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PROBLEM 5.1

Locate the centroid of the plane area shown.

SOLUTION
Y—-) l-— O !S II'I o
X
A, in? X, in y,in XA,in’ yA,in®
1 8 0.5 4 4 32
3 25 2.5 75 75
T 11 11.5 39.5
XZA=XA
X(11in*)=11.5in’ X =1.045in. <
YZA=ZVA
Y(11)=39.5 Y =3.59in. 4
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Y PROBLEM 5.2

.

72 mm

|

—»‘301rnlrnL7481rnm—> '

Locate the centroid of the plane area shown.

SOLUTION

For the area as a whole, it can be concluded by observation that

7=§(72mm) or Y =48.0 mm <«

Dimensions in mm

X
A, mm? X, mm XA, mm>
1 %x30><72=1080 20 21,600
2 %x48><72 =1728 46 79,488
z 2808 101,088
Then XA=XxA X (2808) =101,088 or X =36.0mm <«
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PROBLEM 5.3

Y (10,422 m?) = 270,020 mm’

30_1Aﬂm // Locate the centroid of the plane area shown.
54 mm
X
48 mm
54 mm 72 mm
SOLUTION
Al :': (2-42)
/ Gt - —f
1< (34410)
27 I o I
b %
S
® T
Q2-L63)—
- 48
26
A, mm? X, mm Yy, mm XA, mm® YA, mm?
126 x54 = 6804 9 27 61,236 183,708
1
2 §X126X30 =1890 30 64 56,700 120,960
3 %x72><48 =1728 48 -16 82,944 —27,648
)y 10,422 200,880 277,020
Then XTA=3XA
X (10,422 m?) = 200,880 mm? or X =19.27mm <«
and YZA=3YA

or Y =266mm 4
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Y
it PROBLEM 5.4
ST_ Locate the centroid of the plane area shown.
O 1.
6 in. 6 [n.
X
SOLUTION
Y ke A tn. —>

— g
o y 7.5 .
4 n.

4 \n,
A,in? X,in y,in XA, in’ YA, in®
1
1 5(12)(6) =36 4 4 144 144
2 (6)3)=18 9 75 162 135
T 54 306 279
Then XA =XXA
X (54) =306 X =5.67in. 4
YA=3YA
Y (54) =279 Y =5.17in. 4
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PROBLEM 5.5

Locate the centroid of the plane area shown.

X
SOLUTION
4 Y
T Sh.
/O M, f—
r= . ¥
S |
_l_ ® 4!
2= 2oL 270 S Wz
By symmetry, X=Y
Component A, in? X, in. XA, in’
I Quarter circle %(10)2 ~78.54 42441 33333
1I Square —(5)2 =-25 2.5 —-62.5
z 53.54 270.83
XZA=3xA: X(53.54in)=270.83in’

X =5.0585 in.

X =Y =5.06in. 4
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! PROBLEM 5.6
6 in. 8in.
’_{ Locate the centroid of the plane area shown.
\ 8 in.
o 12 in.
X
SOLUTION
h N
® -1 Ny
¢t -
l \—Df N, / 'z
| @ l
~l7 - X *
A,in? X, in. y, in. XA, in’ YA, in®
1 14x20=280 7 10 1960 2800

2 —7(4)*=—-167 6 12 -301.59 -603.19

h) 229.73 1658.41 2196.8
Then x = 2xA_165841 X =7.22in. 4

YA  229.73
y-2yA_21968 Y =9.56in. 4
YA 229.73
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PROBLEM 5.7

Locate the centroid of the plane area shown.

X
I<—3in.—>i<—3in.—>l
SOLUTION
K %(#)i_o. sainl 2wy
-1_ P .n
2. g — |+ = o =
1 XL
— T x L : y
l-—3»._ ——|—-3z$;. —J (3 ~0.849)=2.1871n)
By symmetry, X=0
Component A, in’ y,in. YA, in®
I Rectangle (3)(6) =138 1.5 27.0
I | Semicircle —%(2)2 - 6.8 2.151 ~13.51
T 11.72 13.49
YIA=3ZYA
Y(11.72in?)=13.49in’
Y =1.151in.
X=0
Y =1.151in. <
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PROBLEM 5.8

Locate the centroid of the plane area shown.

SOLUTION
Y 4(60)
3R = 25.465 miwr Y
f 120-25.465 - C,
60 vl\m l = 945.435 mm ©) | __—f 25. 465 win
e X e X
-30wmwm - 25.465 wm
A, mm? X, mm y, mm XA, mm’ YA, mm®
(60)(120) =7200 =30 -216x10° 432x10°
%(60)2 —2827.4 25.465 95.435 72.000%10° 269.83x10°
—% (60)> = —2827.4 _25.465 25.465 72.000x10° | —72.000x10°
7200 —72.000%x10° 629.83x10°
Then XA=XxA X (7200)=-72.000x10° X =-10.00 mm <«
YA=XJA Y (7200)=629.83x10’ Y =87.5mm <«
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v PROBLEM 5.9

120 mm i

Locate the centroid of the plane area shown.

r="75mm

SOLUTION

y 3
157.5 wmwm —> ‘ _’_>
(D: @ - @ + ‘
o \ e[ $15-31.830
25 mwm G 2 37.5 mwm 1y = 43 1 6Amm

X |<_____.» b S

80 mm 195 - 31,831 = \63.\&\ A
A, mm? X, mm y, mm XA, mm? VA, mm?
I ~(120)(75)= 4500 80 25 360x10° 112.5x10°
2 (75)(75) =5625 157.5 375 885.94x10° 210.94x10°
3 —%(75)2 =-4417.9 163.169 | 43.169 | —720.86x10° | —190.716x10°
by 5707.1 525.08x10° 132.724x10°
Then XA=XXA  X(5707.1)=525.08x10’ X =92.0mm <
YA=3IyA  Y(5707.1)=132.724x10° Y =23.3mm «
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’ PROBLEM 5.10
Locate the centroid of the plane area shown.
X
SOLUTION
First note that symmetry implies X=0 <
\1
4xiz IN. 1
@ W 418\
= - 3T )
CZ ® (‘_|" B
X X
A,in? ¥, in. YA, in®
2
1 _r®) —100.531 3.3953 -341.33
2
2 7127 _ 52619 50030 | 1151.99
p) 125.659 810.66
— .3
Then Y = zyA _3810.66 1n2 or Y =6.45in. <
XA 125.66in
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e | Veres PROBLEM 5.11
arabola
Locate the centroid of the plane area shown.
L r= LSiJ x
4.5 m—t<~—4.5m
SOLUTION
First note that symmetry implies X=0 <
4 M
2_;3 - 4.8
[©) — 3K
S R
A, m? y, m YA, m?
4
1 §x4.5><3=18 1.2 21.6
2 —%(1.8)2 = —5.0894 0.76394 | —3.8880
p) 12.9106 17.7120
- 3
Then ?ZZyA=17.7120m2 or Y=1372m <
XA 129106 m
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Y
— PROBLEM 5.12
B 200 lmm Locate the centroid of the plane area shown.
=k x
| | |
240 mm 240 mm
SOLUTION
;?(4@):.?&07»:'»7
J a r 2 )= 180 o
;(2?):@)#»7 200wy SO0 mwmm
- .
T .1 | z
2490 mm | 240m™ 40 vm 240mm
/30-[209)=50 ™ %/fo) =78
Area mm’ X, mm Yy, mm XA, mm? YA, mm?
6 6
1 %(200)(480) —32x10° 360 60 11.52x10 1.92x10
6 6
2 —%(50)(240) = 4x10° 180 15 | 7072107 1 ~0.06x10
3 28%10° 10.80x10° 1.86x10°
XTA=3XA: X (28%x10°mm?) =10.80x10° mm’
X =385.7 mm X =386 mm «
YSA=3YVA: Y (28x10°mm?) =1.86x10° mm’®
Y =66.43 mm Y =66.4mm <
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Y PROBLEM 5.13

Parabola

50 mm| Vertex

Locate the centroid of the plane area shown.

15 mm
—
‘4— 80 mm———
SOLUTION
= 1Smm
A, mm’ X, mm y, mm XA, mm’® YA, mm’®

1 (15)(80) =1200 40 7.5 48x10° 9%10°

2 %(50)(80) =1333.33 60 30 80x10° 40x10°

) 2533.3 128%10° 49%10°
Then XA=XXA

X (2533.3) =128 %10° X =50.5mm <«

YA=3YyA
Y (2533.3) = 49x10°

Y =19.34 mm <«
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v PROBLEM 5.14
x=ky? — Locate the centroid of the plane area shown.
b =4in.
X
L;a =8 in———
SOLUTION
L.‘
A 2
3 %8
ax4 !
[S) _ 3% 4
| T
Cz o)
X R
Dimensions in in.
A,in? X, in. y,in. XA, in® YA, in®
2
1 g(4)(8) =21.333 4.8 1.5 102.398 32.000
1
2 —5(4)(8) =-16.0000 5.3333 1.33333 85.333 -21.333
) 5.3333 17.0650 10.6670
Then XTA=3XA
X (5.3333in?) =17.0650 in> or X =320in. 4
and YZA=3Z)A
Y (5.3333in%) =10.6670 in® or Y =200in. <
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9 PROBLEM 5.15
47 mm 47 mm
Semiellipse — 7 Locate the centroid of the plane area shown.
26 mm
+I 1]
X
70 mm
SOLUTION
Dimensions in mm
1 4x20
3IN
______ %
- (41-%)

A, mm?> X, mm Yy, mm XA, mm? VA, mm?

1 %x47x26=1919.51 0 11.0347 0 21,181
1
2 5><94><70 =3290 —15.6667 —23.333 —51,543 —76,766
)y 5209.5 —51,543 —55,584
Then x==¥A 5143 X =-9.89mm «
A 5209.5
y=ZYA_55584 Y =-10.67 mm <
A 5209.5
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PROBLEM 5.16

Determine the x coordinate of the centroid of the trapezoid shown in terms of

/j hy, hy, and a.
hy

SOLUTION

L\ z
1L+
[ . "
| -
&\
A x XA
1 lhla %a éhla2
2 lhza za zhza2
2 3 6
1 2(hy +2h,)
b —a(h, +h,) 64 VT
_ YTA Ld*(h +2h _ hy+2h
XZZxA_6 (hy 2) X:la 1 2
3 h+h,

A La(h +hy)
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PROBLEM 5.17

For the plane area of Problem 5.5, determine the ratio a/r so that the
centroid of the area is located at point B.

SOLUTION
9 91 Y
IT — T — - a —
r i = r|q, =17
| ° o
_L L ¥ J : ¥ [ 1 ¥
oo i HEe
By symmetry, X =Y. For centroid to be at B, X =a.
Area x XA
1 4 1
I Quarter circle —rr’ il -
4 3z
1 1 5
II Square —a? —a ——a
q a 5 5
z Zrz—az lr3_la3
4 32
Xxa=zxa x| Zr-g|=lp Ly
4 3 2
Set X =a: al Zr? - a2 =lr3—la3
4 3
la3—£r2a+lr3 =0
2 4
.. 1 5 aY ma 2 a
Divide by —r”: —| —=—+==0 —=0.508 4
2 r 2r 3 r
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J PROBLEM 5.18

Determine the y coordinate of the centroid of the shaded area in
terms of ry, 1y, and c.

SOLUTION
\.‘
\.‘
G+ - G 4
ST @ v« LLO X,
X ‘V\ 0(1 1X
First, determine the location of the centroid.
sin(£ -«
From Figure 5.8A: Y, = gr2 M A, = (£ - a] ry
37 (2-a 2
—2r cos o
=5h
37°(5-9)
. _ 2 cosx T 2
Similarly, V== A= =-al;
-e) 2
. 2 coso |(x 2| 2 cosa |(x 2
Then ZyA:—rzﬂ— T-a|n =S| -5
37 (5-a)[\2 37 (5-a)l\2
:%(rz —1)cos
and mz(ﬁ_ajrzz_(f_ajrf
2 2
|7 _ 2 2
-(5-a)-)
Now YZA=ZYA

rz"’—rl3 2cos o <
- \7-2a

~
1
7\
N
|
N
N——
—_—
l\)ﬁ“
|
—
[ %)
SN—
| I
|
| Do
—_
oy
|
—

[98)
S—
(@)

o
w
N
~
1]

W |
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Y PROBLEM 5.19

Show that as r; approaches r,, the location of the centroid
approaches that for an arc of circle of radius (7 +r,)/2.

