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12.3:The Dot proolu.ct
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12.4:The cross product
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12.5:Lines and planes in space
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e%ample: C\\"& ‘é\; ‘é\\’ a}'ﬁvyc Pbm’f (2/ l) (:0( :
B)\ 53

I) P(X/\‘)B*{l" YJ—|—dl
B xy = F(2-) = v el = 5
fy- 2y tz-)= 26 - -

(L> K%(JIZ.)” Xa —V\&Z N\_}(g > also de_g_ ot C2/ /{)
- 6&-2 %QCQ/ ;13 - +x{ =0

»

otz = )= 2+l-3
bee y er = fla,—1 )= —l+z =1

Second oider paitiad deribitives

Z- 5y

bt - 5551 By %;X By ag - %

Cxample: SCuy) = X Gosy W@ 5 find the 9™ Ofdef Partial dery.

Zst odec S - C°Sj +36 ,¥0~—Xsw>n 1—8

95 oder Fxx - Ue 5 ?xv - —Snyx e %@’t&w l_ygom
¥dd~ —Y\Cosa > fyx - ——Smn el

Tl’\ﬂo(m%
o % SQuy) and s pactiad dec. (P fyfoy S) = ate 1| G- o oint (asb)

“Then HS: Syn ot Cab)
2f>AD % UM{JU( S de:(fn% Wé’ Ca/b) M}W C\DJ&M%UJ G
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At EQ B:) N+ U L
\}Jay\ \}JT\\A
Wx - Lo - x ddle) - S
J d J i)
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Wiy = | = @ Wyk=| o 4o e frctor ard Pirted der are ool
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example; find Q:]an G I ﬂzxdh‘z +><\3 ( 1) \
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R = X< d + \n(YJﬁ) - XY f\n(&@fs)

Xy-5 Ky=s
Gy XQLB NG be J oyl M Gt @ Sl
RS ) WS '

O Py b b 208) since @ Lim Fr- B2 sy
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Lim XY 4 Ln(XU”S) =34+ 1lns
G Yy-s -
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@W}AZ}/S}
[im i = 4
Ury)~(219 1y ~5 1
)u@a is Cort. u 4 —

S

STUDENTS-HUB.com = W | G pp104dBKIBY A4 BaEN



Mowda Y

14.4: chatn rule
&- ?(ﬂ/j}
K= :]U\ p) ‘A :\’\(O

W - f(w,z)
N) Wz
L= AN
s\&l 4

ekamp\e'. \Mz\(n , X= Cost 623\%

Mo . dw di 4 dw. W

NS A% dt a(\j b

= Y. -Sut + % (Gst
1 —as\n& + X Cost
s ogsnd o+ s T

= <

==Y =

= 2'5_* 4) Li)

—Sn T ==
AN

23-Nov- 20224

BI z N2
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52 Z 2
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t s TS
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NS ki
R e
9

6)(0\0\\)\&3 \f\)i\f\n‘tz ) X = Cost 3 ‘a;S\hb, Z:t P ‘;\n& ‘BGWTQX t:b

D0 dw L dy dw . d
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Fw dz
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ﬁﬁqme\cn Q\m& ‘ii Qa( dz—\(q— S;nX\a—Ao
Using Calondas b+ & @f—ﬁ 2% = Cas (yy) Q% eyl =e
7’{1@&% — 12X *)(Cm\{\s gi *a(bg\(j;b
X
= - 2 gty g

LU\V\J therom: dy - - [y

- (12 W ys Xg)
Z\‘j -KCoS)(\G
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I lu XCDS\KU

2 Xz
Clample: 42 ge =—ECDS:1; find ﬁ_ L at (0/0)0)
)(3+2 + ac —\-ZCeS\Q °

B, .L —<3)( “'\'\ﬂ (03 \) = 5& = | O o)
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1+ y< *(X) +Cos(\] oh
ae - by 2@ zgm) \ ~ . -
é& .p‘l; QIZ*QQ' L\k\ —\-Ls“ (D ) ﬁ \

1
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Monday 25-Nov- 2024
14.5: Directional derivative and gradient vectors

