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Chapter 12:Vectors and the geometry of space

Note:

12.1: three-dimensional coordinate systems Y

-> The point Plab) e R (Rxt) · p(x ,y) 4- Quardfarts

Xy axis 5 Planes %81 00 /E
S

3 I
Y

- Ve -
aXis

·P(x,y ,z) -
X

3 I

X

-> point pla , b , c) ER3
E Where a - X-axis and these are 8 Octans in space wa

bty-axis
2 - z-axis

Xy-plane -> Zo

↑

YpareXz-plaetoa
ye-playe ->X = 0

example : Geometric description inM3 Z

DX = -3 : The place perpidicular to X-axis at X--3 and Parallel to YE-plane X =
3

y = 4 : The plane perpidicular to y-axis aty-vandparallel to xz-place. I
&

Y
& X = 2 &

y = 3 : The live pass through (2, 3,0) and parallel to Z-axis

d Digitand1to xy-plane X
-

y -- 2 & Z = 2 : The live is which the places y= -2 &Z = 2 intersect

③ Z30 : The Half space consisting of the points That above xy-place.III19/IIII& X30 , y50 , E30 : all of the axis is the so the space

We must take it is the first actant -

Z

& -1 y21 : the slab is between

y = 12y = - 1
&

* &X& Z ,y Es soa % Y
(Slab) is

X
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&x+y 4 & z = 3 : Circle in the place E= 3 While the Center is (0, 0,3) & Radius = 2

Xy-plane + Zaxis +
io &3: (x-ap + <y -b) + (z- cg2 =

52

Center (a , b ,c) & Radius = -

& Xi + y
*1 & z =3 : Disk in the place z =3 With Center10, 0,3)

& x +y') · Cylindrical Solid With v= 1 & Zaxis I center ·
& zo , XX0g y30 : Second Quadrant in Xy-playe

Exy-plane No restriction or 2

* Distance and spheres in space : (P2P) = IPIPLI

->The Distance between P, (X,y ,E & P2(X ,y2 , E2) Vectorsso
IPIP IPPL

1 P2Pil = (2-xij2 + (yz-y +) + (E2- zg
· P2(X2 1yz, zz)

example : find the distance between p, (1,
1 , 19 &pr (2, 3,3)

Y

(P2Pil = (2- 1)
2

+ (3 - 192 + (5- 12 = 21
X

·P, (X,y1 , zi]

->The standard equation for the sphere in Space
equation of sprese

(X-xo) + (y -yo)+ (E- zog" = a2] with radius -Nat a & Certes- (o,go , 20)

easy
↳ 2

(X +3j + (y +0 + (z - 292= y + 3 = (
· center (3,0 , 2) & radius

=>a+ b

-2. &
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example : 1 Xty+ => 4 => exterior of the Sphere xi+y + z = 4

&x+y +zeinterios of the Sphere Xy+ z
=
= Y

⑤ X+y+z4= Sphere with its interior

# xEy+ 22= 4 & Exo -The lower desisphere Cut from the Sprese Xty+23 4

by Xy-plane
↳cylindes IPlane

⑤ xy = 4 & z ==(aibellipse sises SasBols+8

↳The ellipse formed by the intersection of the cylinder xity2 = 4 & the plane z =

Y
·(0, 0, 0)

1
. the set of points in space equidistant from the origin and the point (o0)

Q

Ip) = I pl Qsbs = originbesign
&

(x:y" +E = x= cy -c+2)
*+ y2+ = x +y -2)+

yP- (2- 4y + 4 = yy = 4 = y=
1

38 The set of point in space that lie Quoits from the point (oo, 1 at the same time ,
a units

From the point (g) a

Ma &2 = Y+y + (2+) = 2 =
X +y +E+y = 4-

x+ yz+ (z- 1)2 2 - x+y + ( - 1)2 = 4 -I

· Let be 1 = 2
.

Substitute Z = o in equative I

x*
"

+(= 2z + = (2+
2

+172z +X X+y + (-12 = 4

- 27 = 27= 47 = 0 = 2=0

-
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12.2: vectors

Saturday 21-Sep-2024

initial

Z

tesin
a

-Defo a Vector in a directed live segment for initial point Pix
↑ (x,y,z) and terminal point (x2 ,y2, 22) Y

Bold X

* We usually give names for Vectors -> T, of U ,

* Vectors are equal if they have gage length & direction

*E = <V , ve, V3) , point (X, , y1,
z , )

example: P(-3, 4, 1) & Q (-5,
2 , 2) = Find the components &direction ofQ

· PQ = <- S -3 , 2 - 492-1) -

- C - 2 ,
- 2

, 1) 1PQ1 = (3)+12 p = 3

·direction-
* let # = <Ki

, 42 , us) and = <V
,

Ve , Us be Vectors and K : scales

·
+E = <U . truz +r , us + V >

· k =< kn
, kuz , kus]

example i = 1- 1
, 3 ,

1 >, 8 + < 4 ,
7, 0 >

au+30 = <1 , 3
, 13 + < 12 , 21 , 03 = <11 , 24 , 17

b)It = (2 , * , 0 15-c+o = 4+
* properties of vector operations :

Da + i = V+ 2) (n +)+ w = i + (V + w 3)i + o =
u

4) +-us= ou = 6)3 = E

7) albul - Cabi Saluts-an+ ar a) a+b) i = ai + bu
Z

* Unit Vector : & Vector & of length 3

-> The stranded neit Vector are = <1,00=C0, 1 , 07 , E =700113
v = (x, y , z)= = xi + yj + zπ

Remark : a unit vector in the directive of I is i
X

example:directorioppositi
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example : E-3i-4j be a velocity Vector , expressI as a product of its speed times a unit Vector

in the direction of motion.

-> speed is the Magnitude (length) of given by 18 = 9 + 16 = 25 = 3

-> The KnitRector-as the same directiono

=Directive of nation

(speed

*Midpoint of a live segment :

The midpoint M ot the live Segment joining the points P, (X
,y,

E,) and Pe (X212,E2) isthe point

,,
example : find the midpoint of the Segment joining P, (3,

-2, 0) & Pc(7, 4, 0

M
= 37 ,-,M, ,

=> The direction of PTPL
-

~ = P, Pz = (7-3) i + (4 +2)j + (0 -o
= Hi + jj +E => (% = 10+ 36 + o = 52 = 23

->The directionis
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Monday 23-sep-2024

12.3:The Dot product
Def : the Dot product.= U

, V, + U2V2 + 43 v3 (Scalar or i. = I/CosO

Where = < U, , 12 , Us & F = < V , Ve , Us] i

· The angle between
in

& (O) is O -cost 10 si

Remark
:TworecoOrthogonappedimaitany

example: U =3 - cj+ , - j + uk are othogonal
E.= 3(0) +

-2(2) + 1(4)
= o + 4 + 4 = 0

* if i = 3 -2j + ev = 2j +Xav Orthogonal , find X

u
.