N P

SOLUTION
\.\
\.‘
CZ. T - < _L
ST @ et £LO AT,
X ‘& 0(’ 1 b S
First, determine the location of the centroid.
sin(% -«
From Figure 5.8A: Y, = zr2 —( 2 ) A = (Z - aj r
37 (2-a 2
—2r cos
=%h
37 (5-2)
. _ 2 cosux V4 )
Similarly, Y =—h——— A=|=-als
3 (%—0{) 2
gl G- a5
37°(2-a)[\2 3 (2-a)|\2
2
—g(r2 rf)cosa
and sA=|Z - - T a r
2 2
z(g_aj(r; )
Now YZA=XYA

r -1 \(2cos &
ot \7m-2a
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PROBLEM 5.19 (Continued)

Using Figure 5.8B, Y of an arc of radius %(r1 +1,)is

— sinZ -«
R il
2 (Z-a)
1 coso
=—(f+1)——— 1
A (1)
Now rzz ;]Z:(rz_”l)(r22+’irz+”12)
n—n (r,=1r)(r, +1)
_ B Ann+R
r2+r1
Let r=r+A
n=r—A
1
Then r=5(r1+r2)
and B=1 _ (r+ A +(r+A)r—A)(r—A)?
2 —r (r+A)+(r—A)
3+ A
2r

In the limitas A —- 0 (i.e., ; =r,), then

3.1
==X—(r+r
2 2(1 2)

So that fzzxi(rl+r2)cosa or ¥=(r+n) oS 4
3 4 e T-2a

which agrees with Equation (1).
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Y
0.24 in.

T

0.24 in.

PROBLEM 5.20

The horizontal x-axis is drawn through the centroid C of the area shown, and

it divides the area into two component areas A; and A,. Determine the first
0.84 in. A, moment of each component area with respect to the x-axis, and explain the
l results obtained.
f c x
0.60in./ Ay

kN

L0.72 in><0.72 in.*‘

SOLUTION

Length of BD:

0.84in.

=0.48+0.56=1.04in.

BD=0.48in.+(1.441in.—0.48in.) - -
0.84 in.x0.60 in.

Area above x-axis (consider two triangular areas):

0, =3Xy,=(028 in.)B(o.m in.)(1.04 in.)} +(0.561n.) [%(0.84 in.)(0.48 in.)}

=0.122304 in> +0.112896 in°
0, =0.2352in’ <

Area below x-axis:

0, =XyA=-(0.401n.) [é (0.601in.)(1.44 in.)} —(0.201n.) {% (0.60 in.)}

=-0.1728 in® —0.0624 in*
0, =-0.2352in’ <

IQI=10, 1, since C is centroid and thus, Q=~XyA=0
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y PROBLEM 5.21
‘-— 40—-—-—40—‘
- The horizontal x-axis is drawn through the centroid C of the area shown,
20 A and it divides the area into two component areas A; and A,. Determine the
50 ‘ first moment of each component area with respect to the x-axis, and
C r explain the results obtained.
65
(‘2
»‘ 20 L
Dimensions in mm
SOLUTION
*'— &0 > | Dimensions in mm
1 L /7%y
20 A
3
/} 7“5': 2\(
/,C T *
/ / 328
88 s
/‘ A,
//
- —| 20 b—
Area above x-axis (Area A,):
0, =ZyA=(25)(20x80) + (7.5)(15%20)
=40x10° +2.25x10°
0, =42.3x10° mm® «
Area below x-axis (Area A,):
0, =XyA=(-32.5)(65%x20) 0, =-423x 10° mm® «
|Q,1=10,l, since C is centroid and thus, Q=XyA=0
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I ]

60 mm | H’T{ g f %7{ ¥;; g A composite beam is constructed by bolting four

19 mm 9‘ 0 plates to four 60 X 60 X 12-mm angles as shown.
The bolts are equally spaced along the beam, and
the beam supports a vertical load. As proved

mm 12 mm
!4?300 j | PROBLEM 5.22

a
@]

. ~ 450 mm . " in mechanics of materials, the shearing forces
exerted on the bolts at A and B are proportional to
60 mm the first moments with respect to the centroidal
’3* x-axis of the red-shaded areas shown, respectively,
_{_ﬁj p ﬁL rmj ] g in parts a and b of the figure. Knowing that the
T' : T ’ I force exerted on the bolt at A is 280 N, determine
12 mm 19 mm the force exerted on the bolt at B.
(a) (b)
SOLUTION
©

L .
.. 8

22€ wvam
X
From the problem statement, F is proportional to Q,.
Therefore, LV i, Fg= @y Fy
Qs Qg (Q)a
. 12
For the first moments, Q)= (225 + ?) (300x12)
= 831,600 mm”
(0,)5=(0)A+ 2(225 —%)(48x12) +2(225-30)(12x60)
=1,364,688 mm’
Then Fy =M(280 N) or F =459N «
831,600
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Y PROBLEM 5.23

T The first moment of the shaded area with respect to the x-axis is denoted by Q..
— (a) Express Q, in terms of b, ¢, and the distance y from the base of the shaded
¢ f area to the x-axis. (b) For what value of y is O, maximum, and what is that
| maximum value?

i

SOLUTION T /////
Y 1
Shaded area: e 1; Lles y\) =y
A=b(c—y) -
0,=YA e
1 X
_E(C+ Vlb(c—y)] | _ '
1
(a) 0, =b(c* =y <
(b) For Q... DQ_h o lb(—2y)=0 y=0 4
dy 2
For y=0, @)= (©)=3bc* <
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Y PROBLEM 5.24

A thin, homogeneous wire is bent to form the perimeter of the figure
indicated. Locate the center of gravity of the wire figure thus formed.

72 mm

|

—»‘301rnlrnL7481rnm—> '

SOLUTION

First note that because the wire is homogeneous, its center of gravity will coincide with the centroid of the
corresponding line.

b
©)
®
@
X
L, mm X, mm Yy, mm yL, mm? yL, mm?
1 302 +722 =78 15 36 1170.0 2808.0
2 48% +72% =86.533 54 36 4672.8 3115.2
3 78 39 72 3042.0 5616.0
> 242.53 8884.8 11,539.2
Then XZL=XXL

X (242.53) =8884.8
or X =36.6 mm <«

and YXL=3XYyL
Y (242.53)=11,539.2

or Y =47.6 mm 4
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y PROBLEM 5.25
30 fum // A thin, homogeneous wire is bent to form the perimeter of the figure
y indicated. Locate the center of gravity of the wire figure thus formed.
54 mm
48 mm
54 mm 72mm
SOLUTION
Y
©)
@ ®
®
®
L, mm X, mm y, mm xL, mm? yL, mm?
1 72% + 48% =86.533 36 24 3115.2 -2076.8
2 132 72 18 9504.0 2376.0
3 1262 +30% =129.522 9 69 1165.70 8937.0
4 54 =54 27 -2916.0 1458.0
5 54 =27 0 -1458.0 0
z 456.06 9410.9 10,694.2
Then XIL=3XXL
X (456.06) =9410.9 or X =20.6 mm <
YEIL=3YL
Y (456.06) =10,694.2 or Y =234 mm «
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l«<— 6 in. —»‘4— 6 in. 4>‘

3in.

6 in.

PROBLEM 5.26

A thin, homogeneous wire is bent to form the perimeter of the figure
indicated. Locate the center of gravity of the wire figure thus formed.

6 in.

SOLUTION
Y
®
o @ @
® ©)
L, in. X, in. y,in xL,in? YL, in*
1 V122 +6%2 =13.4164 6 3 80.498 40.249
2 3 12 75 36 22.5
3 6 9 9 54 54.0
4 3 6 75 18 22.5
5 6 3 6 18 36.0
6 6 0 3 0 18.0
T 37.416 206.50 193.249
Then XXL=3xL  X(37.416)=206.50 X =5.52in. <4
YEIL=XYL Y (37.416) =193.249 Y =5.16 in. 4
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PROBLEM 5.27

A thin, homogeneous wire is bent to form the perimeter of the figure
indicated. Locate the center of gravity of the wire figure thus formed.

SOLUTION

By symmetry, X =Y.

L, in. X, in. yL, in*

1

l;z(10) =15.7080 210 _ 6.3662 100

2 T
2 5 0 0
3 5 2.5 12.5
4 5 5 25
5 5 7.5 37.5
b 35.708 175

Then XIL=3xL  X(35.708)=175

X=Y=490in. 4
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’~80mm ‘ L ' PROBLEM 5.28
B V_

‘D The homogeneous wire ABCD is bent as shown and is attached to a
¢ hinge at C. Determine the length L for which portion BCD of the
wire is horizontal.

SOLUTION

First note that for equilibrium, the center of gravity of the wire must lie on a vertical line through C. Further,
because the wire is homogeneous, the center of gravity of the wire will coincide with the centroid of the
corresponding line. Thus,

X =0 sothat X L=0

6.0 9 © O

RS

Then §+ (=40 mm)(80 mm) + (—40 mm)(100 mm) =0

I? =14,400 mm? L=120.0 mm <«
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['smnm ’ L | PROBLEM 5.29
B ha

The homogeneous wire ABCD is bent as shown and is attached to a

60—11; N\ i(: hinge at C. Determine the length L for which portion AB of the wire
\| is horizontal.
A
SOLUTION
FLleas)=0.4L =8 _fo _oar
32w o 7o ﬁg'?‘: “ao "%
Cqso_(: O X

8= 60 wm

ﬁg: 100 mm

B

LT ar= WewnT PR
DMT LEMSTNT

W, =80w  W;=100w W =Lw
D)IMe =0 (80w)(32)+(100w)(14) — (Lw)(0.4L) =0

7 =9900 L=99.5 mm <
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PROBLEM 5.30

The homogeneous wire ABC is bent into a semicircular arc and a straight section
as shown and is attached to a hinge at A. Determine the value of 8 for which the
wire is in equilibrium for the indicated position.

SOLUTION
First note that for equilibrium, the center of gravity of the wire must lie on a vertical line through A. Further,
because the wire is homogeneous, its center of gravity will coincide with the centroid of the corresponding
line. Thus,

X=0
so that 2xL=0

1 2r
Then ——rcos@ |(r)+| ——rcos@ |(7r)=0

2 V4
or cosf =

1+27
=0.54921
or 6=56.7° 4
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A PRO

BLEM 5.31

A uniform circular rod of weight 8 Ib and radius 10 in. is attached to a pin at C and
; to the cable AB. Determine (a) the tension in the cable, (b) the reaction at C.

SOLUTION

For quarter circle,

(@) )IM =0: W(
(b) +, 3TF =0:
+ ZF, =0:

_ 2r
r=—
2)—Tr=0
T
T =W(£) _@ 1b>[3]
T T
T-C.,=0 5091b-C, =0
C,-W=0 C,-8lb=0

= ;'-\” ?)‘=8/b

-c—x:fﬂ/é S 3

T=5091b «
C,=5.091b~—
C,=81bf

C=9.481b ™ 57.5° 4
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1 PROBLEM 5.32

Determine the distance £ for which the centroid of the shaded

It area is as far above line BB’ as possible when (a) k = 0.10,
i (b) k=0.80.
B —kp —| B
I h 1
SOLUTION
H 9
a
¥
© | O\ }
. b— % beb ™
A y yA
1 lba la lazb
2 3 6
2 —l(kb)h Ly L2
2 3
s %(a —kh) é(az —kh?)
Then YZA=XYA
=| b b, , 2
Y|—=(a—kh)|=—(a" —kh
{2( )} 6( )
2 2
or Y _a —kh” 1)
3(a—kh)
v _ _ (2 _ AYSS
ond dY _ 1 —2kh(a—kh) (a2 k*)k) _
dh 3 (a—kh)
or 2h(a—kh)—a* +kh* =0 )

Simplifying Eq. (2) yields
kh* —2ah+a* =0
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PROBLEM 5.32 (Continued)

_ 2a£\(-20)’ ~4(k)(a’)
- 2k

SCPN

Then

Note that only the negative root is acceptable since & < a. Then

(@) k=0.10
a

h—O.lo[l—«/l—O.IO] or h=0513a 4
(b) k =0.80
a

hzo.go[l—\/l—O.SO] or h=0.691a 4
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1 PROBLEM 5.33

a Knowing that the distance / has been selected to maximize the
f distance y from line BB’ to the centroid of the shaded area,
h —
| show that y =2h/3.

SOLUTION
See solution to Problem 5.32 for analysis leading to the following equations:
2 g2
}7 _ a kh (1)
3(a —kh)
2h(a—kh)—a* +kh* =0 )
Rearranging Eq. (2) (which defines the value of 4 which maximizes Y) yields
a* —kh* = 2h(a —kh)
Then substituting into Eq. (1) (which defines Y),
_ 1 = 2
Y =———X2h(a—kh) or Y==h <4
3(a —kh) 3
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Y PROBLEM 5.34

¢ Determine by direct integration the centroid of the area shown. Express your
T answer in terms of a and A.

