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In this lecture you’ll learn

« To treat angular quantities as vectors,
with direction as well as magnitude

— Angular velocity
— Angular acceleration
— Torque

« About angular momentum, the
rotational analog of linear momentum

» To define the vector cross product,
and use it in expressing torque and
angular momentum

« To handle quantitative problems
involving conservation of angular
momentum in one direction

» To describe qualitatively the
phenomenon of precession
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Direction of the Angular Velocity Vector

* The direction of angular velocity is given by the
right-hand rule.

— Curl the fingers of your right hand in the direction of
rotation, and your thumb points in the direction of the
angular velocity vector .

Yo & 5
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Direction of the Angular Acceleration

* Angular acceleration points in the direction of the change

in the angular velocity Ao :
U .. Ao do
o = lim =
At—0 At dt
— The change can be in the same direction as the angular

velocity, increasing the angular speed.

— The change can be opposite the angular velocity, decreasing
the angular speed.

— Or it can be in an arbitrary direction, changing the direction and
speed as well. 3
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Direction of the Torque Vector

* The torque vector is perpendicular to both the force
vector and the displacement vector from the rotation
axis to the force application point. ‘

— The magnitude of the torque is
= rFsing.

— Of the two p033|ble directions
perpendicular to Z andtﬁe
correct direction is given by

the right-hand rule Start with the
] vectors tail to Curl your fingers in a
tail. ", direction that rotates

.. the first vector ()
: onto the second (F).

— Torque is compactly
expressed using the vector

cross product:

A A Then your
T =rX F # “.,  thumb points

7 (out of page) - in the direction
of 7T =rXF.
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The Cross Product

* Forming from two vectors 4 and B a third vector C
of magnitude C = ABsind and direction given by
the right-hand rule is called the cross product:

The cross product C of two vectors A and B is written

[——

C=AXB

and is a vector with magnitude AB sin ), where (7 is the angle between A and B, and
where the direction of C is given by the right-hand rule of Fig. 11.4.

« Some properties of cross S—
vectors tail to Curl your fingers in a
t . tail. ", direction that rotates
p rOd U C S . u 4*’ the first vector (r)

onto the second (Fv).
A A
X B =—Bx
i
x(B+(C)=

Ny
o=

Then your
thumb points
in the direction
of 7=7FXF.
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Angular Momentum

» For a single particle, angular momentum L is a vector
given by the cross product of the displacement vector
from the rotation axis with the linear momentum of the
particle:

Ly il

L=rxp

— For the case of a particle in a
circular path, L = mvr, and L is

upward, perpendicular to the
circle.

— For sufficiently symmetric
objects, L is the product of
rotational inertia and angular
velocity:

“, v is perpendicular
“tor.

A
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Newton’s Law and Angular Momentum

 In terms of angular momentum, the rotational analog of
Newton’s second law is o

dt
— Therefore a system’s angular momentum changes only if

there’s a non-zero net torque acting on the system.

— If the net torque is zero, then angular momentum is
conserved.

« Changes in rotational inertia then result in changes in
angular speed:

Mass closer to
axis: small Z,

large w, same

L=Iw

The skater’s angular momentum
: is conserved, so her angular

e amsamdiee  SP€€d increases when she
artomaxis: - raduces her rotational inertia.

~""large I, small w

STYURENESHEB SN inc. Uploaded By: AyhangNehauai



Conservation of Angular Momentum

* The spinning wheel initially contains all the system’s
angular momentum.

 When the student turns the wheel upside down, she
changes the direction of its angular momentum vector.

« Student and turntable rotate the other way to keep the
total angular momentum unchanged.

The student stands on a She flips the spinning

stationary turntable holding a wheel, reversing its angular

wheel that spins counterclockwise; momentum. The total angular

the wheel’s angular momentum momentum is conserved, so i
points upward. turntable and student (ts) must ts

rotate the other way.
- ota ee o ﬁl‘total
4 5 2
Y\ =, S,
ﬁ | | |
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Precession

* Precession is a three-dimensional phenomenon
iInvolving rotational motion.
— Precession occurs when a torque acts on a rotating

object, changing the direction but not the magnitude of its
angular momentum vector.

— As a result the rotation axis undergoes circular motion:

Precession of a gyroscope Precession slowly changes
Change AL is also into the page, the d|reCt|On Of Earth,s rOtatIOn aX|S

so the gyroscope precesses, its tip

describing a circle. .
T()['L]UC causes axis

s gon 5 to precess.
e mm— - ~ BAL P :
- ~ < S E
Q %L - =)
N ~ 7 ? ] N
dEe/ / e ¥ NOW\%L 13,000 years Near side is closer
% . b
‘ s/ ) 7 points into s S .
E por ; s iitiine to Sun, so‘F1 > F5;
o P : the result is a
1 > ﬁl torque.
Gravity exerts S —
a torque about the y .

pivot; 7 = 7 X Fis
into the page. / Sun
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* Angular quantities are vectors whose direction is generally
associated with the direction of the rotation axis.

— Specifically, direction is given by the right-hand rule.

— The vector cross product provides a compact representation
for torque and angular momentum.

Start with the
vectors tail to Curl your fingers in a

%) tail ., direction that rotates
. the first vector ()

..--onto the second (I':).

%

% Then your

‘ thumb points
"""" in the direction
of 7=7FXF.

7 (out of page)

— Angular momentum is the rotational analog of linear
. = A A . - A
momentum: 7, = x p; with symmetry, L = /.
— In the absence of a net external torque, a system’s angular
momentum is conserved.
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