E = 3(0) + 1 -29(2) + 1(X) = 0

- *0 - 4 + X = 0 = X4

*Find the angle between i= [ -2j-k+ = Gi+3 + zi

O-cost
* properties ofDot product :

I. = . i 2) (CS : (c) ·c) =1
4) n . (i +w) = n. + 1.

example : In1=4
,
1815

,O , find In +I

In+ 13 (n+) . (n + i) =VGs

=
+ u. +i +i

= 16 + ()(5)Gs T + (5)(u)Gs + 25
3

(n+
= 4 = (n + y = M
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* Vector projection :

proje projection for i at the sage direction of si
proje (lengt (directioo

· &5 gngin
=inst
-..
If
*

scalar component .
= Compu

example : find projec when Gijtek,-jabid COS
i

①proj n.
= G- G - 4 = - 4

-
- - + 85 + q

②Cosp
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12.4:The cross product

Wednesday 25-sep-2024

↑ x
= /Si .) isteunitrecordecaignVector s

Scales

Remark :
· Now zero Vector I are parallel to each other iffux = 0

· i & I are perpendicular costhogonals to each other if.

·The cross product uxt is zero Vector if =0 0 0-1 his zen vectorov is zero Vector.

* properties of cross product :

D(u) (S) = (s)(xi) @ti = Ex + uxu

3) Ex = - ([xi) 4(i + i)i = (xi) + (wxi)
5) 8 xi = Chave direction) 6)ux(xi) = (.-(4, j) i

-
T

i = uit + uj + us ,
=

= vi + u2j + vz

Inx- * =
: (42vs - v2us) - j(u, vz -V, 43) + k(u, vz - 2, uz)

U, U2 Us

uV2 V

example : n =
2 +j +k

,
= =

- 4i +3+

aux. = i(l-3) - j(z + 4) + k(6 + 4)
1 1 =

- 20 - 6j + 10k

-431

b) find a unit Vector no real to the place containing&I
=> Wit Vector=xzfstok -zestok
Tr+ 36 +100 To
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E
· inx8 is the area of the parallelogran

Area = (bases (night ( -
- Ill sir G (4) D

- EX & T

Tx = Tnlvlsi

* area of triangle=↓ 1x /

example : find a vector perpendicular to the place ofp(- ), Q(2,
&R-,, 2) and find the aea

oftriangle ADQR
·aPR = [ -2

, 2 ,
23

-arXTQ Po PQ = <1
, 2 - 1)

t

k

Ex-i-uI
6) Ara-1QXQ1 = -Ejok--3-3
* Triple Scales or Box product :

=>The Volume-Area of Base)(nights

v= /x/wiCos

- = Kaxi) . WI

V= 414243

Vv2 u3

W, We Wa

example : findthe volume ofThe box determined by M = i + 2j +k ,
== -Ci +31gw = 7j - 4k

+ - +

T= 1 - 2 V

-203 = 1-231 = 23

07 - 4
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12.5:Lines and planes in space

Saturday 28-sep-2024

Lives Z ↳
(X -xo)i + (y -y0)j + (z -zo(k = t (vii + Vej + Vs()

po P

Y
Xi + yj + zk = (xoi + yoj + zok) + 6 (v, i+vzj + 23()& &

(X0yo , 2) (x 1YIE)

X &

-

iyb
2) parametric equations : position "ital ↳Tire

X = X0 + t v , =b = X - Xo/vi
Vector position

y =

yo + (v2t = y -yo/k WhileJ is the position vector .

z= zottNz t = z- z/V3

t is equal 3) Symmetric equations :

Xo
example : a find parametric equation for the live through p(-3, 2-3) &Q(1-1 , 4)

po = p = ( -3, 2,
-3) (DOQ)% Pos,

both isfrue ins
-

= p =
4i

- 3j + 7k · Symmetric equations

X =
- 3 + 4 X = =

F
y = 2 - 36

z
=

- 3 + 7)

- -> to findThe limit of t

& parametrize the live Segment PQ Xo Yo Zo

· Q (Terrival print) P(-3 , 2,
-3)

*= -3 +Ut
Plinitial point)

-3 = - 3 + 4t -> t =
0

I
= FQ = 4i - 3j + 7R

po = p = (-3 , 2,
-3) Q p ,

Y,S
X =

-3 + 4t

So OXXI 1 = -3 +4t -> t = 1
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Wednesday 2-oct-2024
=> The distance from a point to alive in

space = d

↳Les:
S

.
Line

p : point is L, : parallel to L

: Vector

↓ Ips/SinI * 18psgld
I &PS: =

id-
-

example : find The distance frog S(11,5) to Live L - Parametric equation " X - 1 + t
, y = 3 -t

, z = 2t" -* xt

totidpat = 0 = X = 1 , y =
3

, z = 0 P(1, 3, 0)

= 5-5 = oi -zj + 5) =
-25 - S(15)

L

to find The Vector is
- depend or parametric equation

X-Xo + tv
, so we corded that is the ↳

y = yot 6v Coefficient of E p ?
2 - Go + try = = 1 -J +2 -

Tsx:-

(c)=+ 2 =T
I - 2

·d. TSx = [ + 55 + 24

= Bo

· an equation for a place in space.

Pop = (X - Xo( + (y -y0)j + (z - zo)E Nostal * place M

- = Ai + Bj + Ck

↳yplane (M) ,
↑ IPip ·

p(X , y ,z)

Pop . = 0 'Vector etration
point in

* (X - Xo) + B(y -yo) + C(z- z0) = 0 Component Plane opo(Xooite
& x + By + Cz =ouy+ Czo

equation

Pop : Vector or the place
D

: (x + By + CE = D -
- The place equation

↳The component equation simplified for the place passing Through Po(Xoyo , E-) andThe Nossal * = xi + Bj +cUploaded By: Aya BadawiSTUDENTS-HUB.com



example : find an equation for the place passing through #(01011) ,B(2, 0, 0) , <Co1 310)

Y
T = FBXIC &

* o

= (2i - k)x(3j - k)

ji a
C

· -Z

FBX =

20 - 1 = 3+3 +Sk
Bo

03 +
X

Xo , yu , Zr

&plane -, point or the plane (we can take any point)- # (010, 1)

* The equation of the place :

3(X -0) + 2(y - 0) + G(z -1) = 0

3X + 2y + 67 - 6 = 0 = 3X+ 2y + 6z = 6 -
-

&

&
* live of intersection :

& Two places are parallel IFF Their normal are paralled
=> That is M, parallel to M2 Iff=2

Mi
Scalar.

&Two planes that are not parallel intersect in a live
-

&2

&

M2
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Saturday 5-oct-2024

example : find a rector parallel to the live of intersection of the places
Place 3 : 3X-by-2E = 15) place 2 : 2x +y - 2z = S

⑪ I

↑ = 3i- Gj + 21 -2 = zi +j - 2k

/L =xi Vector parallel to this live (live of intersection

Y Na U3

·xiz= ji =
mi + 2j + 151

3 - 62

21 -2

· find parametric equation for the live of intersection- (14i + 2j + 15k)

->put E =o =
3X - by = 15

t

Yu yo zu+SX
3 Eyt = P(3 , 1 , 0) 0The live intersection

= parametric equative of live : X = 3 + 14t g y = + + 2tgz = 15t

example : find the pointWherethe live X = 8 + 2t
, y

= - It
,

z = 1 +t intersect the place 3x +2 y + 67 = 6
5

3(8 +2t) +2(= 2t) + 6(1 + t) = 6 planet Live saa

8 + 6t - 44 +X+ 6t =b = 8t = - 8 - t = -

t = - 1 = X = -
- 2 = x=

y = 2 -z = 0 ~ point of intersection (3 , 2, 0)

* The distance from a point to a planes
M : (x + By + Cz = 0 = D 00
* = Ai + Bj + Ck y

&
10 =

xi + Bj + ck

fiBic - Components ob

potavetes/ pea2)p = (X, y , z)