SOLUTION
h

We have y=—Xx |
a

d dA=(h-y)d
" - (R
=h|1-=|d :
( aj ) bx Al *
Xpp =X

a 2 a4
Then A:J.dAzj n1=F g =n|x=22 ] =Lan
0 a 2a o 2
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'/‘ PROBLEM 5.35

= — ka3 . . . . .
T y =h(l - k%) Determine by direct integration the centroid of the area shown. Express
h your answer in terms of @ and A.

SOLUTION
y=h(-ke)
For x=a, y=0. - >
0=h(l-ka') n N y
1 Jee Ly

2 2a°  7a° o 28
(3 3, _
xA—.[xELdA x(zah)—ﬁah x=—a 4
_ (3 , _ 3
A=[y,dA ¥ Zah|=—ah =2n <«
Y IYEL y(4aj a y 7
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v PROBLEM 5.36
y:mx T
Determine by direct integration the centroid of the area shown. Express
h your answer in terms of a and h.
y=ka? \
X
| a
SOLUTION
\‘
At (a, h), y: h=ka*
or kziz
a i
A 4
vt h=ma [ gh =y
X
or m :ﬁ L—- X -—l -— d%X
a
Now Xg =X
— 1
YL :5()’1 +¥,)
and dA=(y, —yl)dx=[ﬁx—%x2}dx
a a
=£2(ax—x2)dx
a
Then A=IdA=Iu%(ax—x2)dx=iz a2 a1,
0 q a 2 3 0 6
— a h 2 h|a 3 1 4 ¢ 1 2
and XgdA=| x|—(ax—x")dx=—|—x ——x" | =—a’h
IEL jo [az( ) a2[3 4 L 12
— 1 1
IyELdAZIE(yl + )y, = y)dx] =J.5(y§ — 37 Jdx
1ea( W2 5, W,
=— X ——x" {dx
20 4? at
24% 3 5
0
=iah2
15
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PROBLEM 5.36 (Continued)
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y PROBLEM 5.37
x = ky?
—‘— Qﬁ Determine by direct integration the centroid of the area shown.
a
L y =kx2
SOLUTION
X
Y2 = s y1=kx2
) 1
But a=ka", thus, k=—2
a
2
Yo =qax, Yy =—
a
Xg =X
2
dA = (y, — y))dx = | Jax - = |dx
a
a x2
A:jdA:j Jax -2 |dx
0 a
_ g\/;x3/2_x_3 azlaz
3 3a | 3
J-)_c dA—J.ax w/ax—x—2 dx—ja \/Zx3/2—x—3 dx = z\/gxm—i a—icf
t 0 a 0 a 5 4a | 20
— _(1 2 3 3 — Y9a
XA=|xgdA: X|—a |=—a X=—
I B (3 j 20 20
By symmetr __)?_9_a |
ysy Yy, Yy 20
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Y PROBLEM 5.38

Determine by direct integration the centroid of the area shown.

SOLUTION

b 7 2 9
For the element (EL) shown, =— - I
(EL) show y=—Na—x X ——= p—dx

and dA=(b-y)dx E —LT
—
\-1

=£(a— az—xz)dx :ie\_
¢ i

Xgp =X

X
_ 1
YEL :5()""17)

_ 2 (g7

" 2a
Then AzjdAzjaé(a— e —xz)dx
0a
To integrate, let x=asin@: a’>—x*> =acosf, dc=acos8do
2 h
Then A=J.0 —(a—acos@)(acosBdB)
a

/2

= é[az sin@ —a’ (2 + sinz—eﬂ

a 2 4

0
= ab(l—zj
4
and YELdAzj-:x{é(a—\/az -x* )dx}
a

72

22{(3)(24_1(612_)(2)3/2)}
al\2 3 0

=la3b

6
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PROBLEM 5.38 (Continued)
_ b i) L 2_ 2
IyELdA=I —(a+ a” —x )[—(a— a” —x )dx}
0 2a a
b opa B (5 “
= de=——| 2
200 ) E T3 ,
:lab2
xA_ijLdA % ab(l—fj Lo or T=—24_ <
3(4-rm)
— — — Y\ _1 5 —_2b
yA—IyELdA y ab[l——] =—ab r y——3(4_”) <4
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y PROBLEM 5.39

Determine by direct integration the centroid of the area shown.

n

SOLUTION

First note that symmetry implies x=0 4

For the element (EL) shown,

2
¥, =— (Figure 5.8B)
T

dA = rrrdr

Then A:jdA:J':mdrzﬂ ; :2 =%(r22—r12) *
and [Fevda= j %(mdr) = 2[% r3j - %(r; )

50 7= [ Ve ?B(rf—ﬁz)}%(rf—rf) or y=%% <
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v PROBLEM 5.40

Determine by direct integration the centroid of the area shown. Express
b your answer in terms of a and b.

SOLUTION

b
y=kx* but b=ka> vy =—2x2

a
=k,x* but b=k,a* LA
Yo =Ky 2 Y2 p
4
dA=(y2—yl)dx=i2 xz—x—z dx
a a

Xg =X
_ 1
YEL :E(yl +¥,)

b 2 X4
Y X+ —
2a a

A=J.dA=;L2J.: xz—z—z dx

_b[2 2T
a’l 3 54° 0
2.,
15
B 4
xELdAzj'o x% xz—z—z dx
b ra 3 .XS
=— - d
a’?do ! a’ !
_bfxt T
a2 4 2
=ia2b
12
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PROBLEM 5.40 (Continued)

_ a p 2
ijLdAZIOW X+

b opaf 4 A
4

2q*Jo a

2.5 97
b | x  x 2

S R T -

2a*| 5 9a*| 45
_ _ (2 1 5 _ 5
XA=|x,dA: X|—ba|=—a’b x==a 4

IEL (15 j 12 8
_ _ (2 2 5 _ 1
A= dA: —ba |=—ab =—)h <4
Yy .[yEL y[lS ) 45 y 3
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I PROBLEM 5.41
y=2b—cx2
Determine by direct integration the centroid of the area shown. Express your
answer in terms of a and b.
2[) —'T-
T
T X
‘<—d—>
SOLUTION
First note that symmetry implies y=b 4
At x=a, y=b
y b=ka®> or k—i R % ax
1 612 _‘l r
Then = %xz \1'
2
. iy
yy: b=2b—cad’ " 4 X
or c= b
e
2
X
Then v, =b| 2~- P
x? b
Now dA=(y, —y)dx, =| b| 2= |- —x" |dx
a a
2
=2b[1-25 |dx
a
and Xg =X
4 2 3
Then A=[aA[ “2b| 125 |dx=2b| x— 2 —2ab
0 a 3a” |, 3
2 2 4 ¢
— a 1
and [Feda =[x\ 2b| 1-=5 |ax |= 26| =2 | ==’
0 a 2 4a 0 2
_ _ _(4 1, _ 3
XA=|xydA: x| —ab|=—a’b x==a 4
I B (3 J 2 8
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<

7) PROBLEM 5.42

Determine by direct integration the centroid of the area shown.

~

SOLUTION

STUDENTS-HUB.com

_ _ 1
X =X Ve ZE)’ dA=ydx

2L 31|
2 2 3
ijLdA J'x;{ +%—2—]dx hj [ +T—2; de

L
2 3 4
_,{x_+1x__zx_} L

L 2 2 L
A:jdA:j W1+ -22 |dx=h LT Y
0 L P 6

2 3L 47 3

fA:J'xELdA: x[éthzthz 7=21 4
6 3 5

5 _ 1 X x2
A==hL =— =h|1+—-2—
6 YEL 2y Y ( L sz

IyELdA_ jyzdx——j( %—Z—Tclx

WL x? x* X X X
270 L L L L L

2 3 5 2 3 4F
hz{ X4 x__‘i_x_} 4,0,

_ _(5 4 ,
A= dA: —hL |=—h"L =—h |
y J-yEL y[G ) 10 y 75
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y PROBLEM 5.43
Determine by direct integration the centroid of the area shown. Express
your answer in terms of a and b.
X
SOLUTION
2b A X dx
For y,at x=a, y=2b, 2b=ka’, or k==
a
My
Then i =2—l;x2 X Q M
a r:kl. LS
. b X
By observation, Vo =——(x+2b)=b| 2——
a a
Now Xg =X
and for 0<x<aq, YeL =ly1 =izx2 and dAzyldngxzdx
2 a a
_ 1 b X X
For a<x<2a, Ve ==Y, =—|2——| and dA=y,dx=b|2—— |dx
2 2 a a
_ B ap 2 2a X
Then A—jdA—IO azx dx+ja b(2 a)dx
o[ T 4
a”| 3 2 a 6
0 0
_ (e (2, 2a X
and X, dA _J'O ){a—zx dx)+ja x[b(z ;)dx}
4@ 3 2a
:2_127 .X_ +b X2 _.X_
a’ | 4 0 3a o
_1 5 2 2 1 2 3
=a b+b{[(2a) ~(a) ]+§[(2a )—(a) ]}
=Za2b
6
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PROBLEM 5.43 (Continued)
5oda= [ 2] 28 2Dl X ploX
[Faaa=| pr [azxdx}jo 2(2 aj[b(z a)dx}
2a
2b% | X b* a( xf
= S IR ) [ Pl
at | s 2|1 30U a
zﬂab2
30
Hence, EA=IEELdA: f(zabjzzazb x=a 4
6 6
_ (7 )\ 17 , 1
yA—ijLdA y(gabj—30ab y—35b4
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y PROBLEM 5.44

x = ky?2
Determine by direct integration the centroid of the area shown. Express
your answer in terms of a and b.

DO |

o |

a a X
<—3—><—7

2

SOLUTION
_ _ ) _4a
For y, atx =a, y=b, a=kb", or k_b_2 9 . e
Then yzzixllz |
Ja f 9.
N I
Now Xy =X \1{1 1 .
1/2
a _ Y, bx
and for 0<x<—, =22 _Z2
L2
dA=y,dx=b—=dx
’ Ja
a 1 b(x 1 x?
For —<x<a, Vo, =—(y,+y,)=—| ===+ ——
2 YEL 2()’1 y2) 2l a2 \/;
1/2
X x 1
dA=(y, —y)dx=b| —=——+—|dx
a2 B 1/2
Then A:jdA:j bx_dx+j b x__ﬁ_f_l dx
0 \/g al2 \/; a 2
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PROBLEM 5.44 (Continued)

172

a a 1/2
and EELdAzj-O/zx{bede+J. /zx{b(%—f+%ﬂc{x
a a a a
2 al2 252 3 P ¢
= |Z b R
I{XL{SI W4,
_2 b a 5/2 . a 5/2
—Eﬁl(zj (3]
() [ o fa)
o]
o

= —a2
240

ijL Ialsz{ de}

= ﬂabz
48
Hence, XA = IJ_CELdAZ )_c(;—iabj = 27410 *b

— — (13
yA:ijLdA: y(aab] Ty ab®

f=1—7a 0.546a 4
130

y=p_0423) <
26
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v PROBLEM 5.45

AN A homogeneous wire is bent into the shape shown. Determine by direct
r \45" integration the x coordinate of its centroid.

SOLUTION

First note that because the wire is homogeneous, its center of gravity coincides with the centroid of the
corresponding line.

Now Xg =rcos@ and dL=rdf N
Th Lefar=""rao=ror* =>»
en _.[ _I”/4 rav =1l 2 : d9 .
9
_ Trl4
and ijLalL—J’m4 rcos@(rd0) ) -
= r?[sin O] Z,’,r 4(4
_r2£_L_LJ
V22
=22
Thus ﬂ:jm: # 2zr =22 x:-zﬁr <
2 3

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

604

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

PROBLEM 5.46

x=a cos36
y=asin30

A homogeneous wire is bent into the shape shown. Determine by direct
integration the x coordinate of its centroid.

SOLUTION

First note that because the wire is homogeneous, its center of gravity coincides with the centroid of the
corresponding line.