D:Q,E The d@ri\/ah\/e £ E‘ d ‘PQQ@U@) n ’Jiﬁd/rcd\'on of 7%6 l/nlf Véﬁa{
W=Ul+uy | =huv Vecloc] - 0¥
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W,Po S0 S
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u O
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Stapple : \Asm e det., Pird dhe deryaive U Uz
S}O(/\Ljs Hfd 4 ;D ((// 7—_) 10 ‘H\fd/(f’d)()/] of U= \Il o \Tl__\J
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’S—éo
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S>o <

2 = | 2 1 o

[\ Q* =S *'7[_5)4- ?,+ TS+ &sT TS ) -3
S>o

Lm 8\-(— S+ S V‘Q\ == |m \5\( H—i—S
Sso Sso

w5 to0 = i
S~e V2 V=

’/n;\ﬁ{a;'ec; C]/\q e a}‘PD kJS Scaller 4.)
,—n’\é ra}@ e(( dzpret Oc’ ?O(/\\j) :‘X +y\d qJ PG(})’L) iﬁ ‘Hﬂ dl‘er)’U/J(JF E
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E' Tﬁ{ﬂfm(ﬂtﬂ)f Vedw of §C\(Ij) at a Po)nl PO(YO»JOJ is 71"16’ Vf’dff

of ooV Lo ] Obtaired by eVguading dne Dytial deaiVedess b Pafory)

b — e\ 1y
Tble,ore,mﬁ ; |- 1 B\l = i ” ec e
G - () TDnaR e Ul

Dot ;)(oduc‘f
Xample: ?U/UX XY 4 Cos Q(j\ > Po (20) iothe diecliond T = 31;”\4'6 ,bid QA‘ BD?“

?Xié]—dslmQQjB — EX@D} = | = V}Po: L+ 2\'\
By= 4 =x8inly) s Fy(pay - 2

|- ’q+ b -3 41 = it wt Vechr

J_}
(.\;} = Untt \/edﬁ' :L * ~> Lt ‘\/cc‘fo(
|Gl

(308, - 915
_~<l,+1\'3>,<gii, ‘%J} BEN Q;DC);)D B 53_-52 -~

(& DQ)PO ~vEa -Gl eos O ke, 29T
L> und Yector |G 1=

(5 DY dpo= vy Gen

Properties of the Directional Derivative Dyf = Vf-u = |Vf|cos ¢

1. The function f increases most rapidly when cos @ = 1 or when # = 0 and u
is the direction of V. That is, at each point P in its domain, f increases most
rapidly in the direction of the gradient vector Vf at P. The derivative in this
direction is

" Dyf = |Vf|cos(0) =|Vf|.

Cos ©= F——2. Similarly, f decreases most rapidly in the direction of — V. The derivative in

this direction is Dyf = | Vf|cos (7) = —| Vf].

([,T D § )PO 3 lV H( S REY vt l 3. Any direction u orthogonal to a gradient Vf # 0 is a direction of zero change

in f because 6 then equals /2 and
Duf = |Vf|cos (w/2) = |Vf|:0 = 0.
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EXAMPLE 3  Find the directions in which f(x, y) =

(a) increases most rapidly at the point (1, 1).
(b) decreases most rapidly at (1, 1).
(¢) What are the directions of zero change in f at (1, 1)?

)

&%2) + (y¥/2)

o

Q) ‘MC,QQSQ p«DN |0 {n%( direcdion of V; Sdiedion = Unt \lector
V5 = Xiayy of 2ot (i) =984, VTl = 32

diection =v§ = J_[,Jr '
n vfl T ‘r“\

o) Ahe furction §decrense s meet wpidly ot (1) lo e opposite diection & V5 6 1o e dieclimn of (v5)

R A Ly
(vfl Al V=

C) Zefo dr\anfre_ = ULyl

l’L ".—l— o [ ) 11
J \r—}_(’ Tr:\) /1/ vrl q, 1)7;”“
\47,: [ L | x;.:::::/vf 1+)
I ARSRE=I | v |
L‘ne 3 12\// line 5 00 Line
=l > P g{/@ 5%
T o/ N\
@@3?“)&\& -(Dp. - T X 3
§Chy) IO\,
e
X:XU’\‘{: b = §dl_ - “I
L
o =y,
Y-y +Eun —\i&FAM — '
Sl s ol
w)p” i ol \

