Chapter 18
Two-Port Circuits

ENEE234 — Circuit Analysis

Reading Assignment: Chapter 18 in Electric Circuits, 9th Ed. by Nilsson

One-port networks

Earlier in the course we saw that a network N consisting or resistors and dependent

sources can be represented by an equivalent resistance, R, . This type of network is

a one-port network since it has one pair of terminals.

«— 1
r————o0
+
Network N —
(dependent sources, \% e
resistors) -
— O -
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ENEE234 — Circuit Analysis

Two-port networks

Suppose that a network N has two ports as shown below. How could it be
represented or modeled? A common way to represent such a network is to use one of
6 possible two-port networks. These networks are circuits that are based on one of 6
possible sets of two-port equations. These equations are simply different
combinations of two equations that relate the variables V,, V,, I, , and I, to one
another. The coefficients in these equations are referred to as two-port parameters.

I

1

Input
Port

ol < +o

Network N
(dependent sources,
resistors)

(N is a 2-port network)

2
— "0
+
\V4 Output
2 Port
)

How to model the “black box™?

I
Source | ————*a
e.g.
(C[g) Iggrlit Circuit
player) | | 4,
l

cCoO—

de—

m We will see that a two-port circuit can be
modeled by a 2x2 matrix to relate the v/i
variables, where the four matrix elements can
be obtained by performing 2 experiments.

Load

Output e
port (9.

speaker
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ENEE234 — Circuit Analysis

Note thatI, , I,, V,, and V, are labeled as shown by convention. Often there is a
common negative terminal between the input and the output so the figure above
could be redrawn as:

I I
1 > < 2
o ————————O
+ +
Network N
Input (depende_ nt sources,
Port V1 resistors) v Output
(Nis a 2-port network) 2 Port
O- 0

ENEE234 — Circuit Analysis

Two-port equations

Two-port equations are sets of two equations relating the four variables labeled on
the diagram of the two-port network above. There are 6 possible ways to form sets
of two equations which express two of the variables in terms of the other two
variables. The 6 possible sets of equations are shown below.

z-parameters g-parameters

z-parameter eguations: £-] varameter eguations:

Vi=z, -l +z,1, =g, Vi+g, L

V, =2y 1 4251, Vy=gyVi+gn
-parameters a-parameters

y-parameter eguations:

L=y Vi+y, 'V,
L=y Vityn-V,

h-parameters ] b-parameters
h- varameter eguauons:

Vi=hy L +h, -V,
L =hy -1, +h,, -V,

Applications:

z- and y-parameters: circuit modeling

y-parameters: modeling transistor capacitance at high frequencies
h- parameters: electronics (modeling transistors)
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Six possible sets of terminal equations (1)

_V_ _-. z bl [ : : 1
1| 1-} x[ll} [Z ]1s the impedance matrix:

RS I 2

Ll [wn ] W : . :
=l R x| T []=[2] is the admittance matrix;

L] [va V» 7

nl| |7 . . .
X\, :[4]is a transmission matrix;

Py

7 _[b ) | [ . - .
}:{ ! (jil-}( Il} [B]=[A4]" is a transmission matrix:

1

Six possible sets of terminal equations (2)

(v [h, h,] [I ' i
v e | 14 .[H]is a hybrid matrix;
]7 _]’21 1133 /s

2

[ R | . : :
o] S 82 L (6] =[] is a hybrid matrix:
1 18 &n] L

m Which set is chosen depends on which
variables are given. E.g. If the source voltage
and current {V, I,} are given, choosing
transmission matrix [B] in the analysis.
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ENEE234 — Circuit Analysis

Calculation of z-parameters Z - parameter equations :
Show that
V, Vi=z,-1+2,-1,
Z=— —
1 I1 Vz—Z21'11+Zzz'Iz