3) Es Vector

↓. ps lost .I
101
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example : Find the distance for S(1,
1, 3) to the place 3x + 2y + 62 = 6

* = 3 + 2j + 64

to find the point or the place put X = yo on the plane equation , So
p= = = t + j + 21

=>d Pe(0 1 0 , 1)

* Angle between two planes
=The angle between their Noseal Vectors

My = +1 = +
, i + Bij + Gk M2

live of intersection

M2 = +2
= 12 + B2] + C2k 04

& . 22 = 1411 . /n21 Cost

= 650 = %,2 Mi
14. 1 . Inal

example : find The angle between M1 = 3X - by - 27 = 15
,

M2 = 2 x +y - 22= S

· i = 32 -6j - 2k
,

82= 2i + j - 2k
Cos

=Ga --
(Escostin

> ↑ S
Co-T]8
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12.6: cylinders and quadric surfaces

Saturday 5-Oct-2024

Cylinders : is a surface generated by moving a straight live along a giver places curle While holding the

Live parallel to given fixed Line-

=

*
Parallel 10 x-axis

Example : Find an equative for the cylinder made bythe lives parallel to the zaxis that pass through the

Parallel y = X"s z =- generating Curve -

Y
fixed line

-

& a Curve live= o

(X , X-, z) &

↳Te cylindey = X

S

↳

Cylinder . &as Surface &
x+y

"
+ z292 o (Spese)$1 in) ·
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ميحرلا نمحرلا هللا مسب 14-Oct- 2024

Chapter 13:Vector-valued functions and 
motion in space

13.1: curves in space and their tangents

Monday

-

Z #H g(t) (16)

-> the parameterization of this curve :

↑ pers
X = F(t) , y = g(t) , z = &(t)

Ca
* when a particle proves through the space

during the time (t)
,

the the comodinate of this *
particle defined as X=F(t) ,y = g(t) ,

E=(t) -
Position

Rector-
~

parametric equations of a
"

X
*The position Vector from the origin to

any point or

& Theset C of all points : the Vector J=

(X , y1z) = (flu) , g(t), 4) , to interval Y(t) = f(t)i + g(t)j + &(t)h
is called aspace curve position Vector 9

· acurve in space can be also represented in Vector fore= P
= <XYIZS

= [ f(t) , g(t), &(+ /]

#ef : Vector function is a function where domain is a set of real numbers and range is a set of Vectors

-(t) = f(t)i + g(t)j + n(x)k t + T(t)

· Real Valued functions are called Scales functions

· components of JEf() , g(t) , &(3 are scales functions

· The Domain of J is the common donian of it's components
I (JS = D(f)(D(g)& DCC

example : J(H) = (i + 10 (3-1)j+ k
, find a (2) b) D(JCES)

a j(2) =
25 i + 10(2)j+ rk

= 8i + Ek

b) DCCUS j3
- N

· D(5) e R3 ((3 - b) = N ·· D((1(3-H)) = 3 - 130 = > M -

·DIE) = 130 -> Domains 11&
;D(J1 = [0, 3)
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example : graph the Vector function

- (t) = (ast) i + (Sint)j + + k

X = Cost
, y-Sirt , E = t

-> x* + y2 =
Ges(t) + Six (t) = 1

=> X2 +y 2 = 1

=> z = t

if to ,
j(o) = li + oj + ok

= i

if t=T(I) -
ou + 1j +1

= j+ k

* limits and continuity :

Y(t) = X(t) + y(t)j + z(t)k

Lis Yit)
=/xi + (iny(j +(E)t - tr

· Def : Continuity :& Vector function JC) is continuous at to to iflie (4) =T

Y Z

example : if j(t) = (ti +Si+ find

1) D(JC) 2) Lit) 3) Where(t) is crtivinous

ID(x() =
+ + 1

D(y(t)=+ 0 : DLick) = (0, x)/Ely or (0 . 19 U(I ,)
D(E(t) - ↳) 0

In 1 = 0

2)Lint-li,t - / t+ 1

using Loptial One

= zti 3)(CE) is cort-or it's Domain

(0, 1) Ull , N)

= Zi + Sir Ij
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example : JCL) = (lest) i + (Sirt)j + Ct] & ,
is Corti ? [t] greatest integer fraction 25. 114

· Sin &Cos = Cont T I find thestep-o
· [t] , Step = 1

[t] = = 2, - 2xtc - 2) [t]=gi

[ - - 1xt0 : [2t-2] =0
010Xt)1
1, 1 xts2

Step- * 10

=> DISCH) =
T i8 CE) is Cont . On

(N , 8)/2F1 / 72 ..... 3
or (-8 , 89/2851SK* /1" include zero"

* Derivatives and Notion :

Def: the Vector function
-

> (t) = f(t)i + g(t)j + &(t)k

has a derivative at t if figih have derivatives ot t

Y'(t) = f((t)i + g'(t)j+ 4(t)k

example : J() =( +) i+ j + +k , finda

a
- lit 55j+

Remark : The tangent live to the curve at a point p(f(to), gito) , b(tol) is defined to be the live

through this point

PST parallel tot T

geSXT at p
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example : in the previous example, find the parametric equation of the target live at t =

①ic = (N+ Nk =( = j = (0/ yo , 20)

2)s'(l- i+ j + 1 which equal [V
,
N ,3) =F

3) parametric equations

X = Xo + +N , = X = t

y = yo + tuz = y = 3 +4
z = zo + +V = z = t

Remark : D A Vector function JCt) is differentiable if it is differentiable at every
point of it's donian

& The curved traced by jh) is spoot it is cont and
The curve is called prece-wise smooth if it's made up of a finite number of

Smooth Curves

C2
C3

example &C& are smooth C

But ce precewise Smooth

CuNec

Definition : JCt) position Vector of particle moving along Smooth Curve is space them :

Ct) = develocity Vector =acceleration Neca

Speed-181
,

direction ofmotive unit Vectoa
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example : JC) = et i + 2) Gst) ] +(2sinst)k "position Butos"

find :

①Velocity :C
- E

=

- ei + (6 sin 3t)j + ( Gs St)12

at to=Gk

& speekit s
at=

③acceleration alt) =d
- E

=
ei + (- 186s3t)j + (- 18sirst)k

at to>85

⑪ direction ofNotion at to -
-it

example : J(t) = 4Gs()i + 4 sir(2)j ,
find aft b) (it)

aCt) = -2 sir()i + zas (E) j
ECT] =

- 2i

Then sketch them as Vectors

b) alt) =
-as()i - Sir (E)]

q() = - j

=
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13.2: integrals and vector function

· Differentiation Rules :

= ; : Constant Vector
,

2 = Di + C2j + 131

&(i) = C

&H
Scales function

&()

⑤ (() .4)) =
(E) v() +() vict)] scales function

&(u(t) v (t)) = u(t)xv'(t) +2(t)xn(t)

& (((y)) = f(x)i(t)

· Integrals of Vector functions

· indefinite integral -

9 d =
R(t)+ ·etitei(t) = R(b)- (a)

example:d =Moti + 1100t-16t(j initial conditive Jo-loujg
- = f(d)d =

goi +(j

Y(0) = oi + Co - ofj +C = 100-00

-- = goti + (art" - 1643 + 1009;
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13.3:Arc length in space

30-Oct- 2024Wednesday 

j(t) = X(t)i + y(t)j + z(t)kaxtxb

=> Ar length of J from tea to tob is

+(+ d

↓
The same of Ir1

=+j

Lglod

example : find the length of the curve JL) = (tasti + (tsij +2 o
· d = -sirt) + Est (sit-sits+

· d = (cost) +sirts

· 2-sit +sit +ut

-
↓ (Sirt + Cest)=(1) = th

= E + 2t + 1 = ( + 1)2

Li
al(t +1)

ItH =[

=
=I
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* Unit fangent Vector
P(0)-

Target Vector

&

T Na
↑ is called a unit tangent Vector to the smotCrave< cost

&

-

example : find a unit tangent Vector

-(t) = 3 cost i + 35in + j + 1-k
↓ (t)= = -sirti + blosj + 2

181 = 9 sint + 96st +
4t de Knowing that Sinht + cost = 1

=+ 4 +
2

·F-
* Arc length parameter with Base point P(to)

S(t) = "f (x'(t()" + (j(t)) + (z(t))2da
to

SH) - Yucsodt , st) is a scale functiona

↳ velocity

example : J(t) = 4 cost i + 4 sintj + 3 + k

ass $95
.

