Q(T,U) = f(a,b)+{fz(a,b) fy(a,b)]-[rr—a y_b]

wglama wenl [l el ][50

= J(0.5)+ fa(a,D)( — @) + £y(@,0)y ~ ) + fay(0,D)(x — a)(y — 1
43 ox(0, B ~ 0)? 4 L fyglo, by — B
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Taking partial derivatives with respect to z and :

Qw(m)y) = f-’ﬂ(a:b)+f$y(a'ab)(y_b)+fwm(a'7b)(‘r*a)
Qy(fﬂ,y) = fy(a7b)+fy€c(a‘,b)(mﬁa)+fyy(a’=b)(y_b)

Thus
VQ('Tsy) = [Qz(mvy) Qy(Tay)]
= [ falad) fyeb) J+[o—a y—b]| f==(@D) fulab)

fyrc(a»b) fyy(a'vb)
= Vf((l,b) +([ xr oy ]*[ a b ])(Hf(a'ab))/

/

9. Solve formula, (7)
Vf(Po) + (X ~Po)(Hf(Po)) = 0
for X:
(X = Po)(Hf (Po))' = —V[(Po),
assume (Hf(Pg))’ is invertible,

X —Po=-Vi(Po((Hf(Pg)))!
X =Po— Vf(Po((Hf(Po)) ).

Note: If a matrix A is invertible, then (A)~1 = (A~1).
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Chapter 9

Solution of Differential
Equations

9.1 Introduction to Differential Equations

1. (a) Differentiating y(¢) with respect to ¢ yields y(t)=—-Cet 42t 2,
Substituting y(t) into the right-side of the differential cquation yields

Y =12~ (Ce ' +12-24+2)= ~Ce P +2—9
(b) L=1

2. (a) Differentiating y(#) with respect to t vields y'(t) = 3Ce* — 1. Sub-
stituting y(¢) into the right-side of the differential cquation yields

y'=3(CeS’*t—%)+3t=3063t—1
(b) L=3

3. (a) Differentiating y(t) with respect to ¢ yiclds ¢/ (1) = —Cte=*"/2. Sub-
stituting y(¢) into the right-side of the differential equation yields

y = —t(Ceﬁtz/z) = —Cte /2
(b) L=3
4. (a) Differentiating y(f) with respect to ¢ yields ¢/ (t) = —2Ce™2t +¢~2 —

2te2*. Substituting y(t) into the right-side of the differential equa-
tion yields

y/ = 2 72(06*% +te—2t)
206—2t + e—2t _ 2te—2t

135
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136 CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS
(b) L=2

5. (a) Differentiating y(t) with respect to ¢ yields y'(t) =2t/(C ~t?). Sub-
stituting y(¢) into the right-side of the differential cquation vields

. 1 \* 2
y_2t(0—t2) T T-r

(b) L =60

6. Use the MATLAB M-file given prior to the beginning of the exercises. The

differential equation and given general solution should be used to avoid
points at which 3’ is undefined,

7. Use the MATLAB M-file given prior to the beginning of the exercises. The

differential equation and given general solution should be used to avoid
points at which 3 is undefined.

8. Use the MATLAB M-file given prior to the beginning of the exerciscs. The
differential equation and given general solution should be used to avoid
points at which ¢’ is undefined.

9. Use the MATLAB M-file given prior to the beginning of the exercises. The

differential equation and given general solution should be used to avoid
points at which ¥’ is undefined.

10. (a) Differentiating y(t) = 0 with respect to t yields y'(t) = 0. Substi-
tuting y(¢) = 0 into the right-side of the diffcrential equation vields
v =30)=0.

(b) Differentiating y(t) = %2 with respect to t yields y/(t) = 311/2,

Substituting y(t) into the right-side of the differential equation vields
y = $(13/2)1/8 = %tl/Q.

(c) No, because f,(t,y) = 2y=2/3 is not continuous when t = 0, and
limy._,o fy(t,y) = 0.

11. (a) Differentiating y(t) with respect to ¢ yields y/(t) = cos(t). Sub-
stituting y(¢) into the right-side of the differential equation vields
Y = (1 —sin®(#)? = (cos?(t))1/? = cos(t), since cos(t) > 0 on

[0,7/4]..
(b) —m/2<t<7/2

12. Given 3 = f(t) and y(a) = 0. Let F(t) be an antiderivative of f(t). Thus
y= [y'dt = [ f(t)dt or y = F(t) + C. Making the substitution y(a) = 0
vields C = —F(a). Thus y = F(t) — F(a) and by the Fundamental
Theorem of Calculus
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9.1. INTRODUCTION TO DIFFERENTIAL EQUATIONS 137

/ foa = (P - Fla)
) = (F(t) - F(a)) - (F(a) — F(a)) = F(b) ~ F(a) — y
13. y(t) = #3 - cos(t) + 3
14. y(t) = arctan(t)

4
15. y(t) =/ o512 g
0

16. Diflerentiate the first integral: F'(t) = p(t)F(t). By the product rule

(F(t)y(t)y F'(Oy(t) + F(t)y'(t)
= pO)F)y(t) + F)y'(t)
Multiply bogth sides of the second integral by F(t) and differentiate:

(F(t)y(t)) = F(t)q(t). Equate the righthand sides of the equations for
(F(t)y(t))’ and divide both sides by F(t) to obtain Y () +p(t)y(t) = q(t)

17. (a) Differentiating y(t) with respect to t yields i/ (t) = —kyoe= . Sub-
stituting y(¢) into the differential equation yields y = —k{yoe™*t) =
—kyoe ™5t

(c) 2808 years
(d) 6.9237 seconds

18. Solve the initial value problem: = k(300 — y), y(0) = 0, and y(3) = 40.
Using the technique of separable variables:

y
- dt = kdt
/ 300 —y /

—=In(300 — y) = kt + C
Substituting y(0) = 0 yields

~In(300 — y) = kt — In(300)
y = 300 — 300e~**
Substituting y(3) = 40 yields

_ In(15/13)t
y = 300 — 300e 3

Setting y = 220 and solving for ¢ yields ¢t = _%5%/['1133)2 ~y 27.71 years.
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9.2 Euler’s Method

1. (a) and (b)

CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

te | ye(h=0.1) | ye (h=102) [ y(tx)
001 1 1

0.1 | 0.90000 0.90516258
0.2 | 0.81000 0.80000 0.82126925
0.3 | 0.73390 0.74918180
0.4 | 0.66951 0.64800 0.68967959

(c) E(y(0.4),0.1)

E(y(0.4),0.1)

2. (a) and (b)

~ 0.02017 and E(y(0.4),0.2) = 0.04167. As expected

LE(y(0.4),0.2).

te |y (h=01) [y (h=02) T y(ts)
0011 1 1

0.1 | 1.3000 1.36647810
0.2 | 1.7200 1.6000 1.89615801
0.3 | 2.2960 2.64613748
0.4 ] 3.0748 2.6800 3.69348923

(¢) E(y(0.4),0.1)
E(y(0.4),0.1)

~
~
—~

0.618689 and E(y(0.4),0.2) ~ 1.013489. As expected
1E(y(0.4),0.2).