Vl
Zp T
21L=0
Z, = A2
21 I
1, =0
z, = Ve
22 I
21L=0 9
TABLE 18.1  Parameter Conversion Table
Y ay by AR 1 1 Ay a3 hyp 8u
= —=—=—=—=— b21=—=——-=—:
y ay by hy gn Zn Yz Aa  hp 812
Y _Aa 1 hy  gn _Zn _ Y2 _au _ Ah 1
==t S Tz s by = Gn _Ah_ 1
Ay an by hyp 81 Zz Y2 Aa hy 812
o2 1 _Ab_ la_ g po=A_ 1 _an_bn_gn
2T Ay an by hy gy "T e v an by Ag
p= o2 _bu_ L _Ag h,=2 o Y2 _B8a_ 1 gn
2 - - - - 2 = - - -
2T Ay ay by hp gy 27 yu an by Ag
_» _4n_bn_ 1 _Ag =y 1 Ab_ g
n z ap by hy gn B 2 ay by Ag
I Aa 1 hiy  go L Ay ay by _gn
yp=—2__2M__~ _ "z_25 hp=—==2_2_2a_5u
Az ap b hi gn 2 yn  an by Ag
SRR WS AL TR -1} L Ay _an_ba_hn
e Az ap by hy 82 T vm an by Ak
i _an_bp AR _ 1 e _yo_ bda_ 1 P
T Az an by by gm 812 e y» ay by Ah
10
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211 Y2 _ _bi2_ _ __Aﬁ _ 1 22 ¥ 1 Ab hl

an =L = = - oy = 2L Y 1 _ 8%
"z yn  Ab hn g & yn o any by Ah
Az 1 by hi_ gn Az 1 ap  byp  hy
ap="t= =R _TNL_82 == =2 22 T

el yn oAb hy & wm yp ay  bn  Ah
@ L _ Ay _ba_ hn_ s Az = zy2» — 22
1
Ty yu oAb ha g
Ay = yuyn ~ yu»
by _bu_ 1 _Ag e
27 ym oAb hy g Aa = ayay — apay
by =2 du_t2_ 1L __Ag Ab = byby ~ biby
212 yo Aa  hy 812 Ah = ok ok
= hyhy = hph
o Ar 1 ap o nha = hphy
P == ==

212 N2 a ;; _E Ag = 8nén —_5'12&’2!

11

ENEE234 — Circuit Analysis
Example: Determine the z-parameters using the

z-parameter definitions for the network shown Z - parameter equations :
below. IL 50 </_; V,=z,-1,+z,-1,
s G y V, =2, 1, +2,,1,
v, 200 15Q Vv,
® ] / /.
- 50 /
® WAV @
2 = 20//(5+15)=10Q
L V, 200 150 Vs
q
y,=— 2 75, o .
T 50Q+15Q v 0751
v v _ Yl 0N
do- =10Q=>L=—L, 7] =8
1 10Q k=0 10 12
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ENEE234 — Circuit Analysis

I A I
212:& /: 50 i
I WA ®

211,=0
|4 zﬁlﬁ =0.8V,, Vi 200 15Q Vs,
20Q+5Q ° -
Vv, e ®
Y. —o350=1,-—12
I, - - 9375Q
o= O 550
L 7,)09375Q) T
zn:& =15//25=9.375Q
I2 I,=0
13

ENEE234 — Circuit Analysis

Example: Determine the z-parameters using the -
z-parameter definitions for the network shown z - parameter equations :
below. I,—> «— 1,

Vi=z,- I +z,1,
V,=12,-1,+2,-1,

) Circuit 2 7
zn=2  210+20=300 2=V 20
Il 1,=0 L, L=0
221:& =20Q V.
L, z,=—% =30+20=50Q
21,=0
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ENEE234 — Circuit Analysis

Calculation of y-parameters

I
Yu=g
llv, =0
The other y-parameters.

y - parameter equations :

L=y, Vi+y, 'V,
L=y, Vity,'V,

I I
_ 1 _ 12
ylz - 7 Yo = V.
2lv,=0 v, =0
I
_ 2
Y=,
2lv,=0
15
ENEE234 — Circuit Analysis
8Q2
Calculation of y-parameters AN
80
Iy 2o v QQ Lo