9TH) 55%

a) find S(t) With base point P(o) jst =s bes

Sch :Sitting Hasht+ad
- Est Sat =1st =-St - S(t)
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b) length :It T 584s

- i2-
I -

#

L-SCIT)-SCI)
-

L = 5π-T

↳

- 5 %SIVId
95

sa
=

·
Unit tangent Vector

example : it J() = Cesti +Sirtj + t,
find using taking to

+d
· S= =-

= -Siri + costj +

= -siti +j
·Fit
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example : findlength of the curve :

L

J()
:(i +Ej + 11-Ek , te To toS

Y &
Values of ti

L = Sliced age values off (X) (001 1) => Et = 0 = t = 0

() (, o etee est =

L= (rig 2
+ ()" + (2)2dt

=2 + 412d+ umdtS2sfrigurometric substiative

Let =tan
,- E

at = seco do -
↓

=> SidSto(s) do

- Sho seco de

- Siscel seco-I See t intege by parts

Let =Seco dv = Secto de

duseco tro doten = tar

↳ free do = Secotio-Stosecode

SSeaS = SecOturO-f(sec'o-1) seco do

SScO : SecOta-f +Scott

+ SSe

Jseco-Isecotaro + /seco +to + C

- = tan O

if t = o 60 9dectscoift = 1 = 0=
: L= + 1( + 1 - Cont

=> ↳ = E + 1(+1)
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ميحرلا نمحرلا هللا مسب 4-Nov- 2024

Chapter 14:Partial derivatives 

14.1: functions of several variables 

Monday

z= f(
,

yy)
scales function dependent.

o -independent

8): Suppose D is a set of - tuples real numbers (X , X2
, . . . . XX) ·bigzis So

&

areal valued function for D is a
Rule that assigns a single Sgyjx)

Value of Seal numbers W = F(x1 < x 2 , . - -

.,X ·
X&YJ ·

· D is the Domain of f · The Value ofw is the Range of f

Nate DomainSayi* (y values (
* Range (1981 in09 ing (E values

example : If f is a function of two indpendent Variables Z = f(x,y) Theo we picture the Dogain (D)

as origin in Xy-place

Y

E f(xy
Rf

example : w = f(x+yiz) =N+ y2 + E2
, find +(31 014)

f(3, 0, 4) = 32 + 02 + 42 = 25-Real Value function

example : find the Domain D and sketch it and find R

1 z = f(x ,y) = y - X
&

y - X 30 =y zx
Df = [(x,y) : y zx Y

Rf = [0,S IUnbounded

and closed
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a z = f(x,y) = +y XotYaxis ,yo Xaxis

Do = 2 x,3) : Xy = 3 = Df = G(x,) : x+09+03/ Xaxis &d&
Rf = R/o Yaxis &

Unbounded

3 f(x,y) = q-
x2y

tod2-yo open

97x2+ y
=

= x+y- 19
DF = E(X ,y) : x+y9] to find R

0xX+y 9 D1 4 Rangegl54sS
Rf = [0,3] 03-X- y 2 z - 9 · functive& 91 Ngase

939 -x2y30 Range.
11%01 sou

Tasty·is Z

32y2 >0
-

n f(x,y) = 4 Sie (y-2x)

Delig:
Pf = [ - 2π/ 2π] - x y - 2xx)

W

2x -

1 x yX2x+ Sir 60 s

# Sir (y-2x) ·80 l

-2πX4Sio(y -2x) XIT DERforX = D&RfoSY-2XPoll
nobounded a closed

5 z = Six (xy)
Domain : Sinxy) is defined forall real numbers X &y

or (Theentire plane
Range : -I YsirtX1

-1 Sin(xy) ( = Df = R
sirHi R = C- 1, 1]

Uploaded By: Aya BadawiSTUDENTS-HUB.com



6 W=y + 22

Domain X +y + z0 - EXy , z) : X+y + 2 >09
Range [0, x)

7 w =xz
x2 +y + z -v

Donni (-X, 0(U(0/X) M/0]
Range Co, N)

↳2.
.598-Ve

8

Wy
Domain EX,y ,z) : ER/230 ?
Range Xyloz ; My (-N (x) ; 1z (-N(x)

jR= (- x,x)

* function of two variables

E:
· A point (X iy) in a region Rin the Xy-plane is an interior point of R if it is the center of a

Disk that lies entirely in R

·
A point (oxyo) is a Boundary point of R if every disk&SosyosCentered at (olyo) Contains points that lies outside R

and points as well thate in R
5

· The interior of R is the set of all interior points of R

· The boundary of R is the set of all boundary points of R

·The Region Ris open if it consists entirely of interior point
·The Region Ris closed if it certains all its boundary points
· A region in the plane is bounded if it lies inside a disk of fixed radius

· A region is unbounded if it is not bounded

-> Bounded - live Segments ,"iangles, rectangles , circles , disk

-> unbounded -> lives , Gordinate axes , quad facts
, half-places ,the place.
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example: find and sketch the donnin of: y = 1 + Xx - 1

& f(xy) =F- 2 ; y - X - 230 = y5X+ 2 I= Domain : E(X(y) : y = X +2]

2) f(x,y)u-ya
4 - xi-yo & ((4-X2-y

=

) = 0

x"+y2 < 4 4 -x -yz -0I
-= 2 , Center : 1010 Si# 3

-Be s= (os0)

· Domain E(xy) : x+y + z & Xi+y 2 <4]

=> 16.Now /tiopen & close&Gi +Ss 0-

* Graphs ,
level curve , contours of function of two independent Variables

&writValuesas
example : find and sketch the level curves ofContour curve or maps)

1) f(x ,y) = 100 -
X- -y at C =0075

z = 100 - X2- yz
* + y2 = 100 -EParabolid"

C = 0 => 100 -X2-y2 = 0

x2+ y 2 = 100

Ce 75 = 100 - x2-y = 75

x2+yz = 25
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2) f(x iy) = X+y2 , C = 0, 4, 16

C = = X+y = 0

C = 4 = X2 +y = 4

Celb = X+y = 16

example : Describe the level Curve of E=f(xy) = 100 -X2-y2
level curve f(x1g) =

100 - X2 -yz = C

100 - c = X2+y
· C = 100 = X+y = 0 =>Xy= (010) = level curve is origin point

· < >100VesigNo level curve

100 - C > 0

·C < 100 =+y2)0-level curve circle with Closs) andset
C-100 To

&The set of points in space where a function of 3 Variables has a Constant Value
f(X,y , E) = C is called a level surface .

example : Describe level surface

f(x / yiz)=+y + zz

=> f(xyiz) = c
= x+y + z = c =

Xy2+ z2 = c

· Co (spiere) · C = o ·Co

Center (01010) X+y+ z2 = 0 No surface

Radius (TC)=o point (0/010)

H
.
Nor ja idjs.
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ميحرلا نمحرلا هللا مسب 7-Nov- 2024

14.2: limits and continuity in higher dimension

Thursday 

- Constant "exists"
bin f(xy) = ??