3. (a) and (b)
te |k (h=0.1) | yx (h=0.2) [ y(tz)
0.0]1 1 1
0.1 | 1.00000 0.99501248
0.2 | 0.99000 1.00000 0.98019867
0.3 | 0.97020 0.95599748
0.4 | 0.94109 0.96000 0.92311635

(c) E(y(0.4),0.1) ~ 0.01797 and E(y(0.4),0.2) ~ 0.03688. As cxpected

E(y(0.4),0.1) =~ 1E(y(0.4),0.2).

4. (a) and (b)

4" ye(h=0.1) | y (h= 0.2) y(tk)

0.0 (0.1 0.1 0.1

0.1 1 0.1800 0.16374615
0.2 ] 0.2259 0.2600 0.20109601
0.3 | 0.2477 0.21952465
0.4 { 0.2531 0.2901 0.22466448
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9.2, EULER’S METHOD

139
(c) E(y(0.4),0.1) ~ 0.02844 and E(y(0.4),0.2) ~ 0.06543. As expected
E(y(0.4),0.1) ~ 3 E(3(0.4),0.2)
5. (a) and (b)
te | ye(h=0.1) [y (h=02) [ y(ts)
0.0]1 1 1
0.1 | 1.0000 1.01010101
0.2 | 1.0200 1.00000 1.04166667
0.3 | 1.0616 1.09890110
0.4 | 1.1292 1.0800 1.19047615

(c) E(y(0.4),0.1) =~ 0.06128 and E(y(0.4),0.2) ~ 0.11048. As expected
E(y(0.4),0.1) ~ 35(y(0.4),0.2).

6. Euler’s approximation to P(t):
Py ="76.1, Peyr = Py + 10(0.02P; — 0,00004P7)

P(20.0) = 103.6, P(30.0) = 120.0, P(50.0) = 158.2, P(60.0) = 179.8, P(80.0) —

226.3
7.
o = 0
y1 = 0+ hf(to)
y2 = 1 +hf(ty)
= hf(to) +hf(t1)
Y3 = y2+hf(ty)

= hf(to) + hf(tr) + hf(ts)

Ym—1 = Ym-2+hf(tn_2)
m—2
= ) hft)
k=0
Ym = Ym1+hf(tm_1)

m—1
= > ft)
k=0
'The result follows, since y(b)

S Yo

8. The given L.V.P. does not have a unique soloution. Euler’s method for the
given initial condition approaches teh solution y(t) = 0.

9. No. Note: the solution y(t) = tan(t) is not continuous on [0, 3].
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9.3 Heun’s Method

1. (a) and (b)

CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

e {ye(h=01)] 35 (h=02) T y(ty)

0.0 1 1 1

0.1 | 0.90550 (0.90516258
0.2 | 0.82193 0.82400 0.82126925
0.3 | 0.75014 0.74918180
0.4 | 0.69092 0.69488 0.68967959

(¢) E(y(0.4),0.1) =~ 0.020170 and E(y(0.4),0.2) ~ 0.005200
E(5(0.4),0.1) ~ 1 E(y(0.4),0.2).

. As expected

2. (a) and (b)
te | ye(h=0.1) | 3% (h=0.2) [ y(tx)
0011 1 1
0.1 { 1.3600 1.36647810
0.2 | 1.8787 1.8400 1.89615801
0.3 | 2.6109 2.64613748
0.4 | 3.6301 3.4912 3.69348923

(¢) E(5(0.4),0.1) ~ 0.07339 and E(y(0.4),0.2) ~ 0.20229.
E(y(0.4),0.1) ~ 1 E(y(0.4),0.2).

As expected

3. (a) and (b)
e |y (=00 | 5 (h=02) T y(ts)
0011 1 1
0.1 | 0.9950 0.99501248
0.2 | 0.98107 0.98000 0.98019867
0.3 | 0.95596 0.95599748
0.4 | 0.92308 0.92277 0.92311635

(c) E(y(0.4),0.1) ~ 0.00003635 and E(y(0.4),0.2) ~ 0.00034635. As ex-
pected E(y(0.4),0.1) = FE(y(0.4),0.2).

4. (a) and (b)

te |y (h=0.1) [ ye (h=02) | y(ts)

0.0 [ 01 0.1 0.1

0.1 | 0.1629 0.16374615
0.2[0.1099 0.1950 0.20109601
0.3 [ 0.2181 0.21952465
0.4 | 0.2233 0.2178 0.22466448
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9.3. HEUN’S METHOD 141

(e) E((0.4),0.1) ~ 0.0013645 and E(y(0.4),0.2) ~ 0.0068645. As cx-
pected E(y(0.4),0.1) ~ 1E£(y(0.4),0.2).

5. (a) and (b)

te | ye(h=0.1) | yx (h=0.2) [ y(te)
001 1 1

0.1 | 1.0100 1.01010101
0.2 ] 1.0414 1.0400 1.04166667
0.3 1.0984 1.09890110
0.4 | 1.1895 1.1848 1.19047615

(¢) E(y(0.4),0.1) &~ 0.00097615 and E(5(0.4),0.2) ~ 0.0056762. As ex-
pected E(y(0.4),0.1) ~ 1E(y(0.4),0.2).

6.
v = 0
no= (i) +(0)
o= gU0) + 1)
— SUlto) +26(1) + £(12)
o= 1+ g(ft)+ 1)

- g( F(ta) +2(t1) + 2f(t2) + F(ts))

Ym—2 = Ym-3+ g (f(tO) +2 Z_ f(tk) + f(tm—Z))

k=1

Ynot = Yoz + 5 (bmo) + Slm)

= g (f(t()) +2 Z:l fte) + f(tm—z))
m—1

(f(tk) + fltrs1))
k=0

h
2

'The results follows since y(b) =2 yy,.

7. Richardson improvement for solving y' = (f — y)/2 with y(0) = 1. The
table cntries are approximations to y(3).
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142 CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

h Yk (4yn — y21)/3
1 1.732422

1/2 ] 1.682121 | 1.665354
1/4 | 1.672269 | 1.668985
1/8 | 1.670076 | 1.669345
1/16 | 1.669558 | 1.669385
1/32 | 1.669432 | 1.669390
1/64 | 1.669401 | 1.669391

8 ¥ = f(t,y) = 1.5y'/3, f,(t,y) = 0.5y=2/3. The partial derivative f4(0,0)
does not exist. The I.V.P. is not well-posed on any rectangle that contains

(0,0).

9.4 Taylor Series Method

1. (a) and (b)
te |y (h=0.1) | y (h=02) ] y(ts)
001 1 1
0.1 | 0.90516 0.90516258
0.2 | 0.82127 0.82127 0.82126925
0.3 | 0.74918 0.74918180
0.4 | 0.68968 (0.68968 0.68967959

(¢) E(y(0.4),0.1) ~ 0.0000004 and E(y(0.4),0.2) ~ 0.0000004. Unex-
pectedly E(y(0.4),0.1) % 7 E(y(0.4),0.2), why?