\1
Now Xy, =acos’@ and dL=.dx*+dy*
where x=acos’@: dx=-3acos’8sin 8dO AL
y=asin’@: dy=3asin’ 6 cos 6d6 ?
S)
Then dL =[(=3a cos® 8 sin 8d#)* + (3a sin” 6 cos HdH)* 1" L_ig__.l %
=3a cos O sin O (cos” 8 +sin” 8)"*dO
=3a cos @ sin 8d6
72 ] 1., /2
Lz.[dL:.[ 3a cos @ sin 8d0 =3a| —sin~ 8
0 2 0
3
=—a
2
_ /2 3
and J-xELdL = .[o acos @ (3acos 8 sin 8d0)
/2
=34’ [—lcos5 9} = ga2
5 0 5
Hence, szI)_cELdL: X éa =§a2 §=Ea |
2 5 5
Alternative Solution:
2/3
x=acos’ 8= cos’ 9=(£]
a
2/3
y=asin’ @ =sin’ = (l]
a
)3 2/3
(_] +[l) =1 or y= (a3 = x3)32
a a
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PROBLEM 5.46 (Continued)

dy 2/3 2/3\1/2 -1/3
Then —=(a"" —-x —X
e ( ) ( )
Now Xg =X
2
and dL= |1+ (ﬂ]
dx

172

d ={1+[(a2/3 —x2/3)1/2(—x_1/3)]2} d

a3 a
Then L:IdL:I %dx:al/3|:§x2/3il :ia

0 x 2 0o 2

1/3 a

- _[4.la _os|3 sl _3 o
and IxELdL—jox NE dx |=a {Sx L—Sa
Hence szJ-)_cELdL: f[ga)zgaz }:ga 4
2 5 5
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y 5 PROBLEM 5.47*

y=kx
\ [ A homogeneous wire is bent into the shape shown. Determine by
a direct integration the x coordinate of its centroid. Express your
‘ answer in terms of a.

X
a ———

SOLUTION

First note that because the wire is homogeneous, its center of gravity will coincide with the centroid of the
corresponding line.

\.1
We have at x =a, y=a, a=ka3/2, or k=L
Ja aL (\
L 3
Then y=—=x
Ja
- X

dy 3 l‘_xeu
and - = X

dx  2Ja
Now Xg =X

2
and dL = 1+(ﬂ] dx
dx

= ! V4a+9x dx
2Ja

Then L:jdL:j: 2}\/4a+9x dx
a

=L[3xl(4a+9x)3/2}
2Jal3 9 o

a 3/2
=—1][13 -8
27[( ) ]

a

=1.43971a

and Xg dL = j; x[ 2\1/; véa+9x dx}
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PROBLEM 5.47* (Continued)

Use integration by parts with

Uu=x dv=~4a+9x dx

du=dx v= i(4a +9x)¥?
27

a

— 1 2 312 a2 312
Then dL=——<| xx—(4a+9 - —(4a+9 d
J-xEL 2\/5 [x > (4a +9x) L J-o 27( a+9x)" “dx
3/2 a
= 13 a’ - ] {1(411 +9x)5/2}
27 27\a | 45 o
a’ 2 2 5/2
=—<(13)"" ——[(13)"" =32
7 {( ) 5 [13) ]}
=0.78566a"
XL = I xpdL: ¥(1.43971a)=0.78566a or X=0.546a 4
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PROBLEM 5.48

y = asin T
;\ \\\ Determine by direct integration the centroid of the area shown.
~ L
L A
2 ~
SOLUTION
b
=T
Ly | &
. 51" | { 5
t')‘ —4
FL
=a sin 2%
Y L
— — 1
XeL =% VEL ZE)’, dA=ydx
L2 L2
Azj ydxzaj sinﬂdx
0 0 L
RN
A=a —[—cos—x] =4
V1 LJ], V1

L/2

L/2
jfELdAz i xydxzjo xasin%dx

T v

2 2 oan
IJ_CELdAZIH £u asinu £du =a L j” usin xdu
o \#m V4 ) Jo

Setting uz%, we have x=£u, dx=—du,

2 e 2
J.EELdA = a(é) {[—u cosulf’* + J.: cosu du} = C;_z

a’L ¢ 72

27

Integrating by parts,
— _L/212 _12L/2.27Z')C .2

J-yELdA—'[O 2y dx—za j sin dx sin” udu

2

2 /2 /2
ALl osamydn =L - Lenon | =L
2 4 2 8

“2rt Yo r 0
2
A = [ %y, dn: x(%):—‘; Tc=§ <
_ _ _(aL) 1 _
yAzj'yELdA: (a—jz—azL y ="4 <
T ) 8 8
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y PROBLEM 5.49*
r=aed Determine by direct integration the centroid of the area shown.
6
X
SOLUTION . _
~ Kev
_ 2 2 4
We have Xgr =§r cos = gae cos &
_ 2 . 2 4. v
Y, =—rsin @=—ae’ sin @
3 3 a9 - 2
AL
1 L 5 26
and dA=—(r)(rd8)=—a’¢*’do ¥
S (rd8) = "
71 5 26 1 5[1 5]
Then A=[aA=|"—ae¥do=—a’| e
02 2 2 o
1 2, 21
=—a"(e” -1
1 ( )
=133.623a"
and j Xg dA = J. ”zaee cos 6(1512629419]
03 2
= la3J. ”ew cos@db
3 0
To proceed, use integration by parts, with
u=e* and du=3e*do
dv=cosfdf and v=sinf
Then j e c0s0dO = ¥ sin 6 — J.sin 0(3¢*° dO)
Now let u=e’ then du=3e’do
dv=sin@df, then v=-cosf
Then [ cosoao =" sing - 3[-8" cos 0~ [ (~cos 6)(3e3gd9):|
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PROBLEM 5.49* (Continued)

30
so that J.e” cos 6’d6’=61—0(sin6’+3cos o)

1 o3 7
I xpdA=2d [E(Sin 6 +3cos 9)}
0

3
- % (=3¢*" —3)=—1239.264°

Also, [Fenaa=] :gaeg sin e[%azewdej
= lcﬁj " ¢ 5in 646
3 0

Use integration by parts, as above, with

u=e’ and du=3e*do

dv =J.sin 6d0 and v=-cosé

Then J.e” sin 0d6 = —¢*% cos 6 — J.(— cos0)(3¢*%do)
e
so that J.ew sin 8d6 = E (—cos@ +3sinb)

36 i
J.iELdA = la3 {e_ (—cos @+ 3sin 6’)}
3 10 0

3
=L (&7 +1)=413.094°
30

Hence, YA = ijLdA: X(133.623a%) = -1239.26a° or x=-9.27a <

yAzijLdA: ¥(133.623a%) = 413.094° or y=3.09 <«
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v PROBLEM 5.50

Determine the centroid of the area shown when a =2 in.

1in.
a
SOLUTION
\1

We have Xg =X

_ 1 1 1 /ﬁE_L !

yELZEy:E[l_;] Ly 4 x

L—— X __.j L—dx YeL
and dA= ydx=(1—ljdx
X

Then A:IdAzLa(l—i]%=[x—lnx]il =(a—Ina-1)in?

4 2 “ 2
and xELdAzjl x{(l—ijdx}:{%—x} =(%—a+%} in®
1

A=y, da: y=2"210 g
7 jy” Y 2a—Ina-1

Find x and y when a=2in.

2
1) -2+14

We have X= or x=1.629in. 4
2-In2-1
2-2In2-4+

and =073 or 7=0.1853in. 4
22-In2-1)
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! PROBLEM 5.51
y=1-1)
\" Determine the value of a for which the ratio x/y is 9.
/7 X
lin.
a
SOLUTION q
We have Xg =X
S T /ﬁf_L [
yEL:Ey:E(l_;j = 1 X
L— X ——J L—dx YL
and dA= ydx=(l—l)dx
X
a 1)dx §
Then A_jdA _jl (1—;]7—[x—lnx]l
=(a—Ina-1)in’

a 2 “
and Xy dA=[ x (1—1}1)( =[x

1 b 2 .

a’ 1

=|—-—a+—|in

) (T

a-2mna-->1
—4% in.
2(a—Ina-1)
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PROBLEM 5.51 (Continued)

Find a so thaté=9.
y

- ijLdA

We have é_f_A:—
y YA ijLdA

2
Then 20 —a+sy =
%(a—Zlna—({)
or a*—11a*> +a+18alna+9=0

Using trial and error or numerical methods, and ignoring the trivial solution a = 1 in., we find
a=1.901in. and a=3.74in. 4
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y N PROBLEM 5.52
<— 4 1n.
[ ] ] Determine the volume and the surface area of the solid obtained by rotating
Bis the area of Problem 5.1 about (a) the x-axis, () the y-axis.
::l in.
2 in.

Al '

SOLUTION
7 I@
From the solution of Problem 5.1, we have ]
A=11in’ ©
3

T¥A=11.5in’

TyA=39.5in> ®@
Applying the theorems of Pappus-Guldinus, we have o) ®
(@) Rotation about the x-axis:

Volume =277y, ,,A=27%yA ©) X
=27(39.5in%) or Volume =248 in’ «

Area =27y, L =272 (Y. )L
=27(y, Ly + Y315 + Y4 Ly + ysLs + Yo Lo + v, L, + Y Ly)
=27[(1D)(2) +(2)(3) + (2.5)D) + (3)(3) + (5.5)(5) + (B)(1) + (4)(8)]
or Area =547 in> <

(b)  Rotation about the y-axis:
Volume = 27X, A=272XxA
=27(11.5in%) or Volume =72.3in> <
Area =27 X, L =27 X(x,. )L
=2n( L + X, L, + XLy + X, L, + X5 Ls + X Lo + ;L)
=27{(0.5) D)+ M2)+(2.5)3) + (DD + (2.53)+ M)(5) + (0.5)(D)]

or Area =169.6in> <«
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Y PROBLEM 5.53

Determine the volume and the surface area of the solid obtained by rotating the
T area of Problem 5.2 about (a) the line y = 72 mm, (b) the x-axis.

72 mm

|

—JSOmmLfélSmm—> '

SOLUTION
From the solution of Problem 5.2, we have
) /4
A =2808 mm ®
X =36 mm
y =48 mm
. . )
Applying the theorems of Pappus-Guldinus, we have
(a) Rotation about the line y =72 mm: o X
Volume =27(72-y)A
=27(72 — 48)(2808) Volume =423 x 10°mm’ «
Area =27y, L
= 27[2(yline)l‘
=270 L + y313)
where y, and Yy, are measured with respect to line y =72 mm.
Area = 27{(36)(\/482 +722 )+ (36) (\/302 +722 )}
Area =37.2x10°mm’ <«
(b)  Rotation about the x-axis:
Volume =27y, .. A
=277(48)(2808) Volume =847 x10°mm’ «

Area =27y, L =27 Z(Vyye )L
=273, Ly + Y.L, + 3L5)

- 27:[(36)(\/482 +722 )+ (72)(78) + (36)(\/302 +722 )}

Area =72.5x10°mm> <«
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Y PROBLEM 5.54

Determine the volume and the surface area of the solid obtained by rotating the
area of Problem 5.8 about () the line x = —60 mm, (b) the line y = 120 mm.

60 mm

SOLUTION
From the solution of Problem 5.8, we have Y |
A=7200 mm®
£XA=-72x10" mm’
TyA=629.83x10° mm’

Applying the theorems of Pappus-Guldinus, we have _‘__

(a) Rotation about line x =—60 mm: X
Volume =27 (x + 60)A = 27 (XxA + 60A)
=27[-72x10 + 60(7200)] Volume =2.26x10° mm’ «
Area =27x,, L =271 2(%;,, )L
=27(x L + X, L, + X;L;)
= 27{(60 - @j [@j + (60 + @j [L&)j + (60)(120)}
V4 2 V4 2
where X;,X,,x; are measured with respect to line x =—60 mm. Area =116.3x10° mm* <
(b)  Rotation about line y =120 mm:
Volume =27(120 - y)A =27(120A —XyA)
=27{120(7200) — 629.83x10°] Volume =1.471x10° mm” «

Area =27y, . L =27 2(y};,. )L
=20 Ly + y,L, + y,Ly)
where y,,y,,y, are measured with respect to line y =120 mm.

Area = 27{(120 _2(60) j [ 7(60) j + ( 2(60) )[”(so) j + (60)(120)}

.4 2 T

Area =116.3%10° mm’> «
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Y A" PROBLEM 5.55

— Determine the volume of the solid generated by rotating the parabolic
T area shown about (a) the x-axis, (b) the axis AA".

a4 ——>f<— (1 —> a —

SOLUTION
. . 4
First, from Figure 5.8a, we have A= gah
2
S22,
Y73

Applying the second theorem of Pappus-Guldinus, we have
(a) Rotation about the x-axis:

Volume = 27yA
=2 gh iah or Volume = E7rah2 |
5 3 15
(b) Rotation about the line AA”:
Volume =27 (2a)A

=27(2a) (% ahj or Volume = ?ﬂ'azh <
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P — PROBLEM 5.56
a

N B
l\l:\XJ} Determine the volume and the surface area of the chain link
P > shown, which is made from a 6-mm-diameter bar, if R = 10 mm
l)<\\, | / and L = 30 mm.
[ & I

SOLUTION

The area A and circumference C of the cross section of the bar are
A =%d2 and C=7d.