X1y -> (X0 /yy)

Lin f(x ,y , z)

(X 1y(z) + (x0/yo/ z0) - Variable "Puths"

example:hi
2) hie My= evins
(1y) => (31- "

5)his is exists*
·

·

ei9 it &S

westi
lin(-xy)(( + (g)

(x1g)+0 , 0) (X - y)
-Wizos

· linx(* -5) => The answer isso constant ; exists

(x,2)+ (010) (8
.)

is his 4 + y ·
(X,y + (2,

-u)x-y - Xy +4x2 - 4x

li

=: lis
(x , y) +(2 ,

-4)
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5) lim yasir (*) Osin(I)ga
[xi)+(0,0) ↳:.sigs

usingSandwich teors SINING

- Sir X1 ,
X + 0

-xys + <y = -jx ((x,y) xyvo) functions
- lis-y = ligy = or

(X(Y)= (0 ,r) (x(])=(010) S(-3 ,j) is l s' &

· By Sandwich theoryis y'siry0 jexists
(X,y)+ (01%)

6) lim (xi+ yY) ⑧ silic
(x,y)+ (00) x2+y

Lie slo id ye Let u = X+y
(g) + (10)o

Lie ina used lopital Rule
u - 0 U

Is co = cos(o)-exist

lopital Rule/and Lis His eno

7) his
(i)e(a
using polas coosidates Xeros, yessie ,y

·sudiy so we can use any Rule
Seo

S 62soinsalim

= o constant) = 0 = lin = o jelists
8+ 0
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8) Liv= We ca use polar Coordinateyo
(ID)+(010) Seo

ss
& (Cos4 + sinY of

Sit slimit of in

:DNESince The limit Varies for Varies

# Two path test for you existence of a limit :

=> if a function f(x/Y) has different limits along two different paths in the Domain off as Xy)-(X0/-
Ther ;

him f(xy) Add in most case : We use the pathy-RX , keR
(,3) + (Xolyo) y = kx)

example : show that the function fly)=as liitasy)o

Let y = kX

=> Linf(y)-i(1y]=(010)

Let 1= 0 - hin - o

Y = 0 Y Two different lisits for diff- Values of ; hereThe limits ent

hi
ask : having the same limit along all straight lives approaching

(volyo # Limit exists at Going o
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example : Show thatliy = DNE The paths - y = kX

his

ifY
Hence

,
two diff . Values with two diff

-
limits . The limit

&ef : A function f(X,y) is cost. of the point (No,yo) ?

(1)I is defined at (Xo/yo)
(2) (in f(x/Y) exists (3) (in f(x1Y) -> f(XOyo)

(,y)+ (X01y0) (X,)+(x0 /y0)

E is continuous if it is cont. of every point of its donair -

example : is
D f(x/ y) =m ; is cost at alln

& f(x1Y) =X ; is cont at all Cxy

& f(x+y(z) = 11(z- X2 -y-1); is cont at all (X1y12 Such that (x2+y + 152)

* Continuity of composites :

if f is cost. at (Xoyo) andg is a single Variable function Cont,
at Eryo) ,Then -gof-g(f(x,Y))

is Cont . of (osyp)

* functions of more than two Variables :

The definitions of limit and cont for function of two variables and the conclusions about limits , Continuity
for suns , products . --- all extends to functions of three of more Variables.
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14.3:partial derivatives 

11-Nov- 2024Monday

* Non-existance (test) :

if different paths =>> different limits

Ther Limit DNE

lin f(x i y) - along y= X

(x(y) +(x0 /yo) y = x2

#
Ex = i lo, y - f(ly

T - &

EZ =

Fly fdep . indep.
&

* Limit exist

- derivative = slope of target (E=f(xig)
Slop of target at (x , y.)= slop of target at (xay) =G

example : find fx by dete . at 14.2) , f(x) = X2+ Xy

f(--if-
& &

-li
=ist

If z = f(xy) then the partial derivative with respect to X is donated by :

==Ex
and the partial derivative with respect to y is donated by :

fy = zy= Uploaded By: Aya BadawiSTUDENTS-HUB.com



example : find d d of the point (2-19 for :

1) f(x, y) = X2- Xy +y
fx = 2x-

y = f(2- 1) = 4 + 1 = 5

fy =
- X + 2y = f(z,

-1) = - 3 + ( - 2) =
- 4

2) f(x ,y , z) = Xy +yz + Xz
,

also finddat(2
fx = y + z = f(2 ,- 1

, 1) = - + 1 = 0

fy = X+ z = f(z, - , )) = 2 + 1 = 3

fz = y + x = f(z , + , 1)= 1 + 2 = 1

Second order partial derivatives :

z= f(x,y)
--fffy

example : f(xy) = X Cosy + ye" - find the 21 order partial dev .

Ist order Ex
= Cosy +ye* · fy = -xsing +

ex

2nd orderExx-ye , fxy--sing +e
fyy = -Xcosy , fyx--siny + ex

The of a

-> if f(xy) and it's partial des. (fx , fy , Exy · fy) => are all Cont at point (a/ b)
Then fxy-fyx at (aid)

251mmmfyy =fyx -(a,d) sa95-d,

example :

find w
itweactiv iso

Way , Wyney
usingThe Theron :

Wxy = 1 = -Wyx1 do to the function and partial des, are cont
.
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example : Find fyxyz if f(x,yiz) = 1-2xy + Xy (a)asi
fy = myxz + X fxyyz = 3)

fyx =
- yyz + 2xfx =

- zyz + 2xy

fyxy = -4z fxy =
-

4yz + 2x

fyxyz = - 4 Exyy =
- 4z

fxyyz =
- 4

example : W=i
find WY

by theor-> Wyxx = Wxxy

wX =my + )
- wxy = 0 t Wxyy =

Theorem :

if a function f(x,y) is differentiable at (o,yo then fis Cont · at (x0, yo)
·Corollary
partial def

.
Ex &fy of f(xy) are cont- through out an open region R theef is diff , atelley point in R

example : explain why f(x,y) = 1 + x10(Xy - 5) is diffict(2, 59 ?

(x =X)g) + (v(xy -S) = xy

xm
+ b(xy- 5)

fy =X) his $--g/1 26 cost.is

& fx is cost . at (215) since : Lisfx = Ex(2, 5)
(X,y) + (2/ 5)

Lis Xy + 1(xy-s) = 2 + 105
(x 1 y) +2,) X TS

&

s Ex is conti 2+ s - 2 +1s

& fy is cont .
at (215) Since : Linfy = Fy (2 ,5)

(x, y) +(2/ 5)

=*
· fy is Cont . - -

=> from 182 flxy) is diff at (215) #Uploaded By: Aya BadawiSTUDENTS-HUB.com



14.4: chain rule

23-Nov- 2024Monday

z = f(X , y) => d+ ↳X = g(t) - y = n(t)

w = f(x,y , z) E-f(X , y) ,
X = f(ts)

, y = f(ts)
Ju

W S partial t os

· -S

828

Constant. S

example : W=Xy ,
X-Cost

, yesirt ,
find b at t

G
=> y .