2. (a) and (b)

e |y (h=01) |y (h=02) | y(ts)
001 1 1

0.1 1.3664 1.36647810
0.2 | 1.8961 1.8952 1.89615801
0.3 | 2.6460 2.64613748
0.4 | 3.6032 3.6900 3.69348923

(¢) E(y(0.4),0.1) ~ 0.00028923 and E(y(0.4),0.2) ~ 0..00348923. As
expected E(y(0.4),0.1) = =F(y(0.4),0.2).

3. (a) and (b)
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METHOD

b |y (R=0.1) [ 4 (R =0.2) T y(ts)
00]1 1 1

0.1 | 0.99501 0.99501248
0.2 | 0.98020 0.98000 (0.98019867
0.3 | 0.96000 0.95599748
0.4 | 0.92312 0.92313 0.92311635

(e) E(y(0.4),0.1) ~ 0.00000365 and E(y(0.4),0.2) ~ 0.00001365. Unex-

pectedly, E(y(0.4),0.1) % £4(0.4),0.2).

4. (a) and (b)
te [y (h=0.1) | 5 (h=0.2) [ y(tz)
00| 0.1 0.1 0.1
0.1 | 0.1637 0.16374615
0.2 | 0.2011 0.2009 0.20109601
0.3 | 0.2195 0.21952465
0.4 | 0.2247 0.2244 (.22466448

(¢) E(y(0.4),0.1) ~ 0.00003552 and E(y(0.4),0.2) =~ 0.00026448. Unex-

pectedly E(y(0.4),0.1) % 5y(0.4),0.2).

5. (a) and (b)
te | up(h=01) | 5 (h=02) [ y(ts)
00}1 1 1
0.1 | 1.0101 1.0101
0.2 1 1.0417 1.0416 1.0417
0.3 | 1.0989 1.0989
0.4 | 1.1904 1.1896 1.1905

(c) E(y(0.4),0.1) ~ 0.0001 and E(y(0.4),0.2) ~ 0.0009.

E(y(0.4)’,0.1) % 12y(0.4),0.2).

6. Richardson improvement for the Taylor solution ¢/ = (t — y)/2 over [0, 3]

with (0) = 1. The table entries are approximations to y(3)

h Yk

Unexpectedly

(16yn — y21)/15

1 1.6701860

1/2 | 1.6694308

1.6693805

1/4 | 1.6693928

1.6693903

1/8 1 1.6693906

1.6693905

7. BE(y(h),h/2) = O((h/2)") ~ C(
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144 CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

8.
¥y = %yl/:"
Y = %y—2/3yl__%y—l/3
SO _i _4/3-’/—*%9_1
y(4) — _gy—zyz___%y-s/s

Evaluating y”, y®, and 4® at 3(0) = 0 results in division by zero.

9. (a) fy=1/(1 —1), then i = 1/(1 — £)2. Thus &/ = 42.
(b) First verify y(t) satisfies the initial condition: y(0) = tan(0 +x/4) =

L. Substitute y(t) = tan(t + 7 /4) and 3/(t) = sec?(t 4+ x/4) into the
differential equation:

sec’(t+7/4) =1+ tan®(t + 7 /4).

Therefore, y(t) is a solution to the given initial value problem.

(e) Over the interval [0,1] the graph of the solution of y = y? | 12
lics between the graphs of y = tan(t + 7/4) and y = . Thus the
solution to the initial value problem has a vertical asymptote between
t=n/4andt=1.

10. (a)
y/ = 1 + y2
y' o= 2y =2y + 2P
ym _ 2y/ + 6y2y/
= 2425 + 6% + 6y* = 2 4 8¢ + 6y
¥ = 16yy + 244°%y
= 16y + 16y° + 24° + 2dy® = 16y + 40y® + 2445
(b) ¥'(0) = 1, ¢ (0) = 0, ¥(0) = 2, ¥*(0) = 0 The Maclaurin expan-

sion for n =4 is

M + 22%  (0)x?

i tan(*)(0)z* 22°
2 6 24

o = 0+Dz+

k=0

1 5
= x4 -2
+3

9.5 Runge-Kutta Methods
1. (a) and (b)
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9.5. RUNGE-KUTTA METHODS

te |y (h=01) |y (h=02) | y(ts)
001 1 1

0.1 | 0.90516 0.90516258
0.2 | 0.82127 0.82127 0.82126925
0.3 | 0.74918 0.74918180
0.4 | 0.68968 0.68969 0.68967959

(¢) E(y(0.4),0.1) = 0. 0000004 and F(y(0.4),0
pected E(y(0.4),0.1) ~

16 E((0.4),0.2).

.2) = 0.00001041. As ex-

2. (a) and (b)
te | yp(h=01) | ye(h=02) [ y(t)
00]1 1 1
0.1 | 1.3664 1.36647810
0.2 | 1.8961 1.8952 1.89615801
0.3 | 2.6460 2.64613748
0.4 | 3.6932 3.6900 3.69348923

(c) E(y(0.4),0.1) ~ 0. 00028923 and E(y(0

.4),0.2) =~ 0.00348923. As ex-

pected E(y(0.4),0.1) = E’(y(O 4),0.2).
3. (a) and (b)

tk Y (h = 01) Yk (h = 02) y(tk)
0011 1 1

0.1 | 0.99501 0.99501248
0.2 | 0.98020 0.98020 0.98019867
0.3 | 0.95600 0.95599748
0.4 | 0.92312 0.92312 0.92311635

(c) E(y(0.4),0.1) ~ 0. 00000365 and E(y(0.4),0.2) ~ 0.00000365. Unex-

pectedly, E(y(0.4),0.1) % &

4. (a) and (b)

E(y(0.4),0

2).

tr Yk (h = 01) Yk (h = ()2) y(tk)

001 0.1 0.1 0.1

0.1 ] 0.1637 0.16374615
0.2 10.2011 0.2010 0.20109601
0.3 | 0.2195 0.21952465
0.4 | 0.2247 0.2246 0.22466448

(c) E(y(0.4),0.1) ~ 0.00003552 and E(y(0.4),0.2) =~ 0.00006448. Uncx-
pectedly, E(y(0.4),0.1) % £ E(y(0.4),0.2
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146 CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

5. (a) and (b)
te {ye(h=0.1) [ ye (h=0.2) | y(tx)
0011 1 1
0.1 ] 1.0101 1.01010101
0.2 ] 1.0417 1.0417 1.04166667
0.3 | 1.0989 1.09890110
0.4 | 1.1905 1.1905 1.19047615

(c) E(y(0.4),0.1) =~ 0.00002385 and E(1(0.4),0.2) ~ 0.00002385. Unex-
pectedly, E(y(0.4),0.1) 5 £ E(y(0.4),0.2).