=5 (ODiip - db -

BQ &‘ﬂ ~+ éi djj
6\( ' ed at

:<§_§a+ &j (dy H&y )

.u(BQ‘)ﬁ Po = @FJ{)D o
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&iu NS \O (@UL 1y }
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vl ((0 clf
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Vs e ehuclo T D \
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fx WF/\
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5qup\e: ?MCI an e%’fﬂtlon Po/ +l4€ Jmnoen—f Ho ﬂ'\e (fhPSe
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Le\/d Cyrve : 9()(0) =C
I *Ul SEICT)FESIAES.
y
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—X-2 42 =2 -0
2 —Uae =Y KN = 2 X g0

% PVInC,HOn of Jrhﬁeg \lariable
= Yor a derediable SOy 12) and a udil Veclsc 1= byl + gt ek » Space

\We hae VSAQXL«YUQJ(\:ZR
KUBU ~vf W = Ty, ngwfgqg
s |yt 16! eso
Unit ec for= |

thea GO Yoo - Ml @s o

Sy, 2Y ;xim‘ ~2 5 Po(lrl6) 35 ok Yhe derivodive of § of Poin fhe diection of
N 2 2L —3) tGR

PERAIE )uzw @4 =3 5

\A nit Vector = ﬁ,: 2, 3 6
Uit \lec o 3¢ qd+7k

SX:5\(2~31 :E)F)((Do):f)ﬁl o o
?\61—2)(6 e_)fr}j(pu): &, Pa2.
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Ed @9]0" 'a\

oy
O S e
— @5 - ¥ 17§

- .
B e %
) i what diection dies Pcpugge st vipid [y atpo
uck whad are the vides o CJ’JanO( i e dicctivne
o [ incroages (ust fapicly inthe direction of
VF =204 o e vafe of (harge
s ¥ = {9 -3
o b destoes (0t pidly in e dectin of
—~f -~ +’LJ +Kad The @l C)nrb{
fl- -8 - =3

6
7

Algebra Rules for Gradients
1. Sum Rule:

2. Difference Rule:

3. Constant Multiple Rule:

4. Product Rule:

5. Quotient Rule:
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Y 58) = Y N
N(F —2) = N—Yg

V(kf) = kVf (any number k)
Vi) = fVg + gVJ
V<1> gV - Vg
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Saturday F-Dec-20224
14.6: Tangent planes and differentials

— Tt &) - 9 L+MB& kYK 5 asrwth cirlle o e leer Surfre K)(;J,zjz C
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~

v§ \———dzg\/

[>38
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Monday 9-Dec-2024
14.7: extreme values and saddle points
= Derivate fest for focd efeme Values

‘ DEFINITIONS Let f(x,y) be defined on a region R containing the point
(a, b). Then

1. f(a, b) is a local maximum value of f if f(a, b) = f(x,y) for all domain — \}{ I)AJ‘// @}_/l
points (x, y) in an open disk centered at (a, b).

40 Jl
2. f(a, b) is a local minimum value of f if f(a, b) = f(x, y) for all domain ¢ \))‘\A
points (x, y) in an open disk centered at (a, b). LM‘ 75

\oAlsny Jy0) 100 30 g0 12 =
LOCWQ = f@/{d}ﬂﬂe

THEOREM 10—First Derivative Test for Local Extreme Values If f(x, y) has a
local maximum or minimum value at point (a, b) of its domain and if

the first partial derivatives exist there, then f,{a, b) = 0 and fy(a, ) = 0.