I,’ 200 40 _I_- W Wy

¢ — +

: ' v, ®Lv z100 =0
V, 100 V. - _

V- vV Vv . . 1-0125 1-0 N
20 ! +E+T:0: so V=0125V . I :T)+T: 168.75mA

0-0125 0-1

L= — 5 = —156.25mA
yy=d) MO8TIMA e 75 ms
V, Vim0 1V
Y, = 1—2 =-156.25mS 6
llv,=0
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I ENEE234 — Circuit Analysis
Calculation of y-parameters
. 50
80 AR
1 1,

- | 200 40 | - . .
= = St v gg [me
¥, 100 Vs * \

v,=0 =100 v 5
- s -
vV Vv V-1 . R
20 + o1 = 0; so V=0625V
0-0625 0-1
- = —156.25 mA;
I 20 + 3 156.25 mA;
1-0625 1-0
L=—"2 —— _921875mA
4 8
~ Ll _21875ms L,
Yn= - /1M YYo= =-156.25mS
2lv,=0 2lv,=0 17
ENEE234 — Circuit Analysis
Example: Determine the y-parameters using the -
y-parameter definitions for the network shown y - parameter equations :
below. e —— _
+ 10 1 - L=y -Vi+y, -V,
X
v, 031y 6 l v, IzzyZ1'V1+Y22'V2
. Circuit 3 1 o I
— < Db
+ 10 +
x
v, 031 6 \L v,
v
Ix =—2 - Ix = 0 o o
Circuit3
— %
V, =1,*10 L =1
2 1
V, =-1,*10
I, 1
y = — = —
v, 10 gk 1
2T 21 7 7 S
Vi, 10
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ENEE234 — Circuit Analysis
L « 1 y - parameter equations :
’ 10 Iy ! L=y Vi+ty,V,
Vi " x ¢ l V2 L=y, Vity,'V,
. Circuit 3 o
V,=0;
I 0.7
I = & Y =—- =——3
6 V2 V=0 6
12 =£+£
6 10
Vg =031 =232 y, =1z :(1+1j=0.2667s
6 A N ST
1 03 l
Vi c-= =1
6 6 19

ENEE234 — Circuit Analysis
Reading Assignment: Chapter 18 in Electric Circuits, 8th Ed. by Nilsson
Example: Determine the h-parameters for the
network shown below. h - parameter equations :
OIIH H IZO
+ 200 + Vi=h;-I;+h;,-V,
v, o100 300 v, L =ha -l 4hs, Vs
- 0"
Vi
V. =1,(100//200) SR
100
v 100*200
h,=-Y  =100//200 300
Ly, ———=1 41,
27 100
*
_100%200 _ cco  0.6671,—1, =1, > —0.3331, =1,
300 I
hy=2 =-0333
Llv,=0

STUDENTS-HUB.com

Uploaded By: Mohammed Saad?0



ENEE234 — Circuit Analysis
Reading Assignment: Chapter 18 in Electric Circuits, 8th Ed. by Nilsson
Example: Determine the h-parameters for the
network shown below. h- parameter equations :
OIIH H IZO
+ 200 + Vi=h,;-I;+h,,-V,
v, 100 300 v, L=hy L +hy, -V,
- -
* 300 200
_T1 — Vl + Vl — Vz
100 200
h ::}i h _L
12 v » v
2lL=0 211, =0 21

ENEE234 — Circuit Analysis

Reading Assignment: Chapter 18 in Electric Circuits, 8th Ed. by Nilsson

R R AR R

300 200 100 300 100
1+1.

_ 2( + Sj_vl( 3

300 300

v dovt) v
100 200

j ==> 3001, =3V, +2.5V,

(s
200 200

200
0 =3V,-V,

I, 1.5
3001,=-3V,+25V, (1) hy=3 = =5mS
0=3V,-V, @) 20,0
""""""""""" poovi 1
()+@) 2Ty T3
3001, = 1.5V, .

S
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ENEE234 — Circuit Analysis

in Fig. P18.10.