0.
o = 0
h
n = yo+6(f1+2f2+2f3+f4)
h

§U(t0) + 2f(t0+3) +2/(0 + %) 4 [(to + )
= FU(to) + 45 (o + ) + Flto+ )
y2 = 5 +%(f(t1) +4f(t + h)+f(t1 + h))

- @ﬂm+qm+)+um+)+w(wwmn

m—2 m—3
Ym—2 = %(f(to)-l-flk_lftk-i- +2kZ=1fl‘k + f( ms))
B m-—1 h m—2
Ym-1 = ¢ (f(to) +4 )  flte+ 5) +2 ) flte) + f(tmuz))
k=1 k=1
h m—1
= 3 (F(te) +4f (tes1/2) + Ftrrr))

The result follows since y(b) & y,,_;.

7. y=(t —y)/2 over [0,3] with (0) = 1.

h Y (16yn — yon)/15
1 1.6701860
1/2 | 1.6694308 | 1.6693805
1/4 | 1.6693928 | 1.6693903
1/8 | 1.6693906 | 1.6693906
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9.6. PREDICTOR-CORRECTOR METHODS 147

8.

9.

(@) Po(t,y)=1—(t-1)+(y—
(b) Pp(1.05,1.1) = 1—(1.05—1)

(@) Po(t,y) =1+ 4t — 4y — L¢?
(b)

P5(0.02,0.08) 1

D+E-12-(t-1)(y—1)

+(1.1-1)+(1.05-1)2 (1.05—1)(1.1—
1) = 1.0475; £(1.05,1.1) = 1.

0476

3y - by

1 1 1
+ 5(0.04) = 5(0.08) — =(0.04)°

; 1
+7(0.00)(0.08) - ~(0.08)?

= 0

9798
£(0.04,0.08) = 0.

9797

9.6 Predictor-Corrector Methods

1.
2.

© ® N oo o e

ya = 0.82126825, y5 = 0.78369923
ys = 1.2828055, ys = 1.3805509
ys = 0.74832050, ys = 0.66139979
ya = 0.98247692, s = 0.97350009
Y4 = 10416670, y5 = 1.0666673
Y4 = 1.5084982, ys = 1.6858030
ys = 11542232, ys = 1.2225213
ya = 0.1986693, ys = 0.2474040
ya = 1.0203389, y5 = 1.0320851

9.7 Systems of Differential Equations

1.

2.0050,0.5150), (z9,2) = (2.2800, 0.8902)

(1.500,3.2500), (29, y2) = (0.9250, 3.4875)

(a) (Z1,31) = (—2.5500000, 2. 6700000)
(:Eg,yz) =(-2. 4040735, 2.5485015)
(b) (ml,yl) = (-2. 5621092, 2.6742492)
(a) (w1,3n) = ( )
(b) (T1,7/1) = (1.4623255, 3. 2430091)
(a) (731,1/1) =
(b) (z1,11) = (1.4625255,3.2450091)
(a) (z1,1) =
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148 CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

(b) (z1,31) = (0.8663753, 1.0990094)

(a) Substitute z, 2’ = ~2e7"/2 21 — 18¢?! and 2" = e~ /2 + 633t —
36e? into the differential equation:

2z — 5z’ — 3z

= 2(e™"/2 + 63e3 — 36e%) — 5(—2e1/2 4+ 213 — 18e2t)
—3(4e71/2 4 7e3t — ge2t)

= (2410 - 12)e™%2 + (126 — 105 — 21)e®
+(—=T72 4 90 + 27)e2!

= 45e?t

(5]

(b) @' =y, ¥ = 1.5z + 2.5y + 22.5¢%

((1) I — 205, Tq = 2.17
(d) o, = 2.0875384
6. (a) Substitute z, z’ = —de=3* —24te =3t and 2” = —12e 3 4 72te=3" into

the differential equation:

o’ +62" + 9 = (—12e7% + 72e73) 4 6(—4e3 — 2te %)
+9(4e ™% 4 81373
= (—12-24+436)e 3 + (72 — 144 4+ 72)t37% =
(b) @' =y, y = -9z — 6y
(¢) 1 = 3.6, 2o = 3.08
(d) 1 = 3.7871004
7. (a) Substitute z and 2 = 4 cos(t) —3sin(t) -3t sin(t) into the differential
equation:
.’EII +1.
= (4 cos(t) — 3sin(t) — 3tsin(t)) + (2cos(t) + 3sin(t) + 3tsin(t))
= (4 2) cos(t) + (~3 4 3) sin(t) + (—3 + 3)tsin(t) = 6 cos(t)

(b) ' =y, ¢ = —x + 6cos(t)
((:) T = 23, Io = 2.64
(d) 71 = 2.4648
8. (a) Substitute 2’ = 4 — 373" and z” = 9e~% into the differential equa-

2" + 3z (9e7%) + 3(4 — 3™ 3)
(9—9)e ¥ 4 12=12

(d) =1 = 5.0607086

STUDENTS-HUB.com Uploaded By: anonymous



9.8. BOUNDARY VALUE PROBLEMS 149
9.8 Boundary Value Problems
1. (a) Substitute z,

671 os(In(t 3 s f
2 = —0.335951 — 8 (;'37 9 n (Ob(tn( ) + 35111(:11(1‘))

and
o 26.0157 n 2cos(In(t))  4sin(In(t))
T 12 £2
into the differential equation:

e+ (3~ (F)z=

26.0157 | 2cos(In(t))  4sin(In(t))
+3 + 2 -

t t*
RO 6719 . cos(In(t Jsin(In(¢
+(2) (0.330901—8 19 () | 3sinn(z))
2\ 4.33595 — 0.33595¢% — 3¢2 cos(In(t)) + 2 sin(In(t))
_ 10t cos(In(2)) _ 10 cos(In(t))
- t4 - tZ
(b) Substitute ,
ro_ ot —t _1,‘2 _ a,—t
' = —e "+ 3.87023e7" cos(t) 5 Cos (t) — 3.47023e~ " sin(t)
1
+2 cos(t) sin(t) + ~ sin?()
5 5
and
” —t v —t 4 2
' = e "~ 7.34045¢" " cos(t) + F cos (t)

4 4
—0.4e7"sin(t) + 5 cos(t) sin(t) — H sin?(t)
into the differential equation:

'’ 422 + 2z =
(e7" — 7.34045¢~" cos(t) + 2 cos?(t)

—0.4e" sin(t) + £ cos(t) sin(t) — £ sin®(t))

+2 (—e~" + 3.87023¢ ™ cos(t) — & cos?(t)
—3.47023e " sin(t) + £ cos(t) sin(t) + £ sin’(t))
+2(3+ e — tetcos(t) — 2 cos?(t)
+3.67023e " sin(t) —  cos(t) sin(t))

=e '+ 2cos(t) sin(t) = e? + sin(2t)
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150 CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