ZMMDM (x o &?a co = local min o may S L]
THEOREM 11—Second Derivative Test for Local Extreme Values  Suppose that C " Y N Sr‘\‘ Nlo
f(x, y)ind its first and second partial derivatives are continuous throughout a QU J
disk centered at (a, b) and that ,b) = f(a,b) = 0.Then
sk centered at (a, b) an f«a, b) = f(a, b) FY)(<0% HX) A“\
i) f has alocal maximum at (a, b) if f. < 0 andw_at (a, b).

i) f has alocal minimum at (q, b) if . > 0 and fi fy)y — _f_,,y2 > 0 at (a, b). Q FXX FU\V] = FXJ <°

iii) f has a saddle point at (a, b) if f. f,, — jxyz < 0at (a, b). s S"ldﬂlﬁ (\'})V\{'
k-
iv) the test is inconclusive at (a, b) if fu f), — f,‘,,2 = 0 at (@, b). In this case, Y
we must find some other way to determine the behavior of f at (a, b). ° Wy\ Q:m - ‘\:Yd == — ‘ILGS]' {:u, } d
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Chapter| 15:Multiple integrals (e sk by pirts

15.1:Double integrals over rectangles Ao mefic
Fd Ductiad fiactio
y=5) = ?U!g\‘} defined 00 afeqion (R)
tﬁ—fe&an@le

Ndune  absy @gon | Aﬂ\é; wella) o dea &@Néﬂﬂ&@y\kﬂlﬁ\}dlw-
“Tre | Dovble mfeJMZ C oo B, s
n b

b D
SS m‘%\d\( dy or q&g %()3) &d dy

TR - it ?Om) is Lm’r,%\YOUMMq @ijnﬂukaf Rﬂg(ow (R) D

AsX <SP o CsyxD c D

Db b D
@ g SS‘%UUB(M = S\Y P(Y)y) cf\ﬂcl\j = SS?(X@)&O dy o b
ehanfhe: ShyY = |00 - é\LJ Calcda}e Sg PUy) dn

Ri oSty -lsis
SSWMSM - &Etmo_ ,,éxwdx dy
X(oox 5 6&’ cL:] — S‘)oo— by dy
K}Dqsx)g 3_5 N\; Q/"\é‘ﬂ VD9 q\é)ﬁ\ \‘40“3)) YJE\'NJ\\]\/ Nﬂlf
Szoo/(%&@ l{}ﬂ_( = Qoo g) — (200 2Q)

\

0 = 10
~ = §§ POy dA
\mq ordpdy Ry

If Fug) =t 0dp = hew

STUDENTS-HUB.com Uploaded By: Aya Badawi



Coholoid
example t Frd the olune o the 3100 bov nded abole b{\ 2 =lo-t(" 34> and bew the feclagl R
ok sl 0\(3 s P\EC‘\O\/\S\C\B‘)\?K%L:(H{I
@édfo\/\ﬂ\e (;‘SJ(\Q}&DLQJU:»\;U_J B A\ 2\\“ N

2 |
N = S\Y (lo—Hkar 3\§>4\/\&3

2 \
:Oy[lou_?k; +3t\77<]o dy

3 2
=OS lo+4 w3y dy

2 T
ey chiet? 1o 2 aenz vs
~N = g6
' L N
Elande. T =47 Xséu dh OsXs 't , oxs) vecton le.
\ : | ”h -
2 A = s Jlge oM Wil Ly Tt o
= S(ZLS@ XY N d@) 'Y onJM U SRS I
it ° \e i l Gy lg| oy Qucts @Ul@%j )
;jg‘xﬁe dv I Wl W»w@y
2 ! @ f\%
7\1 [ 2 X 2
e AR
2
(g - =(+ =)
- e | ,Zl = e_,_z — 3

STUDENTS-HUB.com Uploaded By: Aya Badawi



Mowolag

&-)an-2025
15.2:Double integrals over general region
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15.3:area by double integrals
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15.5: triple integral in rectangular coordinates

- XSS Avafhzét\l o1 &%\ Yok 2) dy

\—»"T\"\{ Volume of a closed
loonded éa\ 0n

ARy
akqm@\e: evalume T = Sy 8 )\c{z&jdx
2t ey 3

- V[ xe dyu

= 3

\
. KUY — XGE) dyly
) gD
4 Sg hS —\/\3~ sL:S 4}6&1\ Dom\o\t ‘l(ﬁed(ql

) \A\’\L —~— >

’:S R ”iﬂy\a‘fg-ldﬂ %ug XQH&)— \(3(( A0 _yTQ,}{‘) di

s ) O )

STUDENTS-HUB.com Uploaded By: Aya Badawi