Also, the semicircular ends of the link can be obtained by rotating the cross section through a horizontal
semicircular arc of radius R. Now, applying the theorems of Pappus-Guldinus, we have for the volume V,

V =2Vg4e) +2(Vq)

=2(AL)+2(7RA)
=2(L+7R)A

or V =2[30 mm + z(10 mm)][%(6 mm)z}

=3470 mm® or V=3470 mm® <«

For the area A, A=2(Ag4.) +2(A0)
=2(CL)+2(zRC)
=2(L+7R)C

or A =2[30 mm + 7z(10 mm)][7(6 mm)]

=2320 mm? or A=2320 mm> 4
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PROBLEM 5.57

Verify that the expressions for the volumes of the first four shapes in Figure 5.21 on Page 264 are correct.

SOLUTION
Following the second theorem of Pappus-Guldinus, in each case, a specific
generating area A will be rotated about the x-axis to produce the given
4 shape. Values of y are from Figure 5.8a.
o
9= W (1) Hemisphere: the generating area is a quarter circle.
+C
a We have V=2ryA=2r da Z or V=z7m3 <
3z )\ 4 3
X
— - .4
i I} +C R (2)  Semiellipsoid of revolution: the generating area is a quarter ellipse.
q
Ve —J % We have V=27yA= 2ﬂ(:—2](%ha] or V =%7m2h |

ydi
ol
el

(3) Paraboloid of revolution: the generating area is a quarter parabola.

=
-
T
LI

We have V=27yA= 2;;(261)@(1;1] or V= %ﬂazh |

£
1]
vip

(4)  Cone: the generating area is a triangle.

Ik
]

We have V=2ryA= 27[(%] (%haj or V= %ﬂ'azh <4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

620

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

PROBLEM 5.58

Determine the volume and weight of the solid brass knob shown, knowing
that the specific weight of brass is 0.306 Ib/in’.

SOLUTION

OIS n,

0
k—tgql
3

Volume of knob is obtained by rotating area
at left about the x-axis. Consider area as made
of components shown below.

l O.78n. | 0.251m.

402 :
4r. 4pox Losgam,

4y _ 4(0.5)
ol T 7 g
— o.2/850 COr |fasin.  12Sh,
= O,3/83m,
R
th_' - — 325 O.?_I/?/n.
o.75M. T o,25m. ‘
Area, in’ y,in. YA, in®
1 %(().75)2 =0.4418 0.8183 0.3615
2 (0.5)(0.75)=0.375 0.25 0.0938
3 (1.25)(0.75)=0.9375 0.625 0.5859
4 %(().75)2 =-0.4418 0.9317 -0.4116
X 0.6296

V =273y A=21(0.6296in") =3.9559 in*

W = yV =(0.306 Ib/in*)(3.9559 in*)
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PROBLEM 5.59

Determine the total surface area of the solid brass knob shown.

SOLUTION

.
09725
el |,

Area is obtained by rotating lines shown about the x-axis.

L, in. y,in. yL,in?

1 0.5 0.25 0.1250

2 %(0.75) =1.1781 0.9775 1.1516

3 %(0.75) =1.1781 0.7725 0.9101

0.5 0.25 0.1250

) 23117
A=272yL=2m(2.3117 in?) A=14.52in*> <
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PROBLEM 5.60

The aluminum shade for the small high-intensity lamp shown has a uniform thickness of 1 mm. Knowing that
the density of aluminum is 2800 kg/m’, determine the mass of the shade.

| 56 mm 32mm 26 mm ——-—-—4—F—-

// \\ /a‘ J#: —

32 mm T 28 mm

8§ mm

SOLUTION

0]

The mass of the lamp shade is given by
m=pV = pAt

where A is the surface area and ¢ is the thickness of the shade. The area can be generated by rotating the line
shown about the x-axis. Applying the first theorem of Pappus Guldinus, we have
A=27xyL=2rXyL
=270 Ly + oLy + Y3l + Y4 Ly)

13 mm 13+16

or Azz;{ (13 mm)+[ jmmx\/(32 mm)” + (3 mm)”

+(16+28jmm><\/(8 mm)? + (12 mm)>

+(28;33jmmx\/(28 mm)> +( mm)z}
=27(84.5+466.03+317.29+867.51)
=10,903.4 mm*

Then m= pAt
= (2800 kg/m>)(10.9034 %10~ m?)(0.001 m)

or m=0.0305 kg 4
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75 mm PROBLEM 5.61

—

75 mm
The escutcheon (a decorative plate placed on a pipe where the
pipe exits from a wall) shown is cast from brass. Knowing that
the density of brass is 8470 kg/m3, determine the mass of the
escutcheon.

25 mm

SOLUTION

The mass of the escutcheon is given by m = (density)V, where V is the volume. V can be generated by
rotating the area A about the x-axis.

M|
From the figure: L =75 -12.5* =73.9510 m ¥
375 S¥g e RN
=—"_=76.8864 mm = ML ey
b tan 26° l "‘I“‘" ! \g‘? D
. ¥
a=L,— I, =2.9324 mm I A —
¢= sin” 12 _ 9 50410
75

a:% =8.2030°=0.143168 rad

Area A can be obtained by combining the following four areas:

L
sz.lm M_ Lo - i - QD—L 12.€ wma
o ;4, T

Applying the second theorem of Pappus-Guldinus and using Figure 5.8a, we have
V=2ryA=2nrXyA

Seg. A, mm? y, mm YA, mm’
1 %(76.886)(37.5) ~1441.61 %(37.5) =125 18,020.1
2 —o(75)> =—805.32 %sin (+¢)=152303 | —12.2653
3 —%(73.951)(12.5) — 462.19 %(12.5) = 4.1667 ~1925.81
4 —(2.9354)(12.5) = ~36.693 %(12.5) =625 2229.33
> 3599.7
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PROBLEM 5.61 (Continued)

Then V=27%yA
=27(3599.7 mm”)
=22,618 mm’
m = (density)V
= (8470 kg/m*)(22.618x10™°m?)
=0.191574 kg or m=0.1916 kg «
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o0 PROBLEM 5.62

11 in,
"; ! ﬁ A %- in.-diameter hole is drilled in a piece of 1-in.-thick steel; the hole
T is then countersunk as shown. Determine the volume of steel removed
j- during the countersinking process.

SOLUTION

The required volume can be generated by rotating the area shown about the y-axis. Applying the second
theorem of Pappus-Guldinus, we have

Y

l—-_— ‘/qmr‘h—'—— 3/& in, —m

1
yl-‘ ine +\»\
| C

l

V=2nxA

=2r é+l 1 in. |x l><lin.><l in. vV =0.0900in> <
8 3l4 274 4
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I K . PROBLEM 5.63
4in.
( | Knowing that two equal caps have been removed from a 10-in.-diameter wooden

Ain sphere, determine the total surface area of the remaining portion.

10 in.

SOLUTION

The surface area can be generated by rotating the line shown about the y-axis. Applying the first theorem of
Pappus-Guldinus, we have

A=27XL=273xL

=225 L +%,L,)
Now tan o =i
3
or o =53.130°
Then %, = 5in.x 51n053. {[30
53.130°% &,
=4.3136in.
and L, =2| 53.130°x—— |(5in.)
' 180° '
=9.2729in.

A= 27{2(% in.j (3in.) +(4.3136in.)(9.2729 in.)}

or A=308in’> «
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PROBLEM 5.64

‘ f W R I . e
1 A 1 Determine the capacity, in liters, of the punch bowl
' \ 4 shown if R =250 mm.

SOLUTION

The volume can be generated by rotating the triangle and circular sector shown about the y-axis. Applying the
second theorem of Pappus-Guldinus and using Figure 5.8a, we have
V =27xA=2712XxA
4 | =27(X A +X,A,)
1. R

("Te) i °
o @ —orl[1xlg l><1R><£R | 2Rsin30° (7 o
~0Xp 372 27272 3xz )6

ﬁ @ 3 3
2R | ¢ (R R
i X _27{16J§+2\/§J

= —3\8/3 7R’

33
8

=2 7(0.25 m)°
=0.031883 m’

Since 10°1=1m?
10°1

Im

V =0.031883 m’ x V=3191 4
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Y PROBLEM 5.65*
100 mm

. The shade for a wall-mounted light is formed from a thin sheet of
translucent plastic. Determine the surface area of the outside of
the shade, knowing that it has the parabolic cross section shown.

250 mm

X
y = ka?

SOLUTION

First note that the required surface area A can be generated by rotating the parabolic cross section through 7z
radians about the y-axis. Applying the first theorem of Pappus-Guldinus, we have

A=rxL Y
Now at x =100 mm, y =250 mm -
250=%k(100)> or k=0.025 mm’ \‘q
and XgL =X le"
3 X
dL=,[1+ (ﬂj d
dx
where ﬂ =2kx
dx
Then dL=~1+4k*x* dx
100
We have xL=J-xEL dL=J. X (\/1+4k2x2dx)
0
1 1 100
xL= [— — 1+ 4k2x2)3/2}
3 4k 0
_ L ——{[1+4(0.025)” 100)° 1> - (1)**}
12 (0.025)> '
=17,543.3 mm*
Finally, A=7(17,543.3 mm?) or A=55.1x10° mm* <
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Parabola PROBLEM 5.66
. Vertex
2000 N/m
For the beam and loading shown, determine (a) the
900 N/m  magnitude and location of the resultant of the distributed
A B load, (b) the reactions at the beam supports.
[ 6 m !
SOLUTION
X vooum~, _( FEmI=EET
i 1 e
2000M 7 7004 m {-r =
pb ém g Al 3w | sm e
= ¥ - T
(a) R = %(1 100 N/m) (6 m) =2200 N
Ry =(900N/m) (6m) = 5400 N
R =R, +R; =2200+ 5400 =7600N
XR=XxR: X(7600)=(2200)(1.5) +(5400)(3)
X =2.5658 m R=7.60kN|, X=257m 4
b) +‘>ZMA =0: B(6 m)— (7600 N)(2.5658 m) =0
B=32500N
B=325kN <
+{=F, =0: A+3250.0N-7600 N=0
A=43500N
A=435kNT <
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PROBLEM 5.67
150 b/t 120 Ib/ft
For the beam and loading shown, determine (a) the magnitude

4 4 and location of the resultant of the distributed load, (b) the
reactions at the beam supports.

| o |

SOLUTION
_ 3If ., 3% | 3
x| ® | R R
120 Vb/4+ e T
150 to/ft Y T
pe—ar—de  al——an—s
R = %(1501b/ft)(9 ft)=6751b
R, = %(120 Ib/ft)(9ft) = 5401b
R=R,+ R, =675+540=1215Ib
XR=XXR: X(1215)=(3)(675)+(6)(540) X =4.3333 ft
() R=1215 1bi X =433t 4
(b)  Reactions: +‘)ZMA =0: B(9ft)—(12151b)(4.3333ft) =0
B=585.001b B =585 1bT<
+{EF, =0: A+585.001b-12151b=0
A=630.00 Ib A=6301b! «
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/(J/ﬂ 900Nm  PROBLEM 5.68
AL 1% =B Determine the reactions at the beam supports for the given loading.
400 N/m ‘
I T 1.5m 1
0.4 m 0.6 m
SOLUTION

First replace the given loading by the loadings shown below. Both loading are equivalent since they are both
defined by a linear relation between load and distance and have the same values at the end points.