(¢) Substitute =,

4

' = -3.96573e% + 3.83146t372% — %coth + gcos‘*(t)
19

- 24 3 .
—— cos(t) sin(t) + = cos3(t) s
0 cos(t) sin(f) 3 cos”(t) sin(t)

4 24
+= sin®(t) — — cos?(t) sin(#)
5 5

and
= 11.7629¢% — 7.66292te" 2t — % cos?(t) + 25—4 cos? (1)
-{—159 cos(t) sin(t) — 16 cos® (¢) sin(t)
+%?—) sin®(t) — % cos?(t) sin®(t) + 45—8 cos(t) sin®(2))

into the differential equation:
" + 4z’ + 4z =
(1176292 — 7.66292te=2t — 12 cos(p)
+32 cos’(t) + 48 cos() sin(t) — 16 cos3(£) sin(t)
+15 sin®(t) — 22 cos?(t) sin®(t) + £ cos(t) sin®(2)))
+4 (—3.96573¢ 72" 4 3.83146t3~% — £ cos?(1)
+2 cos?(t) — 12 cos(t) sin(t) + 2 cos®(¢) sin(t)
+§ sin®(t) — & cos?(t) sin?(t))
+4 (—45 + 1.025¢2 — 1.915710te=% + 12 cos?(t)
—2 cos*(t) — £ cos(t) sin(t) + & cos?(t) sin(2))
= 35 (=1 — 13 cos®(t) + 64 cos* (t) — 76 cos(t) sin(t)
+96 cos®(t) sin(t) + 51 sin?(¢) — 336 cos?(¢) sin®(¢)
+96 cos(t) sin®(t))
= 5 cos(4t) + sin(2t)
(d) Substitute =,
o 1.0013 cos(t) — 0.291384 sin(t) _ 0.29138 cos(t) + 1.0013 sin(t)

$+1/2 2$3/2
and
" —0.291384 cos(¢) — 1.0013sin(t)  1.0013 cos(t) — 0.291384 sin(t)
o= 1172 - 7372
, 3(0-201384 cos(t) + 1.0013 sin(1))
A15/2
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9.9. FINITE-DIFFERENCE METHOD 151

into the differential equation:

4+t +(1- Fy)a=

( —0.291384 cos(f) — 1.0013sin(¢) _ 1.0013 cos(t) — 0.291384 sin(t)

172 372
. (0.201384 cos(t) + 1.0013sin(1))

443/2

1 ( 1.0013 cos(¢) — 0.291384sin(t)  0.29138 cos(t) + 1.0013 sin(t)
+-f $1/2 - 943/2
1 0.291384 cos(t) + 1.0013 sin(¢)

+ (1 - ?1?2) ( t172
=0

(e) Substitute z, 2/ = —2.78102+2¢—2.52844 n(z), and o — 2 2:52844
into the differential equation:

() () -
(2- 253844) (1) (~2.78102 + 2 - 2.528441n(r))

N (;1:) (2 — 0.25258¢ — ¢ In(t)) = 1

2. Noj q(t) = —1/t? < 0 for all t € [0.5,4.5).

3. By substitution we verify that v(t) = 0 is a solution of the given boundary
value problem. To show it is the unique solution, it is sufficient to show
that the hypotheses of Corollary 9.1 are satisfied. We are given that g(t) >
0 for all ¢ € [a,b], and f, = g(t) and v"(t) are continuous. Furthermore
the functions » and v’ are continuous, since they are differentiable. Thus
p(t) is continuous for all ¢ € [a, ). By the Extreme Value Theorem lp(t)] <
M = max |p(t)| for all t € [a,b]. Therefore, the solution v(t) = 0 is unique.

9.9 Finite-Difference Method

L (a) h1 = 0.5, z; = 7.2857149
hg = 0.25, 1 = 6.0771913, 2, = 7.2827433
(b)
_dmjo—z;;  4(7.2827433) — 6.0771913

Zji = 3 = 3 = 7.6839687

(¢) 2(04+0.5) =7.25

2. (a) hy = 0.5, 21 = 0.85414295
hy = 0.25, 2 = 0.93524622, To = 0.83762911

STUDENTS-HUB.com Uploaded By: anonymous



152 CHAPTER 9. SOLUTION OF DIFFERENTIAL EQUATIONS

dzio —x; 4(0.83762911) — 0,9352

(¢) z(1.5) = 0.83233892

3. (a) h=05, 7; = 0.66721941
h = 0.25, £, = 0.90452638, T = 0.72525982
(b)

Zji =

dr;0 —my1  4(0.66721941) - 0.72525982
3 a 3

= 0.64787261

(c) z(1) = 0.74741735

4. Ifh < &, then M < £ or |p;| < M < 2 for j=1,2,...,N — 1. For the
second through N —2nd rows (j =2,...,N —2)

h h
—Pi— L g — 1 <

IA I
I
+
>
(&)
2

since g(t) > 0 on [a,b]. Similarly for the first and N + 1 st rows:

h
|2+ h%qy| > ‘51)1 -1

h
and |2 + h2qN71| > '_§pNg1 - 1\

So, by definition, the coefficient matrix is strictly diagonally dominant
and thus nonsingular. Therefore, the given linear system has a unique
solution.

5. (a) The tridiagonal coefficient matrix is:

24 h262 %Cl -1

—g‘-cl -1 2+h% %cl -1 (0]
—%(,‘1 -1 2+ h2(22 —2'!-(:1 —1
o) —Eei -1 24 Ry

STUDENTS-HUB.com Uploaded By: anonymous



9.9. FINITE-DIFFERENCE METHOD 153

(b) For the first row (j = 1)
¢ < heg
hCl S h2C2

h
—2-(:1 < h2(:g

h
501—1<2+h2(}2

h
‘-2-(:1 — 1‘ < |24 hley|

Similarly, for the last row (j = N — 1)

h
Jicl — 1‘ < 12+h2(52|

Forrows j=2,... N -2

h h h h
’*501—11—!— 561—1' < §C1+1+561+1
= hep +2
< h202+2
= |2+h2(,'2|
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Chapter 10

Solution of Partial
Differential Equations

10.1 Hyperbolic Equations

1. (a)
u(z,t) = sin(nwz)cos(2nmt)
u(zr,t) = —2nwsin(nrz)sin(2nrt)
ue(T,t) = —4n?zn?sin(nmz) cos(2nmt)
uy(z,t) = nwcos(nrz)cos(2nmt)
Upz(Z,1) = —n*n?sin(nnz) cos(2nTt)
Thus uy(x,t) = 4uy,(z,t)
(b)
u(z,t) = sin(nmz)cos(cnnt)
u(z,t) = —ecnwsin{nnz)sin(cnnt)
we(z,t) = —c*n’n?sin(nnz) cos(enmt)
us(x,t) = nwcos(nmwx)cos(enmt)
Uge(2,t) = —n?n?sin(nmr) cos(cnnt)

Thus (1) = Pugy(,t)

2. If u(z,y) = 3(f(z + ct) + f(z —ct)), then

u(z,0) = 5(f(z) + f(x)) = [(2)

