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EXAMPLE (4-2):
Suppose that the random variable (X) can take only the values (1 , 2, 3) and the random 3 I ‘aggu
variable (Y) can take only the values (1,2, 3, 4). The joint pdf is shown in the table.

> Px=1.y=D)
X 192 | 3 14 Lp(xs\,¥=2)
1 014 0o’ 01| o ‘P(* __\,y_.g)

2 03| 0o |o1]o2 N
3 o |o2] o | o Jxx(x.Y)

1- Find fx(x) and fy(y).
2- Find P(X = 2)

3- Are (X) and (Y) independent.

4- Find the mean and variance for both X and Y

5- Find P(X>Y)

6- Find P(X=Y)

7- Find the correlation coefficient between X and Y.

PMFy =pP(X=x) ’3 n Sinﬂle, Rondom
PmFy, - P(y-v) vasible
yoint IMFyy = p(X=x,V=y)

Pro bilidy mass unclion Can be described in 3 woss 3-
l. ubirﬁ Sche dua.
Q- P(X= X, )’:y) = ol , X=\,y=!

P/‘“:*,y O , N=zl,y=2
b
Soint ) %zl, y=3
X:") y = t1
3. amphs , Yaonna be Dg“ -\ — Joau

¥lhe Sum of primbilly Suld  eguak ope

examQles &

LPlR=2,7-2) = o2

2.pU=y¢)= pU=l,y=) v+ (K=l y=22) o PUxs,y=73)
= oM+ 6 xol =02

3. (XK, YN = o0.2+0 tolvo = oM
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= P(XL2, y£9)

= tefd.

I
—

?.PC*A:)I) < olxox0 = ol

1ply=D = olro.3x0 =0V

Rz = \ s , xa
0.6 , X=2
6d , x=3
6 , o.Ww

M= (DD () (o.6)+ @) (o-D)

= Q

Y. Fuy (22) = yoin} CDF % X andy.

3. pCXy y) =03 x040.d = 0.5
Q. p ( \X—Y\—:D = 034+0\140.2 = a6
lo.PQ‘kzl): o\roxolro =0.9

5. Fry (o0, —00) = pLY g0,y & -

6. Fry (09,00) = p(Xgo0 ;Y &00)

% Jor soint pRbabiliymass function, TPOI=x) - |

2 Ply= =l
g 2P(X=X,\/:y)-_\
P(Y=y)= oM, Y2
6. L y=2
o,y =3
0.d ., Y=y
o) 2 0N

/’”y = Ol ¥ (62)Q) + (6D(3)
+ D) = Q.3

o L) 4
EW= 0D+ U(0.0 +A)(0Q) = 4.4
6,;(1 =44 _-4Y=0.9

o= Bh] -4
B0 = OGW « (W) () + @) )
x(16)(0.9 = 6

2 2
6})’ = 6.9 —-QQ) = 1.2
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Rz = | 62, X= Py = [od , ya

0.6 , X=2 6.2 L, V=2
od , Xx=3 o,y =3
6 , o.Ww 0.d . Y4

0O 2 oM

Are Xand Y indeP’? —> PQMB):P(MP(@)

P(Ket Yay) = Phax) - 9(Y2y) % Jou Can check any
pPLR=1Ly =D kL plk=) . ply =) < Pabbgou wom%hL
ol 2 0w

6.1 4 o8B

50,‘“/\43 oxe not indep .

EGiyl= @O0 + OG) (60 + @) (63)+ (D) (0.2) +(2)X) (o3)

- 4

nea 2 b correlation coefficient:

ConCeft (reoa) G B3 oo
Pry = ECxy) = Mx My vy -@@Ra = O,J%ZL e unColenld
O &y Jou J 136

% ?“*u} wore. dependeat, aod  doesht mean*H/\eéj are. Coleraled.
However , i} %g/uwwzndep, \'K/\? it e un Goletoted.
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12_1_0 QU JO"Y = ECxy) - HxHy s, Covastion Ce g/‘:\/

ol &y
Correlakion Coef}. ¥ of  _P:-o or -\ <,/fii <\

LSJ{j Grrelahed = wn Corrlated

% ELAQ < €xp(h=x)