%("5“\3: | _ —T 900 a/m
- |
- - }—2' |
-
— |
— =
A ' —
00 My, -
A Yy /I ) [Z’ - %
LA - - pingy B
A m ‘ O.SMI /,ﬁm 1
’_I'
2SS
1

Ry =~ (900 N/m)(1.5 m) = 675 N

R, = %(400 N/m)(1.5m)=300 N

F)IM, =0: (675 N)(1.4m)+(300 N)(0.9 m) + B(2.5m) = C
B=270N B=270N | <

+{£F,=0: A-675N+300N+270N=0
A=1050N A=1050N| <
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200 Ib/ft PROBLEM 5.69

I\\ Determine the reactions at the beam supports for the given loading.
|
A 1&5
<6 ft—~——9 ft 6f't—>‘
SOLUTION P
1R NTT, o 28
R, = (200 Ib/ft)(15 ft) Z00IME p__. 2.5 'EI
R, =30001b '
g
Ry :%(200 1b/ft)(6 ft) f- g7 # A_on | P | 8
R, =6001b

+)EM . =0: —(3000 Ib)(1.5 ft) — (600 Ib)(9 ft + 2ft) + B(15 ft) =0
B=7401b B=7401b! «
+{2F, =0: A+7401b—30001b—6001b=0

A=28601b A =2860 lei
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200 I/ PROBLEM 5.70
A ‘B Determine the reactions at the beam supports for the given loading.
150 Ib/ft W
4 ft ! 3 ft |
SOLUTION

R, = (200 Ib/ft)(4 ft) =800 1b

Ry =~ (150 Ib/f)(3 ft) = 225 Ib { ' '
2 ,ﬁT' ey [/?@r/
S

+/F, =0: A-8001b+2251b=0
A=5751b] <

DM, =0: M, — (800 1b)2 ft) + (225 1b)(5 fH) = 0
M, =4751b-ft+) <
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6 kN/m PROBLEM 5.71

Determine the reactions at the beam supports for the given

2 kN/m loading

A B

6m | 4 m—

SOLUTION
2w Rt
R =L (4 kN/m)(6 Rx
1 =~ (4 KN/m)(6 m) 4—kt~l/m{ 2k /m
—12kN :
N7 777777 7 777 2
Ry = (2 kKN/m)(10m) M e 5un |
=20kN AH— Gwn 4on —>
+5F, =0: A-12KN-20kN=0
A=320kN| <

+‘>ZMA =0: M,—-(12kN)2m)-(20kN)(5m)=0

M, =1240kN -m )«
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Vertex PROBLEM 5.72

Pﬂw Determine the reactions at the beam supports for the given loading.
900 N/m

A B
300 N/m

6 m

SOLUTION

First replace the given loading with the loading shown below. The two loadings are equivalent because both
are defined by a parabolic relation between load and distance and the values at the end points are the same.

%\‘aﬂ\\- ‘4-:5-"\
A Ru 1200 ?3:
\‘
Mt
AT ] o0 N
L—’Sm —‘I B
We have R; = (6 m)(300 N/m)=1800 N

Ry = %(6 m)(1200 N/m) = 4800 N

Then F.XF =0: A =0
+T2Fy =0: A, +1800N—-4800N=0

or A, =3000 N A=3.00kN| «
15
)IM, =0: M, +@m)1800 N)— (T mj(4800 N)=0

or M,=126kN-m M, =12.60kN-m ) <
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200 Tb/ft Parabolas

PROBLEM 5.73

A

//ﬂ 00T Determine the reactions at the beam supports for the given loading.

B

12 ft J

on—l

SOLUTION

We have

Then

or

[ 302 1038 - = (L) 1S &
200 R 4 ‘l/ z( X
M oo

M
;TX% \‘z.it—-l-—b&-l

R = %(12 ft)(200 1b/ft) =800 Ib

Ry = %(6 ft)(100 Ib/ft) = 200 Ib

+.SF,=0: A, =0
+{2F, =0: A, -8001b—-2001b=0

A, =10001b A=10001b] «

+‘> M, =0: M,—-@ft)800Ib)—(16.51t)(2001b) =0

or

M, =57001b-ft M, =57001b-ft ) «
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o PROBLEM 5.74
300 Ib/ft
Determine the reactions at the beam supports for the given

A 5 ¢ loading when wq = 400 Ib/tt.

5 ft ! 7 ft !

SOLUTION

300 /b/f+
A R AELN C
Br— 7R —
e 126t

R = %Wo 12ft)= %(40() Ib/ft)(12 ft) = 2400 Ib

Ry = %(300 Ib/ft)(12 ft) =1800 Ib

+)EM, =0: (2400 Ib)(1 ft) — (1800 Ib)(3 ft) + C(7 ft) = 0
C=428571b C=4291b| <
+15F, =0: B+428.571b-24001b—18001b =0

B=37711b B=37701b| <
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%o PROBLEM 5.75
300 Ib/ft
Determine (a) the distributed load w, at the end A of the beam

A ¢ ABC for which the reaction at C is zero, (b) the corresponding

B | | reaction at B.
5 ft f 7t |

SOLUTION
300 JA/FH
-

1
For w,,, RI=Ew0(12ft)=6w0
Ry = %(300 Ib/ft)(12 ft) =1800 Ib
(@) For C=0, +‘> XMy =0: (6w,)1ft)—(18001b)(3ft)=0 w, =900 Ib/ft |

(b)  Corresponding value of R;:
R, =6(900) =54001b
+15F, =0: B-54001b-18001b=0 B=72001b| <
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1800 N/m M PROBLEM 5.76
600 N/m
A B Determine (a) the distance a so that the vertical reactions at
’ supports A and B are equal, (b) the corresponding reactions at
-~ (1 —>
i the supports.
SOLUTION
(@)
% “-3 \4-0) v
woo ¥
™ R, weo N
Av AP 2
fe—— O ——'I
A T | B
We have R = %(a m)(1800 N/m) =900a N
Ry = %[(4 —a) m](600 N/m)=300(4—a) N
Then +15F, =0: A, —900a—300(4-a)+B, =0
or A, + B, =1200+ 600a
Now A, =B, = A, =B, =600+300a (N) (1)
a
Also, +‘> IMp=0: —(4mA, + {(4 - 5) m}[(900a) N]
1
+{§(4 —a) m}[300(4 —a)N]=0
or A, =400+ 700a - 50a’ ()
Equating Eqgs. (1) and (2), 600+ 300a = 400 + 700a — 50a°
or a’—8a+4=0
84+/(-8)* —
Then ge (=8)" —4()(4)
2
or a=0.53590 m a=7.4641m
Now a<4m= a=0.536m <«
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PROBLEM 5.76 (Continued)

(b) We have FL3F =0: A =0
From Eq. (1): A, =B,
=600 +300(0.53590)
=761N A=B=761N| <
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1800 N/m
600 N/m

A

B

4—(1—»‘

4m

PROBLEM 5.77

Determine (a) the distance a so that the reaction at support B is
minimum, (b) the corresponding reactions at the supports.

SOLUTION
(a)
We have
Then
or
Then

and

or

(b)  From Eq. (1):

R = %(a m)(1800 N/m) =900a N

R = %[(4 — a)m](600 N/m) =300(4 —a) N

+)EM , =0: —(%m] (900a N) - [8%" m][300(4 ~a)NJ+(4m)B, =0

B, =50a® —100a +800 (1)
dB
—2=100a-100=0 or a=1.000m <
da
B, =50(1)* ~100(1) +800 =750 N B=750N| <

HUSF =0 A =0

+T2Fy =0: A, —-900(1) N-300(4-1) N+750 N=0

A, =1050 N A=1050N| <
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PROBLEM 5.78
m 1200 N/m
A A beam is subjected to a linearly distributed downward

A 5 C 5 - F load and rests on two wide supports BC and DE, which
w - exert uniformly distributed upward loads as shown.
Wpg Determine the values of wpc and wpg corresponding to
0.6 m—~ ‘ equilibrium when w, =600 N/m.
l-' 0.8 m| 3.1m ! 1.0m L* q A
6m
SOLUTION
fo— 2.\ 2™ 2w
R Bn
oo 1200 ¥
: K
R
—f \:I.J':L 4w — | Rpe
We have R = %(6 m)(600 N/m) =1800 N
1
Ry = 5(6 m)(1200 N/m) =3600 N
Rge =(0.8m) Wy N/m) =(0.8wp-) N
Ry =(1.0m)(wpe N/m) =(wp) N
Then +‘> XM;=0: —(1m)(1800N)—-(3m)3600N)+(4m)(wp, N)=0
or wpe =3150 N/m <
and +T ZF, =0: (0.8wpc) N—1800 N-3600 N+3150N =0
or Wee =2812.5 N/m wpe =2810 N/m <

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,

you are using it without permission.

643



https://students-hub.com

T PROBLEM 5.79
./_'/]/r'/l/ 1200 N/m
w‘;&i . A beam is subjected to a linearly distributed downward load
B C D E and rests on two wide supports BC and DE, which exert
wBC uniformly distributed upward loads as shown. Determine (a)
0.6m e the value of wy so that wge = wpg, (b) the corresponding
0.8m 3.1 m4—‘ 1.0m L values of wgc and wpe.
| 6 m
SOLUTION
2w 2 FA N
(a) r By Bn 7 N
V20O v
Wa |
L
| m e & en E e
1
We have R =5(6 m)(w, N/m)-3w,) N
Ry = %(6 m)(1200 N/m) =3600 N
Ry =(0.8 m)(wp N/m) = (0.8wp-) N
Ry =(1m)wpy N/m) =(wp,) N
Then +T 2F, =0: (0.8wpc) N=(Bw,) N=3600 N+ (wpz) N=0
or 0.8wpe +wpp =3600+3w,
5
Now Wge = Wpp = Wge = Wpp :2000+§wA (1)
Also, +‘> IMs;=0: —(1m)(3w, N)—(3m)(3600 N) + (4 m)(wp, N)=0
3
or Wpg = 2700+ZWA 2
Equating Eqgs. (1) and (2),
5 3
2000+—=w, =2700+—w,
3 4
or W, =$ N/m w, =764 N/m <«
(b) Eq.(H)= Wpe =Wpg = 2000+§(%j
Or Wy =wpp =3270 N/m <
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1.5m

PROBLEM 5.80

The cross section of a concrete dam is as shown. For a 1-m-wide
dam section, determine (a) the resultant of the reaction forces
exerted by the ground on the base AB of the dam, (b) the point of
application of the resultant of part a, (¢) the resultant of the
pressure forces exerted by the water on the face BC of the dam.

I
T _ C

. Parabola ‘
4m | .

[
i B
Vertex
SOLUTION

(a)  Consider free body made of dam and section BDE of water. (Thickness = 1 m)

L LSm g 2w ]

r |C ’

D £
4m % — = I
IWI Sty 3m

¥ v -
- w . = l
pl—¥%, — L2 I '
7

e

p=(3m)10kg/m*)(9.81 m/s?)

W, = (1.5 m)(4 m)(1 m)(2.4x10° kg/m*)(9.81 m/s*) =144.26 kN

W, = %(2 m)(3 m)(1 m)(2.4x10° kg/m*)(9.81 m/s*) = 47.09 kN

W, = %(2 m)(3 m)(1 m)(10° kg/m*)(9.81 m/s*) = 39.24 kN

P=

1

> Ap = %(3 m)(1 m)(3 m)(10° kg/m?)(9.81 m/s?) = 44.145 kN

F.3F =0: H-44.145kN =0

H =44.145kN H=441kN— <«

+{2F, =0: V-141.26-47.09-39.24=0

V =227.6kN V=28kN| «
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PROBLEM 5.80 (Continued)

X =%(1.5 m)=0.75m

_ 1

x, =15 m+z(2m)=2m

_ 5

X, =1.5m+§(2m)=2.75m

)EM, =0: xV—-ZIW +P(1m)=0

x(227.6 kN) —(141.26 kN)(0.75 m) — (47.09 kN)(2 m)
—(39.24 kN)(2.75 m) + (44.145kN)(I1m) =0
x(227.6 kN)-105.9-94.2-107.9+44.145=0
x(227.6)-263.9=0

x=1.159 m (toright of A) 4
(b)  Resultant of face BC:

Consider free body of section BDE of water.

—R=59.1kN A7 41.6°
R=59.1kN = 41.6° 4
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24m PROBLEM 5.81
[«<—4.8m
Vertex_| ¢

The cross section of a concrete dam is as shown. For a 1-m-wide
dam section, determine (a) the resultant of the reaction forces
exerted by the ground on the base AB of the dam, (b) the point of
application of the resultant of part a, (¢) the resultant of the
pressure forces exerted by the water on the face BC of the dam.

Parabola

SOLUTION

(a) Consider free body made of dam and triangular section of water shown. (Thickness =1 m.)

p =(7.2m)(10* kg/m’)(9.81 m/s?)

W, = %(4.8 m)(7.2 m)(1 m)(2.4x10° kg/m*)(9.81 m/s?)
=542.5kN

W, = %(2.4 m)(7.2 m)(1 m)(2.4x10° kg/m?)(9.81 m/s*)
=203.4kN

W, = %(2.4 m)(7.2 m)(1 m)(10° kg/m?)(9.81 m/s*)

=84.8 kN
P= %Ap = %(7.2 m)(1 m)(7.2 m)(10* kg/m*)(9.81 m/s?)
=2543kN
+.SF =0: H-2543kN=0 H=254kN— <«

+T 2F,=0: V-5425-203.4-84.8=0

V =830.7 kN V=831kN| <
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PROBLEM 5.81 (Continued)

-5
(b) X =§(4.8 m)=3m
X, =4.8+%(2.4)=5.6m
— 2
X =4.8+§(2.4)=6.4m

)IM, =0: xV —ZIW +P(2.4m)=0

x(830.7 kN) — (3 m)(542.5 kN) — (5.6 m)(203.4 kN)

— (6.4 m)(84.8 kKN) + (2.4 m)(254.3kN) =0
x(830.7) —1627.5-1139.0—542.7+ 610.3=0
x(830.7) — 2698.9 =0

x=3.25m (toright of A) 4

(¢) Resultant on face BC: c
Direct computation: T 1) Jag
P =pgh=(10"kg/m*)(9.81 m/s?)(7.2 m) 22m P e
P =70.63 kN/m” Jv_ :_ oty
BC =+J(2.4)* +(7.2)* hatd

=7.589 m

0=18.43°

R= %PA
= %(70.63 KN/m?)(7.589 m)(1 m) R =268kN 7 18.43° «

Alternate computation: Use free body of water section BCD.

c b
W, P=2s434¥
W, =
/ ._f é?‘lbl -R
-k
z

—R =268 kN «~ 18.43°
R =268 kN = 18.43° 4
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PROBLEM 5.82

An automatic valve consists of a 9 X 9-in. square plate that is pivoted about a
—— horizontal axis through A located at a distance & = 3.6 in. above the lower edge.
d Determine the depth of water d for which the valve will open.