DO bt

and

wn(2,0) = 5(f'(x) = (@) = 0

155
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1566CHAPTER 10. SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

Furthermore;
Uy = ";-(f’(.'l,‘ +et) + fi(z — ct))
Ugy = %(f"(x +et)+ [z - et))
w o= S(f@+ot) - [z —ct)
2
we = S(f(@+et) + [z —ct)

Thus Fugy = Uy,
3. Substituting h = 2¢k into (5) yields

2
Uigar — Uiy + Uiy (Uigy — 2u 5 +wiy )
k? 4¢c2k2

. 1
Ui+l — 2005+ Uiy = 1 (Wiv1,5 — 2w +ui_y ;)

Uig1 = FUig+ o (Uis + wica ) — v

4.
tj T9 T3 T4 Ts
0.0 | 0.587785 | 0.951057 | 0.951057 | 0.587785
0.1 | 0.475528 | 0.769421 | 0.769421 | 0.475528
0.2 | 0.181636 | 0.293893 | 0.293893 | 0.181636
5.

t; To T3 T4 Ts

0.0 | 0.500 | 1.000 | 1.500 | 0.750
0.1 | 0.500 | 1.000 | 0.875 | 0.800
0.2 ] 0.500 | 0.375 | 0.300 | 0.125

6. If u(z,t) = g(f(x +ct) + flz — ct)) + £ [T g(s)ds, then

r—ct

(e, 0) = 5(fa)) + o [ glo)ds = (@) +0 = f(a).

SR N

Secondly,

uilw1) = 5 (@ +et) = f/(w — ) + (g(z + ) + gz — et)),

thus u,(z,0) = 0+ 3(29(z)) = g(x). Finally,
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10.2. PARABOLIC EQUATIONS 157

(,'2 C
@, 1) = G ("0 + et) + 1z~ 1) + £ (g z + ) — (5 — ct)
walat) = 5 (o4 ct) 4 '@ = ct)) + o= (gla + ot — gz — ct)
o, 1) = 5 (7@ +¢0) + (5 — ) ¥ o= (g + ct) — /(3 - )

Therefore, ug(z,t) = Puz,(z,t).
7. In (5) let k = h/3, then (7) becomes u; j41 = uiyy ; + Ui1j — Ui j—1.
8. Ifc=2, k=0.02, and h = 0.03, then

T_2(0.02)_%_3>1
T 003 003 377

Since 7 £ 1 there is no guarantee of stability in formula (7.

10.2 Parabolic Equations

1. (a) If u(z,t) = sin(nwz)e™4""""t then

ug(x,t) = —4nn? sin(n1mc)e‘4"2"r2t

ug (2, t) = nw cos(nwz)e™ 4 T

Upg(x,1) = —n’n? sin(nmz)e4n ™t
Thercfore, duy,(x,t) = ue(z, ).
(b)
)2
u(z,1) sin(naz)e(nm)t
2
ug(x,t) = —(enm)? Sin(nw:n)e_(mﬂ) t
2
ug(z,t) = nw cos(mrm)e_(cmT) s
2
Use(2,8) = —mPwlsin(nmy)e= (CNT)%t

Thus w(z,t) = 2ugy(x, t).

2 (B2
_p2/.2 hc(?)z Ao
2. fk=h?/c2 then r = —r 1. In this case r € 1/2 and stability is

not guaranteed in formula (7).

3.
I = 0.0 Lo = 0.2 I3y = 0.4 Ty = 0.6 Ty = 0.8 Tg = 1.0
0.0 0.587785 | 0.951057 | 0.951057 | 0.587785 | 0.0
0.0 0.475528 | 0.769421 | 0.769421 | 0.475528 | 0.0
0.0 0.384710 | 0.622475 | 0.622475 | 0.384710 | 0.0
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158CHAPTER 10. SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

4.

3.

1 =00 ] 20=02}23=04 | 24 = 0.6 5 =08 | 26 =1.0
0.0 0.4000 0.800 0.800 0.400 0.0
0.0 0.400 0.7500 0.7500 0.400 0.0
0.0 0.3938 0.7063 0.7063 0.3937 0.0

(a) Substituting k = h2/(2c?) into (15) yields

2c?
3 (Ui i1 — i)
= g7 (Uit — 20500+ Ui g1+ Uimrj — 2ui5 + Uiy )
Solving for w;_y j11, u;541, and Ui 541 yields
TUiml L+ O = Ui g = 20+ wie g i g,

fori=23,...,n—1.
(b) A has the tridiagonal form:

6 -1 0 0 07
-1 6 -1 0
0 -1 6 -1 0
A= '
0 —1 6 -1 0
: 0 -1 6 1
L 0 0 -1 6 |
U2 j4+1 2c1 + QUQ,J' + ug,;
U3,541 Uz j -+ 235 + ug
Un—2,j+1 Un—1,j + 2Up_2; + Up_3;
Up—1,541 205 + 2’!1,”_1,3' + Un_2;

(¢) Clearly, the answer is yes.

6. If u(z,t) = Z;Ll ae=Um’t sin(jmz), then

N
uy = —(j7r)2Zaje*(j")ztsin(jﬂm)
j=1
N
Uy = jﬂZa.je_(j’r)Ztcos(jﬂm)
j=1
Upy =

N
—(jm)? Z aje_(j”)zt sin(jmz)
i=1
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10.2. PARABOLIC EQUATIONS 159

Thus u(z,t) is a solution of u¢(#,t) = uye(e,t). Further

u(0,t) = Zae U™ gin(0) = ZO 0

N
u(l,t) = Zaje_(j”)ztsin(jﬂ)— 0=0
=1 Jj=1
N N
u(z,0) = Zaje_(j”) O sin(jmz) Za sin{jnz).
=1 J=1

Thus the given boundary conditions are satisfied.
7. (a)

lim (sm(mt‘) sm(dmz:)) —0

00 e7|'2t e(37r)2t

(b) Through time the temperature at all points in the rod approaches
Zero.

8. (a) We have
u(z,t+ k) — u(z,t)

w(z,t) = A + O(k)

and

u{x — h,t) — 2u(z,t) +u{x + h,t

tpe(T,t) = ( ) ;2 Rl ) + O(K2).
Thus
Yig+l = Uij Wil — QUi + Uip1; A
ko h2 -
k
Yijt1 = Ui + 53 (Uim1g = g + Uit ) + Kby

k 2k k
Uij+1 = h2“’1 1.j T+ 1- h2 ui; + ﬁ“ll;H-l,j + kh;

the explicit forward-difference equation.
(b) Solve the difference equation
Ui 41 — U

Wit = 2y Ui s F Uiy — 25+ Ui
2h?

for Ui—1,54+15 Ui j+1, and Ui—1,54+1- Thus

= h;

k
—grrtiot i1+ (14 77) Uijan — shrtivg i

k k k
= grti-15 + (1= 57) wij + ghrttivs + kb,
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160CHAPTER 10. SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS
or
—kwi_101 4+ 2(h% + B)u; j o1 — kuggr gy

= ku,-_.l,j + 2(h2 — k‘)’u.,;'j + k"u'im&-l,j + 2kh2hi,
the implicit difference formula.