ETxy] = Ury pMK=ny ¥y
Elxyl=ELA. E{-_Y_]Monla Fotbey ware indef
i Xy indep Ry AN - M Sy =0

o, 6y

* So, Tfi Ho dwo Kandom Uariables were iﬂciep,"]{\m‘“?m wn Gorelated

iﬂd&P = yncoreloted
dep = L, ekt

o M O] = OO 6D +uf o) + (50 3+ (> ()

+ ;C“)COQ) + L?j (D =
v find E(Cxw) wﬂ = ()N + W) ()G + (24D Co3) ...

e 2 Vo o

¢ ond (px7,2/ y<2) - ptyp) - (Ane)

DO O T e (452 ye® e(8)

PLYE )

3072 /y¢2 %) = p(¥7Q . ¥R , xg3)

Py, xK2Q)

=P(%=2, ¥¢ — o3 - 3 = o3

Py, 232)  o02vol !
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¥ led 2=XxY Y—\né P/V)Fg ;/051 ‘;;

2 | PR
2 | ol Puf, -P(Z=2)= [0l , 222
3 | 6 +o.3 03, Z=13
4 {on ol , 2=\
5 | o +ol +0-9 0.3 ,2=5
6 0.q 0.9 ,2:=6
6 , ow
= #2 = ER] = @CD+(3)(03) + (o) +(8)o:3) H6)(0-.

_ 40
Mz= EDxy] = €00 +ELY]
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RSN o\
6]1) Q5

Elx?| - ECRY +ECA]
2)&9(*:!;} + ifip()(:x;) — discleate.
I P (ex)dea ¥ (=X ) dy — Combineoes.

1]

¥ | y=-a¥eb

2

E‘:Y}:G’\Eiﬂ-l—b — ./'{'7 _—_Q-/L;{-\—b > 0’7:&-6’:

% | find ECwl, ECAT, ELawn].
('vy E 2 j(X,y)§ = g %.30&;,)’}) P(x=x, ¥= 2% (3(1,)0) WCT (,.L.lfnl E NG by NJECY)
% & - ’
§9 s prababibyll y Ands X G P
¥ | Snd EL ) + Xy = ELodey) « ELHT . Sum J& 80 5T
B € N Csn iy —
-7
- Theorem: Addition of Means
b Ju'b ol:ls. ow>=9) € | The mean or expected value of a sum of random variables is the sum of the expectations.
indep o6 o 4— E(Xi + X2+ ..o +Xn) = E(x1) + E(X2) + ....... + E(xa)
dep s R
- Theorem: Multiplication of Means
. | The expected value of the product of independent r.v equals the product of the expected values. |
o Vol bed | B
. E(xi x2....... Xn) = E(x1) E(x2) ....... E(xn)

in dQ,P
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Theorem:
Y=a X + 0. X2
G —— — o
- s ani of = Ely-wnt] - ELY] -3 Top o o

2 : 2 2
E}_‘“}. \ [} e’y = az. 6’; A+ Q'}. GX'L “'&Q\QZ 6;‘ q‘l.’;‘xt
v
eqm\s Covafiance
. kX 2 2%
O~y &y = a. 6’; + Q2 Gy +q OL\Q;&EU\/] - M /"‘r)

Yan 2 2
m-l'e,g— '\‘- Xand Xy wefe S.In&?—) oy = a?.. 6’; + Qt‘z. qu.
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Examele $-
let X be asendormn Vortiable with -1 ,G;,;--‘1 , Y is anothu Rancem UorioHe
wih 4 20,6029, Risandher RU St R-Qx-y
/- ER
= AALA-EY = QA -4y = QW -C-) =3
@ Sind e Covetionce Mxy Ly =o.5
/Ufy = G')( G’\, -/?L\/ = (J-)(Ja)@ g') =
i) S\'md oR (var) i ny =0.S
6’@ axd* A Cky G’Y +dayay &6y Joxy

=) + DE) + QDD IUR) 6.5

=13
@) iF X,y one S.Indef $ind Hry (LouwtianCe) , 67@

Covariance =Elmd - M A  — ELEN - M4 -0

O - a7} 4—6"363 +0

WU+ @ = as

—)
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Two Continuous Random Variable:
let Xandy be 4wo endorn Uartiable with Fhe Sd”owing &cir\’( p.d.f