Figure P18.10
I

100 j200

18.10 Find the /& parameters of the two-port circuit shown

~-

ENEE234 — Circuit Analysis
For Vo = 0:
I, 100 200 200Q I,
+ % I,
Vi S01, Ti000
501, 1
a — = —1 —1Iy; Io, =0
200 4
Iy
/221 = — =0
[1 Vo=0
Vi = (10 + 520 f _ '
1M1 = — =10+ 5209
I lv,=o0
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ENEE234 — Circuit Analysis

20015 = j2Vs + Vi — 50is

2507 = Va(1 + j2)
o
l+~’“) = (0.2 + j0.4)Vy

5

501, = Va <

For I; = 0:
I, 10Q 7200 200Q I,
+ ) % I, +
Vi s01, Ti1000 V2
Vi = 5015:
; Vy, Vi —500
9= —— ‘
— 100 200

ENEE234 — Circuit Analysis

Vi = (0.2 4 j0.4)V5

Vi

his = — =0.24704
"“}2 I11=0
b 1+ 52
1 = s
27V lh= 250
Sllmmar}':

hiy = 104+ 520€;  his = 0.2 4+ 50.4;

=4+ 38 mS

/?21 = 0;

hoa = 4+ j8mS

26
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ENEE234 — Circuit Analysis

Calculation of 2-port parameters using network equations

Consider the z-parameter equations shown below.

Vi=z, -1 +z,1,

Vy =z 1 +2, -1,
Note that V| and V, are functions of I, and I, . If general sources, I, and I, are added
to a network and the voltages V| and V, are calculated, the result will be expressions

for V, and V, that are functions of I, and I, . So the z-parameter equations are
naturally generated.

Similarly, y-parameters can be found by adding two general voltage sources V, and
V, and solving for the currents I, and I, .

27

 Following Slides for
Reference

28
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ENEE234 — Circuit Analysis

Reciprocal Two-Port Circuits

If a two-port circuit is reciprocal, the following relationships exist among
the port parameters:

212 T 2

Yiz2 = Y2
anay — apay = Aa =1,
by1byy — byabyy = Ab =1,

iy = —hy,

812 = 8- 29

ENEE234 — Circuit Analysis

A two-port circuit is reciprocal if the interchange of an ideal voltage
source at onc port with an ideal ammeter at the other port produces the
same ammeter reading. Consider, for example, the resistive circuit shown
in Fig. 18.4. When a voltage source of 15V is applied to port ad, it produces
a current of 1.75 A in the ammeter at port cd. The ammeter current is eas-
ily determined once we know the voltage V4. Thus

100 100
AW

a 300 b 200 c

Ammeter Ammeteré’),l %60(1 df)lsv

d d d d

Figure 18.5 A The circuit shown in Fig. 18.4, with the voltage
source and ammeter interchanged.

a 300 b 20Q
— AW —d

Figure 18.4 A A reciprocal two-port circuit.

the same voltmeter reading. For a reciprocal two-port circuit, only three
calculations or measurements are needed to determine a set of paramelers.
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ENEE234 — Circuit Analysis

A reciprocal two-port circuit is symmetric if its ports can be inter-
changed without disturbing the values of the terminal currents and volt-
ages. Figure 18.6 shows four examples of symmetric two-port circuits. In
such circuits, the following additional relationships exist among the
port parameters:

2 = 222,
Y = Y.
ay = ax,
by = by,

hithyy — hphyy = Ah =1,

1.

81182 — 81281 = Ag

For a symmetric reciprocal network, only two calculations or meas-
urements are necessary to determine all the two-port parameters.

| ENEE234 - Circuit Analysis

Symmetric Tee

Z,
Il Iz
— oz, Z,le—e
- -
Vi Zy, Vs
. .
Symmetric Bridged Tee 32

Symmetric Lattice
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ENEE234 — Circuit Analysis

33

ENEE234 — Circuit Analysis

Modeling Two-Port Networks

We have seen how two-port parameters can be determined for a given network.
Additionally, two-port parameters might be specified for a certain device by the
manufacturer (such as h-parameter values for a transistor). How are these parameters
used? They are used to form a circuit model for the device or circuit. A circuit model
is developed using the two-port parameter equations.

z-parameter model

. Vi=z, -l +z,-1,
The z-parameter equations are:
V, =2, -1 +2,,-1,

What sort of circuit model could be drawn that would satisfy these equations?