10.3 Elliptic Equations
1. (a)

—4dpr+pa+p3 = —80
P1—4p2 + p4 —10
1 —4ps + py —160
P2+ p3 — 4ps -90

(b) p1 = 41.25, pp = 23.75, p3 = 61.25, pg = 43.75
2. (a)

—4q1 + g2 + 2¢3 =70
g —4¢2+2q = 0
@ -4 +q+g = —T0
g2+qs—4qa-+gq — 0
gs—A4gs+gs = -—160
qa+dgs —4g6 = -90

(b) g1 = 52.5657, ga = 29.6566, g5 = 55.3030
qa = 33.03030, g5 = 65.6162, g5 = 47.1616

uz = aycos(z)sinh(y) + b; cosh(z) sin(y)
Ugg = —apsin(z)sinh(y) + by sinh(z) sin(y)

w, = a;sin(@)cosh(y) + by sinh(z) cos(y)
Uyy = aysin(z)sinh(y) — by sinh(z) sin(y)

Substituting w5 and uy, into Laplace’s equation we see that g, +
Ugyy = 0.

(b)

Uy = apncos(nz)sinh(ny) + b,n cosh(nz) sin(ny)
—apn® sin(nz) sinh(ny) + b,n? sinh{nx) sin(ny)
Uy = apnsin(nz)cosh(ny) + b,n sinh(nz) cos(ny)

Uyy = ann’sin(nz)sinh(yn) — b,n? sinh(nx) sin(ny)

2
§
g

I

Substituting s, and wuy, into Laplace’s equation we see that Uge +
Uy = 0.
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10.3. ELLIPTIC EQUATIONS 161

4.

u(z+ h,y) = (z + h)? — 42, u(x - h,y) = (x — h)? — 2
u@y+h)=a® - (y+h)?  ulz,y—h) =27 - (y - h)?

Substituting into (7):

(kb2 =y 4 (o B =y b Py W2 o — (y B2 = 4(a® )
h..

_ 2zh+ h® — 22h + h? — 2hy — h? + 2hy — b2

= =

0 _

=3 =0

5. (a) Uzgp + Uy =2a+2=0,ifa=—c
(b) 2a+2c=—1,ifa+c=—1.

6. Determine if u(z, y) = cos(2z)+sin(2y) is a solution; since it is also defined
on the interior of R. That is:

Uzy + Uyy = —4cos(2r) — 4sin(2y)
= —4(cos(2z) + sin(2y))
= —du

7.
—4dp1t+pa+ps = —wip—ug;
P1—Apa+ps = —uzy —Usz
Pr—4ps+ps = —~uj3—ugy
Pr+p3s—4ps = —uz4— Uz
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Chapter 11

Figenvalues and
Eigenvectors

11.1 Homogeneous Systems: The Eigenvalue Prob-
lem

1. (a) p()\) =)\2—3)\—4and /\1 = —1,V1 = [ -1 1 ]'; A2=4,V2:
[2 3]
(b) p(A) =A% —3X — 52 and
Ar=(3-v217) /18, Vi=[ (-1-v217)/18 1|
Ar=(3+V2IT) /18, Va=[ (14 +217)/18 17

© pA) =X —4r-5and \y=-5Vi=[ -1 1]50=1,V,=
[

117,
(d) p(A) =A%~ Xy 47
A - 1889 1163 1765
YTEsT 2T 6s6 0 0 T T 1516
563 _222 _ 512
865 235 85T
Vi= | 8|, vae | - | ve= | 82
1856 1501 1113
187 — 12696 15
(e) p(A) = X% — 102* 4 35X% — 50\ + 25 and
A=1, Vi=[100 0]
=2, Vo=[0 2 0 0]
A=3, Vi=[00 3 0]
A=4, V4=[0 0 0 4]
163
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164 CHAPTER 11. EIGENVALUES AND EIGENVECTORS

2. ()4 () 3+V2AT) /2 ()5 (d)1889/557 (o) 4
3. () | All2=4.130649, || A ||w=5

(b) I A [la=9.379685, || A [leo= 11

(c) || A Jl2= 5.000000, || A [|oo=5

(d) || A l|a=4.680464, || A [|oo= 6

(e) | All2=6.281336, | A |lc=7

4. (a) The matrix A = [ :1,) g } is diagonalizable since the eigenvectors

Vi={-11 ]' and Vo = [ 2 3] are lincarly independent. Let

-1 2 L[ 3 2
V_[ 1 3],thenV —[_1 Ll]and
3 —21[1 27[ -1 2
-1 — 1
VoAV - 5[_1 —1”3 2“ 1 3]
(5 o0
)
-1 0
= | 04
— diag(-1,4)= D
(b)
v | -06581 06065 ] ., [ -0.8114 0619
=1 ooms30 —o7es1 |0 Y T | 07684 —0.6716
_wtax_ | 58655 0.0000
D=V AV*{ 0.0000 8.8655}
(c)
vo | 0707 070m ) o [o70m —o70m
= -oron om0V T oron 07071
wiav_ [ 50000 0.0000
D=V AV‘[ 0.0000 1.0000]
(d)

V= 04871 -0.3059 0.6522

0.5824 -~-0.1182 -0.7058

0.6509 —0.9447 —0.2766]
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—1.3752 0.5669  1.0628
—0.2292 0.8993 —0.4960

—0.5569 1.2050 1.3318}
Vl=

0.0000 1.7729  0.0000
0.0000 0.0000 --1.1642

3.3914 0.0000  0.0000 ]
D=V1!AV =

1.0000 0.7071 0.5571 0.4625
0.0000 0.7071 0.7428 0.7471
0.0000 0.0000 0.3714 0.4269
0.0000 0.0000 0.0000 0.2135

1.0000 1.0000  0.5000  0.3333
0.0000 1.4142 -—2.8284 0.7071
0.0000 0.0000 2.6926 -5.3852
0.0000 0.0000  0.0000  4.6845

D=V AV =

oo o
S o NS
ocowoo
- o oo

cos(f) —sin(0) ]{ cos(f) sin(6)
sin(8)  cos(6) —sin(f) cos(#)

- 5 V]t

(b) The characteristic polynomial of R is

R’R:[

cos(f) — A sin(#)

—sin(6) cos(f) — A (cos(B) — A)2 + sin(@)

= A —2cos()A+1

l

Real eigenvalues occur when the discriminant is nonnegative:

0
1;

VIV

or 8 = nr, where n is an integer.
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R () (Re(a)) =
[ 1 0 0 1 0 0
0 cos(a) —sin(a) } [ 0  cos(e) sin(a) ]
0 sin(a) cos(a) 0 —sin(a) cos(a)

[ 1 0 0
0 cos®(a) + sin(«) cos(a) sin{a) — sin(a) cos{a
0 sin(a)cos(a) — cos(a) sin(a) sin?(av) + cos®(a)

