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8.3.2. Letn e N, letae R". lets,r € Rwiths < r. and set { ’ = -

}A\\wf“\\"( \ - 7

~

={xeR":5s <|x—a| <r) and E:{xER”:sEHx—_ﬁHf_:r}.
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8.3.2. LefyeV={zcR" :s < ||z —a| <r} and let\e cimln{Hy—a”—s‘r—||y—a t) @hﬂn
all + 11 _ ~19
o —af < flw—yll+ly—al <r—lly-all+ly—-all =7 (| ol -0

Y
@ — lsogi szl — 1l Al -2 = \o—a\l= % > S

Jw—all >y~ af ~ w1yl > |y —a +5~ |y —a] =. N
Hence w € V and V' is open by definition. 54 Nweall < ¥V — w0 Q = B (9 - \/

A similar argument shows that {z € R" : ||z —a|| > r} and {z € R" : ||z — a|| < s} are both open, hcncc
E={zeR":s<p(r,a)<r}j={zeR":|z—a| >r}"Nn{zecR" |z -a| <s}°
is closed.
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8.3.1. Sketch each of the following sets. Identify which of the following sets
are open, which are closed, and which are neither. Also discuss the con-
nectivity of each set. ‘ Ty = |
\
1) E=((x.y):y #0) © =— =
b) E={(x,y): x> +4y2 <1} / oy ;
¢) E={(x,y):y=x% 0=<y<1} 7 ,—_\’- ——\;—:—1
d) E={(x.y): rz—vzzr—l “1l<y<l} “/"_ ~—
e) B ={(x,y):x° —irJr}E—U}U{(I ,0):x e[2,3]} -
d) This is the set of poing#insi thc two branches of the hyperbola x? — * = 1 which lie ahove the line\ I
and below the line y = 11t is open but not cmmected
e) This is the set of poi e circle (z —1)? + 3% = 1 or on the x axis between = 2 and = = 3. Tt is closed
and connected. —_—
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8.3.3. a) Leta < b and ¢ < d be real numbers. Sketch a graph of the rectangje /] ‘ ‘
&
[a.b] x [e.d] == {(x,y) 1 x € [a,bl.y € [c.d]}, \ —
N S

and decide whether this set 1s connected. Explain your answers,
b) Sketch a graph of set

Bi(-2,00UB2,00U{(x,0): -1 =x < 1},

and decide whether this set 1s connected. Explain your answers,

8.3.3. a) It is connected (see Remark 9.34 for proof).
b) The set is “dumbbell” shaped. It almost looks connected, except that (—1,0) and (1,0) do not belong to the
set. Hence a separation can be made, e.g., by using the open sets V = {(z,y) : z < —1} and U = {(z,y) : = > —1},

and applying Remark 8.29.
Coigcloed CfF

K DR D
inf ||x—a|| Vx €
8.3.9. Suppnsmn@m inf e ||1.' —a Then by the Approximation Ml_hﬂm

exist z; € E such that ||z; —a| Le., such that z; — a. But E is closed, so the limit of the Tj s, namely g,
must belong to E, a contradiction. < / //J

8.3.9. Show that if E 1s closed in R" and(a € E) then

——
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i
8.4.1. a) The closure is the interior is 0. the boundary is E U {0}.
= >c-C\E
_ ot I\ D

: Lo xey
b) The closure i§ [0, 1] the interior is E, the boundary is\{{1/n :n € N} L@

c) The closure is K the interior 1s R, thc boundary is 0.
d) The closure is R, the interior is 0}, the boundary is R. ?—/ 3 ’-

8.4.10. Let A and B be subsets of R".

a) Show thatld(AN B) N (AU (9B)")|C dA.
b) Show thatifx € d(ANB)andx € (ANIB)U(BNJA).thenx € 0ANJB.

Prove that 0(ANB) C(ANJIBYU(BNJA)U(IAN IBY
d))Show that even 1in R, there exist sets A and B such that (AN B) £ Q‘
C

(ANaB)U(BNJA)U(BANIB). P 2 N ﬁr\% =
ALDUERINUOARID. b L ® (S £ i
C Al po- (- o @UQ/*‘)/M (9‘3)}
?( / (N / \ {_?( P"hg} o A
8.4.10. a) Let z € 9(AN B) N (45U (8B)). = € 0 X
0% ~  Case 1. @ S}E{W it follows that(z € 3}15 ~LeP o Xe A .
( . —) K ED
P L &0 XHX @«("”\P* ERC RN =
L . x e(28)
\= Case 2.(z € ( SB °)l Since (Br(z) intersects B it follows %‘L ) € B for small r }9 Since Br(r) also___) xedh
, intersects A“U B, it must be t ¢ case that B,.(z) intersect{ A°/ITparticular, r € A -

b) Suppose z € d(AﬂB i.e., suppose By ( mtcrbccta ANB and (ANB)“ forallr > 0. Ifz ¢ (AN9B)U(BNoA),
then r € (A°U(8B)°)N {BCU{SA) ). But b} part a), A“U(0B)" C dfl a,nd BeU(0A)® C dB. Hence the intersection

is a subset of JA N JB.
c) Suppose z € J(ANB). Ifz € (ANJB)U(BNJA), then there is nothing to prove. If z ¢ (ANOB)U(BN0A),

then by part hl.g € 9ANIB. Hence 2 € (ANIB)U (BNAA)U (9ANIB).
@fa,ndB:[l,Q],thena{AﬁB):iﬂ;é{l}:SADSBQ{Aﬂ@B}U(Bﬂ@A}U{@Aﬂ@B}.

%.‘r"'z) —
A - & (A n®) =
AN mMu( m\ﬁ

A(\’D&>\J(\’5 % o

STUDENTS-HUB.com Uploaded By: anonymous

Math3341 (15-5-2022) 3 4sia



4

Saturday, May 07, 2022
10:43 PM

7.1.11. @integrable on [0, 'i] and mnif{}rmly on [‘{L 1} Show that
bp 11 N

s n — o0, then

\\Qv\ ’\\ 4 il\JV\‘?lv, b:r 1
lim fu(x) dx :f fi(x)dx.
0

n—o0 [ .
\ Jbﬁf\,\(x\}x - L X'fm &%\

fix)| = M for all x € [0,1])) Choose ny £ N so that
x) — flz)| < ¢/2)for n = N and = £[0,1]. Suppose n = N and

%+%=E
o \
> § g,_jx '\'S MW d
L - > e
2\
2\ o = — (£ba +<\\'\(\’\’“3>
/\\ Yon = \ - Z S~
>
o Yo a7V S S () T R
\\0 /\'\L?—w/\ = ZM

C) Find an'equatiﬂh' of the plane pa'rallel to the h}rperplane(ﬂ—k . -u
xp = 7 passing through the point (1. 2. ...,;r(I].

s X + =S
n— L - 1) D
n :(_‘/1/\)'
72&\,'2/ -, ~) ’j:(x“ — =, X)) .

~ X .~>’;D e
(2707 :
\(y\, V) G o \(x. %) = o

>
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