- sirt + X . Est

-- ysist + X cost

- -y si+
-

-

y = - Si = -

example : W = Xy + z > X = cost , y = Sirt , E = t , find at to

-
-> Ly . - sin) + (X . Cost) + (1 . 1)

- y Sirt + X cost + 1

-
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example : express or a b in ters of WE
w = X + zy + z2gX= gy = j+ msgz =

2

=
= (1 . b + (2 . 2) +22z . 2)

= 5 + 46 + 42

=y + 41 + 4(,)=
86

-
= D . =) + (2. &Slig

=T + =>b W
#a plicit Diff .

S↳ if f(xiy) = findd ↳
· /
+

fy

=>

f(x, y , z) = 0 ,
z = y(X, y)

↳Ex
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example : find dyy for y-X" SirXy = 0

usingCalculas 1 : zy ( - 2x-Cos (y) (X & + y(1)) =

2y(d -
2X -X(osxy + yCosXy = -

EdYoY
using theroe:

fy

=>
example : X+z+ ye** - Ecosy , find a 1000

x+ z + ye*Ecosy = o

*
G

example : if z" -Xz-
y = 0

Where z defines as function of Xby findy
Using Theorem :

G

↳
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14.5: Directional derivative and gradient vectors
25-Nov- 2024Monday

Def : The derivative of f at P .Xoo) in the direction of the Unit Vector

T = Uii + Hzj 1unit Vectors op

Directional derivative (upose Exotsu , yu +Su-f(x ,y
S

(D)p.

- The directional

detavativedefbalsode
example : using the def , find the derivative

Xo Yo
E(x,y) = X= Xy a 40(1, 2) in the directionofj

(GDf)po-lin S(Xo + Use yo + ues) - G(x0 ,yo)
Sto

X

-f-S

= lin ( +rs) + (1+s) (2+)) = 3

Sto
S

lin 1+ Es +Sy+ (2+ s + Es + Es -3

5 - 0

S

+-=+S

·is
The rate of changeotpo is scalled of

ThVate of Charge of F(Xy) = X*
+ Xy at po (1, 2) is the directive of i

(P) po
= F
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&e : The gradient Vector of F(XY) at a point polXoy of is the Vector

·i obtained by evaluating the partial derivatives at pooya

Theorem : (P po
= upo-Afpotot product Scales value

example : f(x,y) = Xe*
+ Cos (Xy) , po=(2,0) lothe direction of m= 32-4j ,

find (D)po

Ex = et - ysin(Xy) -> (x(po) = 1 3 => Tfpo= i + 2j
fy = xe -XSin(y) - fy(p) = 2

in-1 =So unit Vector

-unitvector- it Vete

(uDf) po
=

-F
.
I

- (L +2j) . (Si-]) -(Df)p0 = 3 - 8 - -1

(nDf)po = -f .
-f114) coses betweenf

=> unit Vector In= 1

(Df)pu= S Cos

Costa

(n Df(po = (f) -1) =
- 1 of

~
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-

a) increaseRapidly in the direction of ofdirection = Unit Vector

directionXi +

y=fitj ,
lota

Toft

b) the functiondecreases most rapidly at $1, 19 is the opposite direction of of o is the direction of (f)

--
C) zero changeof

u =+i - j
42= +

Leu/ live
, poor live

S

· (DS) i po
= (4)po . i Wf(X , y)

X = Xo + tu ,=
y = yo + tuz= = 42

·9i
i 4

=>

=
5 (Df)n . po = (ofpo - u
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Gradients and targets to level curve

Level Curve f(xy) = Constant

if f(XY) has a constant C along a smooth curve

T =g(t)i + 1(t)) - f(X,y) = C level cusue

f(g(t)
, ((t)) = X = g(t)+ =g(t)

* (g(t) , v(t)) = G y =n(t)+d = y(t)

+
git

↳)
of is normal to the level curve

&Tangent live equation : 191
- The live through po(Xoly of
&

tangent hire -
normal to the Vector (f)P-
= = Ai + Bj

has the equation

*(X - Xo) + B(y -yo) = a
⑭Xor curve -

· if N =(of) po
Ar +

BjjB
starget : (fx)po(X-Xo) + (fy)po(y-yo) = 0 =
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example : find an equation for the target to the ellipse :

Xo Yo

+y : 2 at the point (-2/1

Level curve : S(xy) =

* +y = f(X(y) , C = 2

+ f = Exi + fyj
-i + zyjgfx(-21) =E ,

fy( 2 , 1)=

=>Target live equation + (x-yo) + Bly-yo) = 0

+ (X-2) + 2(y- 1) = 0

-(x+ 2) + 2(y -) = 0

- X - 2 + zy - 2 = 0

2y -X
- 4 = 0 =2y = X + 4 = y = x+ 2

* function of three Variable

=>
For a differentiable f(xly/2) and a wit Vector K= hin + hestusk in space

We raveIf = Ex i + fyj + fzk

(uDf) po = . u = (xu1 + fyyz + fz43
= If /i) as

Yumit Vector

then [Df(po = If as O

example : S(Xiy, z) =
X-Xy -E

, Poli /, 0) e find the derivative of f at po in the direction of

E = 2-3j + Gk

af 11=3+ 5
=

M = 7 + 1

:witVector i
SX = 3x2

-y
=

= fx(p) = 3 - 1 = 2

fy = -2Xy - fy(po) =
- 2

, fz = -

(tf)po = 2i - 2j - k
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·D f)poPon () - 1()
=>(fpo = * + & -

(f) po =

If is what direction does f change most rapidly atpo
and what are the rates of change is these direction?

of increases most rapidly in the direction of

if = 2i-2jk and the rate of Charge
is (f)= =3

of decreases most rapidly is the direction of

-of = - zi + zj + Kand the rate of Clarge
++fl = -fa =

-3
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14.6: Tangent planes and differentials
7-Dec-2024Saturday 

=> If JHt) =g(Hi +& (t)j +(t) is a scoold curve or the level Surface flxyiz) = C

of a differentiable function

f(g(t) , &(t , k(t)) = C

& f(g(t , &(t)- ((t)=

&

i
Noswal

=> foot is to the curve's Velocity Vector age
* target place at the point polyo , zo) of the level surface f(xy ,z) = C Normal to (ofpo is

-x(X - Xo) + fy(y - yo) + fz(z- z0) = 0

* Noseal live at po(volyo /zo) parallel to (f)po
X = Xo +fxt , y= yo + fyt ,

z = zo + fzt

example : find target place I normal live of the surface

f(x (y(z) = X+y + z - 9 = 0 -- z= 9 -X2y29 paraboloid at po(1 , 214)
· fx =2x) · fy-y = +y =

4 fz = 1

target place using the equative above

2)(X - 1) + 4(y - 2) + 1(z- 4) = 0

Gx - 2 +4y - 8 + z - 4 = 0 = 2x + 4y + z = 14

normal live using the equations above :

X = 1 + 2t
, y = 2+ 4t

, z = 4 + t tER
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example : find an equation for the place that is target to the Surface E =Xcsy-yet at the point 10,010
f(x,y(z) = XGsy - yet - z = 0

+f = fxi + fyj + fzk

= (Gsj - yeY)i + (xsi - ex(j = k((0- + = i -j - k

The target place
↳ I(X-0) - ((y-0) - 1(z -0) = 0 = X -y

- z = 0

-target to the ellipse

example : findtheparametric equation for thele target to the curve of intersection of the surfaces

f(x ,y1z) = Xy22a X+z=0 Polly
&

Mf = Exi +fyj + fzπ

= (2x)i + (3) = o(, 1 ,3 = 2 + 25

m-g = gxi + gjj + gz
=> Di + o + Nk = +g(l , (13) =

i + 1

=If (1 , 1 , 3) X19(11/13) is /1 to the target live
.