S—x,y CX»/) =\ K osxs\,o\<3\<3§
3%@)@\0:@& *

(o] p) 0-W
W_soly A W

Q) de,\e(mm, e Vahus OQL “H/\L, Consw R , ke
MHme l. ¥* one 'm"ey‘o}ion 9ives At?_u
o0 PN
S .3 g%y(%:y) da éi =1 3 dt 3y ‘*double inl»gjfa};on aim Uolurme.
<N
13 Ldy ' X
s } Rdydx =1
‘Xale dx = | __,A&\J\\gn\fd\ A% o) Jai
d .
3e=1 > K=L S\ o

method Q 3-
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L)
3_
\
T >
}5 0.5
& %—;
0.S
\
3 x=Y
/
-4 = 5
6 6 ,
.
é
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methad 1
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d) P(\/\\/g\) _‘>)’*‘3 = —)\(— X \,—-o $4=3 X:_:l’.
_¥SS 1 dydx +SS 3\_&3&
o % o La
% \ e% T
= % VdY 4 S _L_(J;) dy O s dst B
° 5 s
\
=%+ %\"\’“\ys = % B0 -1nG) = Lx LD

&) P(X<6.S) —> Yae ote tuwo methods Yo Sk it
ORI (X”»Y-v)
® hH o rnamg ino,j‘u/)o‘ff'»on

3

3 oS 9
0 V) sany lyy -y

o.5|

morgpe) ¢¢f
v ¥
(D= | Fay Gy oy o) = § S Gy o

AA’\
@ W= \ L& =)
X }}&g{

oS
h(x)f% ) og)(\<\} = S\ dx = oS —
(o)

ek Yo S’iné g:)(g)

}a(‘o): 3 Y dx = Y ) &3(3):{ A ,o\<353j

(o]
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nofethod - X’x(‘l) . S'DLtD = S’xy (,v) = Since A&ng,am indef.
b () Sncs)

S—x,yCX,y> = jé , egxgliogysd| = % \ o8y < X ’éJ"S{')g
(o) 2 O-\«) C)j o_& () p) o\

PmF’b\/ = ()(=X\‘) y:);) = P (X‘\I;) . P()’=‘,),)
3’;(3 = S'X (3() S':)(':))

Conditional PDF

AL

v I
SY/X(‘3\= M S’X/y (X) = S‘ty ()(’V)
5O 5y
D p(y<1/ X=08D

Nofe. *J‘fla} x/;‘\qs sPe,cf?ic Uodus
20 We Solve it bé usina (ondikional paf.
S‘ \:) /x CB) =

= \

S — &b/xcbkg’l» ‘ °““3§

K=o

) P(°5$ X\<o.7rs/y:l>
3\0/;62;0 Point (3\\)911 ‘D

bo L kel

(VI 0.

n0+€ M ‘gi/a = S'KG) , S-J/’(: S’b CS)
Since i Sukiskically indep
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B'nn)?fuafls
S'xy()(,y)=1 ) 045"\<X<Q — O<\3<'2

o ) o-W 0<% <

it

EXAMPLE (4-1):
Let (X) and (\ ) be continuous random variables with a joi
fxy (X, )= (( =g = 2,2<y<4

1- Fi d/() dl(})

2- Find the nal pdf f/x(y).
3- Find P(2< z)

4- Find P(2< =1)

1
:
‘ 0| 1

q y
5 WO - 3 (6-x-9) &y = S%-\I\)JA—S 4 & = ss_u(z)—ﬁ_“‘
(16 - ) :

|
1(6_‘@_ - e — ‘1__) ¢ 1.
9 l& l¢
=L)_‘X "é— = (‘3—‘/\2 = 6_21
Y Y Y 3
S'a('b) :SS A%_Cé—j-)od)( = gégl)(l) —_é_lo = ngg) _ Jq' - %:L
@ Sy = b o xEXD . Cxw
hw 1 G-an (6-ax)

> )
@p(2gy<?) =3h%§ dy = 5& =%<\) =
L 2 4

-5 _(

8
3

2

00 |-0

ﬁ<{g> = 0.635

@ p(a¢y<3/ %D = by, = doGw _ $(6-%-9)
b, GO Ag(é-Qx)

X=

(5;39 = §3 (9)  means ks . indep. ‘

& oo ¢ r)JIQﬂQA‘\Jy)@"O‘.‘JO‘J
?uydiw‘id:g‘rl—')‘:l’

eL) Lo J2 L.,
..f‘ﬂ\g‘)‘-ﬂf"l
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