S
h
|

°
>
©
5

SOLUTION
Since valve is 9 in. wide, w=9p =9yh, where all dimensions are in inches.

w =97(d —9), w, =9yd W,

1 . 1
A= 5(9 in)w, = E(9)(97)(d -9)

>
>
o
b
3

1 1
P, =—in)w, =—(9)9yd . :
i 2( 111)W2 2( )( v ) 3 3in.

=
®
N§

Valve opens when B =0.

+)EM, =0: P,(6in.—3.6in.)— Py(3.6in.—3in.)=0
1 1
[E 9OV - 9)} (2.4)- [E (9)(9761)} 0.6)=0

(d-9)2.4)-d(0.6)=0
1.8d -21.6=0 d=12.00 in. 4
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PROBLEM 5.83

An automatic valve consists of a 9 X 9-in. square plate that is pivoted about
= a horizontal axis through A. If the valve is to open when the depth of water

o is d = 18 in., determine the distance 4 from the bottom of the valve to the
pivot A.
r ©[A 9in
h B
b Lip
SOLUTION

Since valve is 9 in. wide, w =9p =9yh, where all dimensions are in inches.
w, =9¥(d -9)
For d =181n.,
w, =9p(18-9) =81y
w, =9y7(18) =162y
1 1
= 5(9)(97)(18 -9)= 5(7297)

1
by = 5(9)(97)(1 8) =729y

Valve opens when B =0.

+)EM, =0: P(6—h)— P, (h—3)=0
%729;/(6—!1) ~729(h—3)=0

3-Lhne3=o
2

6-1.51=0 h=4.00 in. 4
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-l B PROBLEM 5.84

The 3 x 4-m side AB of a tank is hinged at its bottom A and is held in place by a
3m  thin rod BC. The maximum tensile force the rod can withstand without breaking
is 200 kN, and the design specifications require the force in the rod not to exceed
A 20 percent of this value. If the tank is slowly filled with water, determine the
— maximum allowable depth of water d in the tank.

le—— o, —>

SOLUTION

Consider the free-body diagram of the side.

-
1 1 '
We have P=—Ap=—A(pgd) ]
2 2 | E—
4 d 3m
Now )IM , =0: nr -5 =0 P ‘l
where h=3m % ® A
Then for d,,,,,
(3 m)(0.2 x200x10°N) —%Bm mxd,  )x(10° kg/m’ x9.81 m/s* xdmax)} =0
or 120 N-m - 6.54d}  N/m* =0
or dp =2.64 m <
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-l B PROBLEM 5.85

The 3 x 4-m side of an open tank is hinged at its bottom A and is held in
3m place by a thin rod BC. The tank is to be filled with glycerine, whose density
is 1263 kg/mS. Determine the force T in the rod and the reactions at the hinge
A after the tank is filled to a depth of 2.9 m.

SOLUTION
Consider the free-body diagram of the side.
We have P—lA —lA( d) u
S Ap=54lpg | [
1 3 ) 29w 2
=E[(2.9 m)(4 m)] [(1263 kg/m”)(9.81 m/s”)(2.9 m)] l P ~
=208.40 kN S A L
A
Then +12F, =0: 4, =0 Bwm Iny ™
29
+‘>ZMA =0: GmT - Tm (208.4 kN)=0
or T =67.151kN T=672kN~-— 4
F.SF =0: A, +208.40 kN—-67.151kN =0
or A, =-141.249 kN A=1412kN~— <
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AT PROBLEM 5.86

The friction force between a 6 X 6-ft square sluice gate AB and its guides is equal
to 10 percent of the resultant of the pressure forces exerted by the water on the face

' of the gate. Determine the initial force needed to lift the gate if it weighs 1000 Ib.
15 ft
Al
6 ft
B |
SOLUTION
Consider the free-body diagram of the gate.
Now B = %Apl = %[(6>< 6) ft*1[(62.4 b/ft*)(9 ft)]
=10,108.8 1b
Py = %Apn = %[(6>< 6) ft*1[(62.4 Ib/ft)(15 ft)]
=16,8481b
Then F=0.1P=0.1(B +Py)
=0.1(10,108.8 +16,848) 1b
=2695.71b
Finally +T IF,=0: T-2695.71b-10001b=0 or T=3.70 kipsT |
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PROBLEM 5.87

A tank is divided into two sections by a 1 X 1-m square gate that is
hinged at A. A couple of magnitude 490 N - m is required for the
gate to rotate. If one side of the tank is filled with water at the rate

0.6
" Methyl of 0.1 m*/min and the other side is filled simultaneously with
Water e | ‘ | Alcohol methyl alcohol (density p,,, = 789 kg/m’) at the rate of 0.2 m*/min,
—! i— determine at what time and in which direction the gate will rotate.
04m 02m
SOLUTION

Consider the free-body diagram of the gate.
Firstnote V =A,,.d and V =rt.

3 . . By
Then = 0.1 m’/minX ¢(min) = 0.25¢(m) A Ax
(0.4 m)(1 m) NI
?/ mi i T d
d,, = 0.2 m”/ minX t(min) ~ t(m) 4wy P Ra M o
(0.2 m)(1 m) J_‘_ ‘,_LL
du F Fon lan
3 3
Now P= %Ap = %A(pgh) so that

B, = %[(0.251‘) mx (1 m)][(10°kg/m?)(9.81 m/s*)(0.25¢) m]
=306.561* N
Pua = %[(t) mx (1 m)][(789 kg/m’)(9.81 m/s*)(r) m]

=3870t> N

Now assume that the gate will rotate clockwise and when d,,, <0.6 m. When rotation of the gate is

impending, we require
1 1
M, Mg= (0.6 m—ngAjPMA —(0.6 m—gdw )PW
Substituting

490 N-m= (0.6—%;] mx (38701%) N—(O.6—%x0.25t} mx(306.56:*) N
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PROBLEM 5.87 (Continued)

Simplifying 1264.45¢° —2138.1¢* +490 =0
Solving (positive roots only)

t=0.59451min and #=1.52411min
Now check assumption using the smaller root. We have
dys =#)m=0.59451m < 0.6 m s 1=0.59451min =35.7s 4

and the gate rotates clockwise. 4
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PROBLEM 5.88

l J0.75 m A prismatically shaped gate placed at the end of a freshwater channel is
Ge 3 supported by a pin and bracket at A and rests on a frictionless support at B.
B/ [3 1T The pin is located at a distance #=0.10 m below the center of gravity C

of the gate. Determine the depth of water d for which the gate will open.

0.40 m

SOLUTION

First note that when the gate is about to open (clockwise rotation is impending), B,— 0 and the line of
action of the resultant P of the pressure forces passes through the pin at A. In addition, if it is assumed that the
gate is homogeneous, then its center of gravity C coincides with the centroid of the triangular area. Then

a _4_ (0.25-h)
3 b
2 8(d v
and b=§(0.4>—g(§j -
Lodm - 305w 2 0.25m
Now a8
b 15
4-(0.25-h
so that 23(—8[1) = Ll 4_?_L
2004)-5(4) 15 025" )m
—f
Simplifying yields
&d +15h=—70'6 €))
45 12

Alternative solution:

Consider a free body consisting of a 1-m thick section of the gate and the triangular section BDE of water

above the gate.
&d A\S
(B~ 8

Now P Ap =S (dx1m)(pgd) 4

o, 1‘“‘**

=—pgd® (N
S P8 (N) c,L“

, 1 8 A

W’'=pgV =pg| —x—dxdxl —t

P8 Pg[les Xax m] E?—Kx (025-R)m
4 B

=5Ped” () ~I304m
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PROBLEM 5.88 (Continued)

Then with B, =0 (as explained above), we have

2 1( 8 4 ) [d 1 .,
M, =0: |=(04)——| = = 1L _025-n| = =
+)IM, =0 [3(0) 3(1501}}(15%(1} [3 0.25 )}(ngd) 0

289 70.6
Simplifying yields —d+15h=——
prYIng y 45 12
as above.
Find d: h=0.10m
Substituting into Eq. (1), 24i59d +15(0.10) = —7&'6 or d=0.683m 4
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PROBLEM 5.89

75 m A prismatically shaped gate placed at the end of a freshwater channel
is supported by a pin and bracket at A and rests on a frictionless support
at B. Determine the distance # if the gate is to open when d =0.75 m.

le———Q, ———>

0.40 m

SOLUTION

First note that when the gate is about to open (clockwise rotation is impending), B,— 0 and the line of
action of the resultant P of the pressure forces passes through the pin at A. In addition, if it is assumed that the
gate is homogeneous, then its center of gravity C coincides with the centroid of the triangular area. Then

azg—(O.ZS—h)

and b =g(0.4) —i i
3 15\ 3

10Sw) . 0.25m

104 m) e
8

Now a
b 15

d

4—(025-h) 8

that S 2

sotha ;(0'4)_i(4) 15
3 15\3

(0.29-)w

=N
F

Simplifying yields

259 g v15n =100 1)
45 12

Alternative solution:

Consider a free body consisting of a 1-m thick section of the gate and the triangular section BDE of water

above the gate.
| . ‘ I&a«] A\s
Now P'=2 Ap' =2 (d X1 m)(pgd) ELS Sl
1 d lw“
=—pgd” (N
P8 (N) LW
, 1 8 1 A i
W’ = poV = —x—dxdxl N "
P8 pg(2 5 mj ' M AL (D25-R)m
_4 o e
= Epgd (N) | §(o.+m
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PROBLEM 5.89 (Continued)

Then with B, =0 (as explained above), we have

0 (20X 2 pea? 1=l —025-m L peq? | =
)M, =0: [3(0.4) 3(1501)}(15%51) [3 (0.25 h)}(ngdJ 0

289 70.6
Simplifying yields —d+15h=——
prymey 45 12
as above.
Find h: d=0.75m
Substituting into Eq. (1), %(0.75) +15h = % or h=0.0711m <
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PROBLEM 5.90

The square gate AB is held in the position shown by hinges along its top edge A
and by a shear pin at B. For a depth of water d =3.5ft, determine the force
exerted on the gate by the shear pin.

SOLUTION

First consider the force of the water on the gate. We have

1
P=—A
S AP

1
=—A(yh
5 (yh)

Then P = %(1.8 ft)? (62.4 1b/ft>)(1.7 ft)
=171.850 Ib

P = %(1.8 ft)* (62.4 Ib/ft*) x (1.7 +1.8cos 30°) ft

=329.431b
1 2
Now M, =0: (ELAB)PI +(§LAB)PH—LABFB =0
1 2
or S171.8501b)+ 2(329.431b) ~ F, =0
or F, =276.901b F, =2771b »1 30.0° «
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PROBLEM 5.91

A long trough is supported by a continuous hinge along its
lower edge and by a series of horizontal cables attached to
its upper edge. Determine the tension in each of the cables,
at a time when the trough is completely full of water.

20 in./{

r=241in.

SOLUTION

Consider free body consisting of 20-in. length of the trough and water.

[ =20-in. length of free body

W=pv= 7[%;»21} T

P, =yr r
1 1 ! ! P
P =EPArl =E(7/r)rl =57/r2l i¢
+)=M , =0: Tr—Wr—P(%r)zO
w 2 4r 1 2 1
Tr—| y=r2 || 22 | = =92 || =7 |=0
’ (74r j[m) [ZW jisr)

I . 1 5, 1 5
T=—yrl+—yril=—yril
AT

-
"
£y

[

24 20

Data: y=62410/ft0 r=""ft=21ft I="ft
12 12
Then T= l(62.4 1b/£t%)(2 ft)? 204
2 12
=208.00 Ib T=2081b 4
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PROBLEM 5.92

A 0.5 x 0.8-m gate AB is located at the bottom of a tank filled
with water. The gate is hinged along its top edge A and rests on a
frictionless stop at B. Determine the reactions at A and B when
cable BCD is slack.