-
D

spir
Notdetarget live

10 I
↓ = TfXT9 at po

= The Nusal Live :

N = 1 +2t - y = 1 - 2t -
z = 3 - 26

* linearization
· Two Variables

↳ f(xy) at (o, yo) Where f is differentiable · f(xy)a((X ,yS
-> L (X1y) = f(x0yo) + fx(XO1Y0)(X- X0) + fy (Xayz)(y-y0)

example : find the linearization of f(xy) = X 2- Xy +1 y2+3 at point (312)
L(Ny) =

f(3,2) + fx (213) (X-3) + fy (2/3)(y- 2)

- 8 + 4(X -3) - ((y- 2) = ((X(y) = 4x -y - 2

fx= 2x -

y , fy =
- x +y
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· ore flao two Variables
Linearization of a function With 3 Variables at apoint Po (Xoe, 20)

f(x , y ,z) ((X, y , z) = f(pp) + fx(po) (X-Xo) +fy(pt(y-yo) +Sz(po) (E- z0)

example : S(Xy , z)
= X2-Xy + 3 sinz find the linearization of fat po (211 , 0

· fx=
2X -

y = fX(pt) = 3 , fy = -Xe fy(py=-zg .fz = 3Gsz= fz(p) =
0

f)(2, 10) =
4 -

2 +3() = 2

h(Xyiz) = 2 + 3(X - 2) - 2(y- D + 3(z- d)
= 2 + 3x - 6 -y + 2 + 32 => ((X1y(z) = 3x - 2y +3z - 2

find approximate value of(19 , 09,
polzilio&Ho5 linearizationajsda oi

JaL(Xy , z) at pola
&

-

> 2 (119) - 2(0 .9) +37-0l) - 2

My , z ==3 9Jes,

Recall (Calculas 19 differentials

y = f(x) function of one Variable

↑Charges frog X to X2 =>@X = X2-X1 =xX2 = X1 + &X

&f = f(xz) -f(x)

aff(X + (x) - f(x) -Truecag) F85,/,t
F

&f = df = f(x , ]2X &X = V2 - X1 =
S

&fedf = f'(N]dX- "Calculas /

differentials of a function of two Variables
YI

E(x ,y) if we Nove for (Noyo) to apoint Mix Yody) d
=> d) = Ex (Xoy]dx + fy(xo,yo) dy figlas
T
- af= f(x,,y1 ) - f(X2 ,yz)

estimate charge info differentials Jes,6
differentials of a function of Three Variables

(No/ yo / zo) -> (X0 + y , Yotdy, Zo +d)

df = Ex (Xo,yo /zo)dX + fy(X0 /yzo) dy + fz (Xyy0z0)dz
Total diffe estimate charge
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14.7: extreme values and saddle points
9-Dec-2024Monday

point(, 5) sij

example : Cylides with Radius = Ke and weight-sen ,
but the Radius Charges byto.03

r

and the height Changes by0 . c o ,
estimate the resulting change is the cyliodes volume

Volume = TJd estimate change =
df = fr (115) df + fh (1, s)dd

f((n) =πj] => df = 10T (0 . 03) +T)- 0 . 01)

f(u) = 2π4
, f(4) = is

=
0.3 - al =X df = 0 . 2π

H
f(us) =
Yot

, = T

· What is the percentage of estimate chang to original volume

Volume = #(1) (5) = Vilue = ST

percentage -o&I

=> Derivative tests for local extreme Values

->Nilan
-g

,all
6
.

415

attaining o
Local-relative

&

2509&Ex = - & fy =00 local vie or max 88lsiod

· Exx fyy - fxy > 0

& EXX o -> MUX. EX 30 - Mi

-- ofXXfyy- fxy To
--

↳ Saddle Point -

· fXX byy- Exy" = o - test fuild
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↑ critical point :
↳ an interior point of the domain of a frection f(Xy) such that :

* and fy are zero or Ex &fy DNE

*Saddle point :

↳ A diff-function f(Xy) has a Saddle point at lad) If is every open disk centered at lab) these

are prints : f(X) > flaib) and f(Xy) < flaib)

*Th : Second deservative test :

① fl
= o

, fy = o

2

discriminant

·~Sunday
forthe test

Test fails Saddle point

example : find the local extreme values &Saddle points of

S(y +y) = Xy-y-y2- 2x - 2y + 4

DfX -y - 2x - 2 = = y - 2x = 2
- D = ( - 4x = 4 -3x = 6

fy = X - 2y - 2 = 0 AX - zy = 2- -2+ X =
2 -X = - 2

in equation : y - 2(2) = 2 = y + 1 = 2 = y = - 2 Citicle Value : (21-2)

② EXX
=

- 2
, fyy = - 2

, +xy = p

A = Exx fyy -fxy
= 4 - 1

= (21)= (72), 89

Due to Aso- #
= - 240 So at(-2, 2)

& Exxo These is local wat
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example : Exy)-ecosy ,
find the extreme values242

·
Ex-Ce

*

Gay to
,
eto

, Gasy =o y=F
2X

· fy-e
*

Esixy) -o ,
e = o

, Sixy = o ty = Feπ

Not closed &rebounded
=> critical points - ?
No critical point:Get%Spo Criticalf

No critical points jo
=> No Critical Values -> to point where fl-fy--

=> No local extreme & No saddle points
53 -G58
-

example : find three real numbers whose sugiswossusquisa
Let the numbers be Xyiz* X+y + E = a = z = q - X -

y

fLXyiE) = X +y +
z2 "Sunosquess"

& (X1y) = Y+y + (9 - X-y)
- find the local extreme Values #

(x = 2x+ 2(9- X -y)(- 1)

= 2x - 18 + 2x + 2y
=> (X = 4X +2y - 18 also &

y = 4y +2x - 18

2x + y - q 2 -ly-2x+ 18 (f 09

# E -Sy = 9 zy =3 & X =3

Critical point (31-3)
Max of wit Disgost Is

&XX = 4 usingA
Yyy = 4 => A = 16- y = 1230

Yxy = G &No= have a local wi There is a local die at (313)

wherey
= 3 = z=

&. The three numbers are X = 3 , y = 3
, z=3
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* absolute die .
& absolute way -

or closed bounded region
① find the criticalValues = Ex-ty = -

Listerios points
2) find the boundary of the region (functionpost al

· region -> Rectangles , Squares , Niangles

example : find absolute wax . &Nie for

((X(y) =
2 + 2x +2y - X2 - y2 , o the triangle region In the first quadrant bounded by

X= 0
, y

= 02y= 9 -X

sketch the domain

Co ,9 · 015,189m 58

·
.