Ry (B)(Ry(8)) =

0 1 0 0 1 0
| —sin(8) 0 cos(B) sin(3) 0 cos(8)

[ cos(B) 0 sin(8) ] [ cos(3) 0 —sin(B) }
I (B
cos?(8) +sin®(8) 0 —cos(A)sin(B) + sin(3) cos(B) :l

0 1 0
| sin(8)cos(d) 0

sin®(8) + cos?()

=1

R, ('7) (Rz (7) ), =

i cos('y -sm 'y 0 cos('y sin(y) 0
0
1

sm cos(y 0 — em cos 7
1
cos?(y) + 51n2( cos(y) sin(7y) — sin(y) cos(y) 0
sin(~y) cos(’y) — cos(7y) sin(7y) s1n2('y) + cos (’y) 0
0 0 1

(b) The characteristic polynomial of R, () is

PN = (A= 1)((A = cos(a))? + sin*(a))
= (A —=1)(X62 — 2Xcos(a) + 1)

The eigenvalues are real when a = nr.
The characteristic polynomial of R, (0) is

PY) = (A = D)((A — cos(8))? + sin?(5))

The cigenvalues are real when 8 = nar.
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11.1. HOMOGENEOUS SYSTEMS: THE EIGENVALUE PROBLEM 167

The characteristic polynomial of R,(7) is

p(A) = (A = 1)((A = cos(7))? + sin®(+))
The eigenvalues are real when v = .

7. (a)

PN = (A—(a+3)\—a) -4
= A2+ (—a—(a+3)A+a(a+3) -4
= M -(3+2)A+a®+32—4

(b) Solving p(A) = 0 yields

5y - (3+21)+ /(3+2a)? —4(1)(a? + 3a — 4)
N 2
(3+2a) £ 25
N 2
= a+4,a-1

(c) Substituting A =a+4 and A = a — 1 into (M — A) = 0 yields the
linear systems

1 —2x9 = 0 ~4x, —2x9 = 0
—2rx1 44y = 0’ 022y —22 = 0

=B R

where ¢ is an arbitrary constant.

with solutions

8. By induction: Assume for k = n; A"X = A*X where X # 0. Then
ATIX = A(A7X) = AW"X) = A" (AX) = A" IX.

Thus A* is an cigenvalue of A* provided A is an eigenvalue of A. Tt fallows
that 'V is an eigenvector associated with A* (let X = V).

9. From Excrcise 8: if 3, V is an eigenpair of A, then 32, V is an eigenpair

of AZ.
10.
AV = 2V
A-1AV) = A-(2V)
V = 2(A7V)
ATV = 1V
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168 CHAPTER 11. EIGENVALUES AND EIGENVECTORS

11. Since AV = 5V, it follows that; (A -I)V = AV -V =5V - V = 4V,
Thus 5, V is an eigenpair of the matrix A - L.
12. (a) (=1)"cn = p(0) = det(A — 01) = det(A). Thus ¢, = (—1)"det(A).

(b) In the characteristic polynomial, the coefficient ¢y, is (—1)* times the
sum of the principal minors of order k. Thus

n n
er= (=" lajil ==Y ay,
j=1 i=1

where |a;;| represents the determinant of a 1 x 1 matrix.

13. By induction: Assume for k = m; A™ = Vdiag(A", AT, ..., A7) VL,
Then
ATl = AmA
(Vdiag(AT, A2, ..., AV (Vdiag(Ar, g, .. ., An)VTL)
= Vdiag(ATT, APTL L amtlyy -l

Therfore, if k is a positive integer, then A* = Vdiag(AF, A5, ... Ak)V -1,

11.2 Power Method

L (A-oal)V=AV —aV = AV — aV = (A — a)V. Therefore, (A—a), V
is an eigenpair of the matrix A — ol.

2.
AV = AV

ATIAV) = A-1(WV)

V = AAV)

ATV = 1lv
Thus 1/X, V is an eigenpair of the matrix A~!.
3.
AV = )V
AV —aV = AV -aV
(A-aDV = (A—a)V
21V = (A-al)lv;
provided A # a. Therefore, x=, V is an eigenpair of the matrix (A —
al)7'V.
4.
BV, = (A-AViX)V,
= A.V]_ - A]_V]_X’V]
= MV MV,
= (A -A)Vy
= 0V,
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11.3. JACOBI'S METHOD 169

Thus 0, V; is an eigenpair of the matrix V.

5. (a)

=
I

|A — AT|

(0.8 - X)(0.7 = X) — 0.06
AZ — 15X -+ 0.56 — 0.06
A2 150405
(A=1(A-0.5)

[ I

(b) The augmented matrix for the system (A — (HDHV =0is
-02 03
0.2 -03 |’
The set of nonzero solutions (eigenvectors) of the linear system is

{t[3/2 1] :teR t+0}.
(c) A[30,000 20,000 ] = [ 30,000 20,000 ]

11.3 Jacobi’s Method

1. (a) Let K and M be the given matrices of spring constants and masses,
respectively. Let X = [ z1(t) 22(t) =s(t) ]'. Making the substi-
tution #;(2) = v; sin(wt +6) yields: X =sin(wt +0) [ v vy vg ]'
and X" —- w?sin(wt +6) [ v; va vy ]'. fV=1[v v w ]'
then the given system can be written as:

3

K(sin(wt + 0)V) + M(—w?sin(wt + 8)V) = O

or
KV = M(-w?V)
M™'K(V = -w?V,

which is the desired system.

(b) Let Ay = w?. Then n:§k) = vgk) sin(vAxt +0) for k = 1,2,3. There-
fore,

!
Xi(t) = sin{/ At + 6) [vgk) vgk) 'Uék)}

for k = 1,2,3.

STUDENTS-HUB.com Uploaded By: anonymous



170 CHAPTER 11. EIGENVALUES AND EIGENVECTORS

(b)
| 1]) = ]3]
and
- 12]
ERIGHIESH
and
&3]3
(c)

and

’
l (€167 + coe) 2c1e2t 4 3cqedt

2 3
_ o at 3t
- { 2c16% 1 Gegedt ] = Qe [ 2 ]+C2e [ 6 ]

(1]

1 1
2| - %e‘“ 4
4 16

11.4 Eigenvalues for Symmetric Matrices

(cre® + 202e3‘)'

3. (a) X(t) = 2edt [ 2 ]

+
=1

1. Note: Z and W are perpendicular if and only if Z - W = 0. Thus
ZW = LX+Y)-ix-v)
= (X X+Y-X-X-Y+Y-Y)
= o (I - 1v)?)
= 5:(0=0,
since by hypothesis | X| = ||'Y].
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11.4. EIGENVALUES FOR SYMMETRIC MATRICES 171

2. P/ = (I+(-2)XX)' =1+ (-2) (XX) =1+ (-2)XX' = P
3. (a) From (2);: P'P = P2
(b) PP =1
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