Ilq P Iz
+ +
° —0 34
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ENEE234 — Circuit Analysis

Development of the z-parameter model:

One possible circuit model could be developed by
treating each of the two-port parameter equations as

Z - parameter equations :

KVL equations (illustrate). This results in the Vi=z,-1+z,-1,
following circuit.
V, =2y +2y,-1,
AN A —
]
! “11 22 !
Vi 2121 i J_r SRS Va
- o

35

ENEE234 — Circuit Analysis
Development of the y-parameter model: -
One possible circuit model could be developed by y - parameter equations :
treating each of the two-port parameter equations as KCL
equations (illustrate). This results in the following L=y, Vi+y,V,
circuit.

L=y, Vi+y, 'V,

36
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ENEE234 — Circuit Analysis

Development of the h-parameter model:

One possible circuit model could be developed by h - parameter equations :
treating one of the two-port parameter equations as a
KVL equation and the other as a KCL equation V, = h11 I+ h12 -V,

(illustrate). This results in the following circuit.

I, :h21'11+h22'vz

S, —
+ h +
11
\% h v
1 hjV, \L hy 1 § 22 2
o ]

37
ENEE234 — Circuit Analysis
Summarx: Note: This page will be provided on the final exam.
L — 1,
N /W\’ /W\’ . Z - parameter equations :
11 22
Vi 713 o1 V2 Vl 2211'114—212-12
- - V,=2,-1,+2,,1,
z-parameter model
—1,
+ y - parameter equations :
12V 1V v V2 I1 =Yu 'Vl +Y, 'Vz
- L=y, Vity,'V,
y-parameter model
L — 1,
MW h- ions :
N b, . parameter equations :
Vi hyoVs byl hy Yy Vl :hll'Il +h12~V2
- - I2:1‘121'11"‘1'122'\]2
h-parameter model 38
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ENEE234 — Circuit Analysis

Two sets of measurements are made on a two-port

resistive circuit. The first set is made with port 2 open, h - parameter equations :
and the second set is made with port 2 short-circuited. V,=h,,-1,+h,,-V,
The results are as follows:

I, =h,-I;+h,,-V,

Port 2 Open Port 2 Short-Circuited
Vi = 10mV V, = 24mV
I, = 10 A I =20 uA Vl
Vo= —40V L =1mA hy = I_
1 V3=U
Find the /i parameters of the circuit. _3
24 X 10~
= 20 % 10 = 1.2 k{2,
H 4 Q h -4
e Iy lv.=0 ' ? V I.=0‘
I8
fyy = —
-k _h 2
b = hly,=0 2 W= l Va=0
1073
=———— =50
20 X 10
3y
ENEE234 — Circuit Analysis
The parameters h;> and /;; cannot be obtained
directly from the open-circuit test. However, a
check of Egs. 18.7-18.15 indicates that the four
a parameters can be derived from the test data.
Therefore, /1y, and /15, can be obtained through the
conversion table. Specifically,
Aa
}Zlg = —
an
(2531
/122 = .
an
40
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ENEE234 — Circuit Analysis

Model of the terminated two-port circuit

m A two-port circuit is typically driven at port 1 and
loaded at port 2, which can be modeled as:
/’ l‘
— Z, [+ -~

Two-port model
ofa Vs, Z
network

e ®

m The goal is to solve {V, I,, V,. I} as functions
of given parameters V,, Z,, Z;, and matrix
elements of the two-port circuit.

ENEE234 — Circuit Analysis

Analysis in terms of [Z]

m Four equations are needed to solve the four
unknowns {7, I, V,. I, - -

e |

Two-port model
of a Vs Z
network

{Vl:'-lljl-l-'-ull'“(l) .
-+-two - port equations

Vy=zpli+250,-+(2)

VI:Vg—IlZg--'(Z%) . . .

---constraint equations due to terminations
Vy=-1,Z;---(4)

42
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ENEE234 — Circuit Analysis

-1 0 z; " 0
_ 0 -1 z, z,| |7, o L.V Ly are
X = . .
1 0 z ol || |¥ derived by inverse

oq

o | matrix method.