III .
O 19/ 0

Dz critical point C Regiosa

& fxX =
-2

, fyy =
- 2

, fxy = 0

# = 430 = Ex = These is a local wit at (1 1 1)
- -ebo as -giad

of
Ey

= 0
, oX9 = (0 , 0) , 1019) Local die

f(x i y) = f(x,) =
2 + 2x - X ↳Two end points

%'(x) = 2 - 2X = 0 EX = 1 => (1 , 0)

have localmax-
B - X0

, Oxyx9

f(xy) = f(y) =
2 + zy -

y
=

= (00) ,1910 - two e points

f(y) = 2 - zy = 0 = y = 1 = (01) +,
have local may
-
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AB = y = 9 - X

f(x ,y) = 2 + 2x + 2(a - X) -X- (a -x)2
= 2 + 2x + 18 - 2X - X - 81 + 18X - X

-

=
- 2x + 18X -6 - X= 0 - (0,9)2y= 0 -(90)So

f(x)=4X +18 = 0 = X= - y = 1 -X-y=

- ( , 1) have a local wat + -

↳
f(X ,y) = 2+ 2x + 2y - X2 - y -

point (XIy) CLXIYS
10, 0 2

(110) 3

(910)
- 61

(01) 3

2019) - 61

(11)
(1) n

= absolute dix = -1 at point (910) &(019)
absolute way - 4 at point (11)
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ميحرلا نمحرلا هللا مسب 21-Dec- 2024

Chapter 15:Multiple integrals 
15.1:Double integrals over rectangles 

Saturday

Cis calculatio by pasts ,

trigonometric

dXdy partial fraction

y = f(X) = f(X(y) defined or a

eioCeagle
Volume region I GEI , an Boost&d

The Double integral off ones B
,

is :

D b
b D

SSf(xy)dXy efff(xy) dy d

: if f(xy) is cost. throughout a rectangular Region (R) D-

axXxb , CXyXD C =

Db b D

B : SSf(xy] de = Sff(Xy] ddy = Sffy]dyd o

Ca ac

example : f(X ,y) = 100 - Exy Calculate SSpf(y) de

Rio2-YY/
12

SSexyd= SS1100-Exy) dxy
-10

=S100X-Gyjdy200-by
:5 y t se,%

-1200-bydy = 2009-1200) -C200

9i =
- = 59f(x / y9 &Andxdy or dydy 2
If ((Xy) = 1 E SIdt = fra
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Paraboloid
example : find the volume of the regio , bounded above by+X+ By

>
and below the Rectangle R

· xX + 1 - okyx2 Rectangle Bil Jes
,biss

RectangleX&y y

- 20 +x+ 3ydxy

- [10X+ + 32x]d dy

= 10 + y + 3y" dy

- [loy + +y + y3j = 20 +2 + 8

- = 8
,

6
3

apple : =SSXyede OXX2 , oxyx1 rectagee
-Bas

-SS(2xy exdyj) * :XI&W&

&s byparts1989

·Sy · sloyS

-ge
.

-(e) -( -0

--
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6-Jan-2025
15.2:Double integrals over general region
Monday

&& : let f(Xiy) be a cent- or a region B

D it R : a xX & b
, g(NXYYg* Y*y 98gzet . or 191b]

Then : SSF(y)deydyd
Is

2 If R : <ky Xd
, KLy) <X *N2(y)

d Na(y)
They : Sffxydf =SSFxy) dyi

J

example find the volume of the prism whose base is the triangle is Xy-place bonded by
X-axis & y = X , X = 1 & Whose top lies of theplace = f(Ny) =3 -X-

y
in place >09/09

er = If fLxy d

Sketchd

=S S (3 -X -y)dydX Xy=0&
So z = 3

= [3y -xy- ]dX
&

·
X= 1 , y = 0

z = 2

-g3x-x- z=, y =1

= XaviTey = X sin

·
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example : 1-g eEdyd I
=v by X = 3yh

X= 0-gxdy X jos

E.&Xy(160) myJ
=jagedy
==e-e

# sket the region of integration the fied te double iegle
R

y
=M = x = y3

2ggd ·
Sad
dy
&

((y" + 1 = 100 + 1 -=
example : findthe volume of the solid that lies beneath the surface z = 16-X2ya

and above the Region R bonded by y = 2 , y = 4x-2 & XaNis.

X= X =y 4X- 2

-

sug6-X2-yagdXdy agi
I
·restines
/ X=S
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8-Jan-2025
15.3:area by double integrals
Wednesday 

Defi : The area of the closed abounded region is
->

Area of R = f df(Ny
example : find the area of R enclosed by the parabola yex?the live y = X +2

area-SS de &X- X - 2 = o

X-(X+1) = 0

x 2 jX=22X = -)

- +2x-

- + 4- -)
= 6 - 8 + y - 1 = 6 + q -

=
* average Value of (5) over R

Volume
80

saSt
-ume = The average value.

area

example : find the average value for the function fLX/ y) = XsXY over the region RQ
OXXI

Dv =gXosXy dy 0xYX/

# sixyIde *Sixax*fasX = -Est--aso

=

-- + 1 = 2
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2) areaS dy
=gy]dX = flax =[X =

3) average Value-
example : findthe average Value of ECX1y) = 12ye

**
over the region R ye *Is obyXie

2

X = y =
X= 2

X 2
y2 = 3

3 y=

Du - g* Bysdydx

S -
xy

Let u = X3

du = 3x2dX

-Sedu X =0 + 4 = 0

X = 2 = u = 8

= e-l-volume

2) area- dydx 3) average Value

-Sydx
= MdX

=
Y(x) ·
-

average value = ie
area= u
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11-Jan-2025
15.4: double integral in polar form
Saturday

Y jils
Recall from Calculus 2 :

(40) = (11) ) polar coordinata

X = Sas

y =usi = ta
X +y = -2

Sys My 60

24 = +2 - 4) =
↳ da = dXdy = dydx

da = Ndude ⑮
example :

· yetr usio-v2=
·

X+ y2 =
52

= 4 ; %= 2

= SSSd
If (raso , usi

# ECCO
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= SSf(rso , usisdudo-volume

+ = SJd+ = Sododo an

R

average value offorest

example : find the limits of integration for f(6, 0) olles R that lies inside the Cardioid S= 1 + Ces

& outside the circle f

Ik( 1 +Cs

-> 0 = 1 +So = 1

Cso = o

O=

*
S Ifroso , usiofdodo

-

example : If dydx : Where is sericicle region bounded by X-axiss

-X +y = 1

*gige" s dide
Y

j = 1 = -= 1

- R

=Se-tido-SI(e- 1) do &
- 8

Fo( - 1) = F= (e- 1)
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example : Sgydf ,
where R lies i the first quadat lies between x+4 Ixty

X ex + 1 +y = 0 +1g x&
y= 4

(x-1)
2

+ yz = 1 Y
↳circle with center(10)

radius-I

(x- 1) +y = 1

x* + y2 = 2X

-24650 = V= 2 G50 by i
y

=
2x

Y + y2 = 4 = 5= 4 = 1= 2

#/22

V =SusieOdd

O

pag

sidere
example: use your Koowlage % 15. 4 to psole I dx=
= (ge

*

a) . (.get a 5981gg
Y

-59dyi aOgddyya
OXX

X

Ted
d

T2

=
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13-Jan-2025
15.5: triple integral in rectangular coordinates 
Monday

v = 999 duzy-SSSfy
↳I Volume of a closed

boheded region
11-X 24-X-y

example : evaluate FSSS Xdzdyd
1 -Xi

F=S Xz/ dy
gX(y -X2-y) - X(3) dydx

g
*

X-X-Xy dy Doubleintegral
1-X2

=S Xy - yx- xy2]dX =SX(1-*Y) - X
*
( -xY - *( -x)dx

- 310P
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