(=
—
(=
N
~
~
o

43

ENEE234 — Circuit Analysis

Thévenin equivalent circuit with respect to port 2

m Once {V,, I, V,, L} are solved, {VV, Z;} can
be determined by Z, and {V/,. L,}:

1
| ZTh [

Z
+ V,= L Vn,"'(l)
+ ZTh+ZL
VTh(—) Z Vs I :M...(z)
_— ’ ZTh
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ENEE234 — Circuit Analysis

Terminal behavior (1)
m The terminal behavior of the circuit can be

described by manipulations of {VV .1, V. L,}:

PPy
IntZ;
— :21Vg )
(Zn+ Z )z + Z;)— Iy

e Input impedance: z, 51—1: Z, -

1

e Output current: 7, =

.,
e Current gain: T

e Voltage gains: |2 =—2-L .

v, _ 4y )
V. (:ll+Zg)(:22 +Z;)— Iy -

ENEE234 — Circuit Analysis

Terminal behavior (2)

e Thévenin voltage: 77, =- ‘”‘Z V,:

® [ 2

Two-port model
ofa V,
network

46
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ENEE234 — Circuit Analysis

Why interconnected?

m Design of a large system is simplified by first
designing subsections (usually modeled by
two-port circuits), then interconnecting these
units to complete the system.

47

ENEE234 — Circuit Analysis

Five types of interconnections of two-port circuits

- e S a. Cascade: Better
N = B & use [4].
¢ 7] ° 0l * b.Series: [Z]
{ J | c. Parallel: [Y]

" B - J[*l* * d. Series-parallel: [H].

J e. Parallel-series: [G].

48

.}.
|
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ENEE234 — Circuit Analysis

Practical Perspective

Audio Amplifier

m Q: Whether it would be safe to use a given audio
amplifier to connect a music player modeled by
{V,=2V (tms), Z,=100 Q} to a speaker modeled

by a load resistor Z, =32 Q with a power rating of
100 W?

amplifier

ENEE234 — Circuit Analysis

Find the [H] by 2 test experiments (1)

" Iy Iy 1y
m Definition of hybrid matrix [H]: L }—[ ]x[ :

by hy /74

m Test 1:

1,=2.5 mA (rms) Ve | V,=0 (short)
!

V,=1.25V (rms) 5L=37T5A
BF—— (rms)
|4 25V

V= d= =] =22V 5000, InPU!
1~ Mt 1 1 7 5 mA impedance

7,=0 -

> 3.75 ¢ -
L=hg.=h, =2 —3TA_ 50 Current
-7 S L, 25mA gain 50
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I ENEE234 — Circuit Analysis

Find the [H] by 2 test experiments (2)

I/1 ]11 ]12
m Definition of hybrid matrix [H]: { }—[l l ]x[

]’21 ]'22

2

m Test2:

1,=0 (open) +> V,=50V (rms)

7,=50mV Ll - L T L=25A
(rms) (rms)
V. 50mV
Vo= bV, = b, = " _S0mV 10 Vo.Itage
o S S50V gain
2115=0
_ L 25A 1 Output
12 —]722V2.:>]722 =— —W—QO Q) ‘admittance
2lp=0  ~

ENEE234 — Circuit Analysis

Find the power dissipation on the load

m For a terminated two-port circuit:

’Z. ° ° “

Two-port model
of a V, Zr
network

e

the power dissipated on Z; is

P, =Rel-T,I,|=Rel- (-LZ,)I, =

where 1, is the rms output current phasor.

L[ RelZ,},

2
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ENEE234 — Circuit Analysis

Method 1: Use terminated 2-port eqs for [H]

m By looking at Table 18.2:
h,V,

I, =
T (M +hyZ)(hy + Z,)— hhyZ,

h, h,| [500Q 107
where = L b
hy,  hy, 1500 (20Q))

=1.98 A (rms),

V, =2V (ms), Z, =100Q, Z, =32Q.

Not safel

I,

=P, =

ENEE234 — Circuit Analysis

54
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