B | 0.4¢ m

F().64 11144

SOLUTION
First consider the force of the water on the gate.
We have PzéApzéA(pgh) T
EI. 04Swm
so that B :%[(0.5 m)(0.8 m)]x[(10° kg/m>)(9.81 m/s*)(0.45 m)] S ﬁf\ A
=8829N ) 0‘| )
B

P = %[(0.5 m)(0.8 m)]x[(10° kg/m>)(9.81 m/s*)(0.93 m)]
=1824.66 N

Reactions at A and B when 7 =0:
We have

+)=M , =0: %(0.8 m)(882.9 N) +§(0.8 m)(1824.66 N) — (0.8 m)B =0

or B=1510.74 N

or B=1511N>53.1° 4
FNZF=0: A+1510.74 N—882.9 N —1824.66 N=0

or A=1197 N> 53.1° 4
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¢c__{p__.' PROBLEMS5.93

A 0.5 x 0.8-m gate AB is located at the bottom of a tank filled with
water. The gate is hinged along its top edge A and rests on a frictionless
stop at B. Determine the minimum tension required in cable BCD to

open the gate.
0.48 m
—L |

F().64 m—»‘

A5

=1

SOLUTION

First consider the force of the water on the gate.

We have leApzlA(pgh)
2 2 04Sm

!
1 s X7 |

so that R =Z10.5 )08 m)]x[(10° kg/m*)(9.81 m/s*)(0.45 m)] o kam
—8829N ™ 7 |

P, = %[(0.5 m)(0.8 m)]x[(10° kg/m*)(9.81 m/s*)(0.93 m)]
=1824.66 N
T to open gate:

First note that when the gate begins to open, the reaction at B — 0.

Then +‘>EMA =0: %(0.8 m)(882.9 N)+§(O.8 m)(1824.66 N)

—(0.45+0.27)m x (%T} =0

or 235.44+973.152 -0.338827 =0
or T=3570 N «
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PROBLEM 5.94

A 4x2-ft gate is hinged at A and is held in position by rod CD.
End D rests against a spring whose constant is 828 1b/ft. The spring
is undeformed when the gate is vertical. Assuming that the force
exerted by rod CD on the gate remains horizontal, determine the
minimum depth of water d for which the bottom B of the gate will
move to the end of the cylindrical portion of the floor.

SOLUTION

First determine the forces exerted on the gate by the spring and the water when B is at the end of the
cylindrical portion of the floor.

We have sin@z% 6 =30°
Then Xgp = (3 ft)tan30°
and Fgp = kxgp
=828 Ib/ft x 3 ft X tan30°
=1434.141b
Assume d=>4ft
1 1
We have P=—Ap=—A(yh)
2 2
Then B = %[(4 ft)(2 ft)]x[(62.4 1b/ft? )(d —4) ft]

=249.6(d-4)1b

B = %[(4 ft)(2 ft)]x [(62.4 Ib/ft’ )(d — 4 + 4cos30°)]
=249.6(d —0.53590°) Ib

For d;, so that the gate opens, W =0

n

Using the above free-body diagrams of the gate, we have
+‘> M, =0: (% ftj[249.6(d -4)Ib]+ (% ftj[249.6(d —0.53590) 1b]

—(31t)(1434.141b) =0

or (332.8d —1331.2) + (665.6d —356.70) —4302.4=0
or d =6.00ft
d = 4 ft = assumption correct d=6.00ft <
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PROBLEM 5.95
Solve Problem 5.94 if the gate weighs 1000 Ib.

PROBLEM 5.94 A 4x2-ft gate is hinged at A and is held in
position by rod CD. End D rests against a spring whose constant is
828 1b/ft. The spring is undeformed when the gate is vertical.
» Assuming that the force exerted by rod CD on the gate remains

- horizontal, determine the minimum depth of water d for which the
bottom B of the gate will move to the end of the cylindrical portion
of the floor.

SOLUTION

First determine the forces exerted on the gate by the spring and the water when B is at the end of the
cylindrical portion of the floor.

We have sin9=% g =30°
Then Xgp = (3 ft)tan30°
and Fgp = kxgp = 828 Ib/ft x 3 ft X tan30°
=1434.141b

Assume d=>4ft

1 1 d-M%
We have P=—Ap=—A(yh)

2 2 (4 ®)eos3s
Then P = %[(4 ft)(2 ft)] x[(62.4 b/t )(d —4) ft] —[

=249.6(d -4)1b

Py = %[(4 ft)(2 ft)]x [(62.4 Ib/ft)(d — 4 + 4cos 30°)]
=249.6(d —0.53590°) Ib
For d_;, so that the gate opens, W =1000 Ib

Using the above free-body diagrams of the gate, we have

+‘> M, =0: (% ft)[249.6(d -4)1b]+ [%ft)[249.6(d —0.53590) 1b]

— (3 ft)(1434.14 1b) — (1 f£)(1000 Ib) = 0

or (332.8d —1331.2) + (665.6d —356.70) — 4302.4-1000=0
or d ="7.00ft
d = 4 ft = assumption correct d=17.00ft <
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PROBLEM 5.96
A hemisphere and a cone are attached as shown. Determine the location of the
centroid of the composite body when (a) h=1.5a, (b) h=2a.
SOLUTION
Y
v y yv
Cone | l71'a2h h i7razh2
3 4 12
3 1
Hemisphere 11 Zrd’ — -—ra*
3 8 4
15
V==—ma"(h+2a)
3
- L5 2
2yV=—ma (h" -3a
W=y ( )
15 72
(@) For h=1.5a, V=§7[a (1.5a+2a)=g7m
IyV = i;raz[(l.scz)z -3a*]= L
12 16
7V =syv: V|l |=-trat V-
6 16 56
Centroid is 0.0536a below base of cone. 4
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PROBLEM 5.96 (Continued)

(b) For h=2a, V= %ﬂ'az(Za +2a) = %mf
zyV =i7m2[(2a)2 —3a%]= i;m“
12 12
12 16

YV =XyV: Y{gﬂcf]:Lﬂ'a“ ?zia

Centroid is 0.0625a above base of cone. 4
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PROBLEM 5.97

Consider the composite body shown. Determine (a) the value
of X when h=L/2, (b) the ratio h/L for which x = L.

SOLUTION
Vv x xV
. 1 1
Rectangular prism Lab 3 L ) L ab
1 (b 1 1 1
P id —a|l—|h L+—h —abh| L+—h
yrami 3‘{2] 4 6" ( 4 j
1
Then ZV=ab(L+gh]
_ 1 ) 1
2xV=—ab|3L +h| L+—h
6 4
Now XZV =3xV
= 1 1 2 1.,
so that X|ab| L+—h||=—ab|3L" +hL+—h
6 6 4
2
or il Ly L0 (1)
6L) 6 L 41

(@) X =?when hzéL.

h 1
Substituting — =— into Eq. (1),
&7 q. (1)

or X X =0.548L 4
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PROBLEM 5.97 (Continued)

(b) %:?“malizL.

2
Substituting into Eq. (1), L 1+lﬁ =lL 3+ﬁ+lh_2
6L) 6 L 4L
lh 1 1h 14
or ==t ——
6L 2 6L 24717
2
or }£—2=12

h
L

=23 «
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PROBLEM 5.98

Determine the y coordinate of the centroid of the body shown.

SOLUTION

First note that the values of ¥ will be the same for the given body and the body shown below. Then

1% y V
1 2 1 212
Cone —rmah ——h ——ma“h
3 12
2 1 1
Cylinder _n(ﬁj b=——ra’h ——b —ra’h*
2 4 2
s T 22 (4h—13b) ~ T 20n -3
12 24

We have

Then

YIV =ZyV

V| Z a2 @4n-3b) |=-Z a2 2n? -3b?)
12 24

_2n* -3
2(4h - 3b)
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PROBLEM 5.99

Determine the z coordinate of the centroid of the body shown. (Hint: Use
the result of Sample Problem 5.13.)

SOLUTION

First note that the body can be formed by removing a half cylinder from a half cone, as shown.

4 z v
Half cone L an _a LTS
6 V1 6
2
. 7(a T 4 (a 2a 1 5
e 2{2} gt 37:(2] 3 TN
T 2 1 5
z —a” (4h-3b ——@Qh-b
24 ( ) 12 ( )
From Sample Problem 5.13:
We have Z3V =37V
Then Z| Lo @h-3b) | =——=a’ 2h-b) or Z7=_0[*h=2b) 4
24 12 7w\ 4h-3b

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

671

STUDENTS-HUB.com


https://students-hub.com

PROBLEM 5.100

For the machine element shown, locate the y coordinate of the
center of gravity.

SOLUTION

For half-cylindrical hole,

r=125in.
_ 4(1.25)
Ym=2-
3
=1.470in.
For half-cylindrical plate, r=2in.
Zy —7+32) _ 7851,
kY2
V,in® y, in. Z,in. | yv,in* | ZV,in*
I | Rectangular plate (7)(4)(0.75)=21.0 -0.375 3.5 -7.875 73.50
I | Rectangular plate (A (2)(1)=8.0 1.0 2 8.000 16.00
Il | —(Half cylinder) —% (1.25)*(1) = 2.454 1.470 2 -3.607 —4.908
v Half cylinder %(2)2 (0.75)=4.712 0375 | -7.85 | -1.767 36.99
\Y% —(Cylinder) —72(1.25)%(0.75) = -3.682 | -0.375 7 1381 | —25.77
z 27.58 -3.868 95.81
YIV =33V
Y(27.58in*)=-3.868 in* Y =—0.1403in. 4
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y 16 mm

PROBLEM 5.101

60 mm For the machine element shown, locate the y coordinate of the
mm 11 center of gravity.
mi

<z 100 mm

%) mm

SOLUTION

First assume that the machine element is homogeneous so that its center of gravity will coincide with the
centroid of the corresponding volume.

V, mm?® X, mm y, mm xV, mm* yV, mm*

I (100)(18)(90) = 162,000 50 9 8,100,000 1,458,000

i (16)(60)(50) = 48,000 92 48 4,416,000 2,304,000

11 7(12)2(10) = 4523.9 105 54 475,010 244,290

v —7(13)2(18) = —9556.7 28 9 —267,590 -86,010

) 204,967.2 12,723,420 3,920,280

We have YIV =33V

Y (204,967.2 mm®) = 3,920,280 mm* or ¥=19.13mm <«
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y 16 mm

60 mm

X

25 mm

\/L/ 25 mm
20 mm

PROBLEM 5.102

For the machine element shown, locate the x coordinate of

the center of gravity.

SOLUTION

First assume that the machine element is homogeneous so that its center of gravity will

centroid of the corresponding volume.

coincide with the

V, mm? X, mm y, mm xV, mm* yV, mm*

I (100)(18)(90) = 162,000 50 9 8,100,000 1,458,000

i (16)(60)(50) = 48,000 92 48 4,416,000 2,304,000

11 7(12)2(10) = 4523.9 105 54 475,010 244,290

v —7(13)2(18) = —9556.7 28 9 —267,590 -86,010

> 204,967.2 12,723,420 3,920,280

We have X3V =3xV
X (204,967.2 mm*) =12,723,420 mm* X =62.1mm <
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PROBLEM 5.103

For the machine element shown, locate the z coordinate of the
center of gravity.

SOLUTION

For half-cylindrical hole,

r=1.25in.
_ 4(1.25)
Y =2- 3
T
=1.470 in.
For half-cylindrical plate, r=2in.
v =7 +@= 7.851n.
3z
V,in® y, in. Z,in. | yV,in* | ZV,in*
I Rectangular plate (7)(4)(0.75)=21.0 -0.375 3.5 -7.875 73.50
I | Rectangular plate H(2)1)=8.0 1.0 2 8.000 16.00
11 —(Half cylinder) —%(1.25)2(1) =2.454 1.470 2 -3.607 -4.908
1\ Half cylinder %(2)2 (0.75)=4.712 0375 | 785 | -1.767 36.99
\Y% —(Cylinder) —72(1.25)%(0.75) = -3.682 | -0.375 7 1.381 -25.77
) 27.58 —3.868 95.81
Now 73V =37V
Z(27.58in’)=95.81in* Z=347in. 4
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PROBLEM 5.104
For the machine element shown, locate the x coordinate of the
center of gravity.
SOLUTION
Dimensions in mm
LA
y=1/2 /§" \
30
27 S
% - 28¢ 20 300 049 w45
v, mm’ X, mm | Z, mm xV, mm* zV, mm*
I | Rectangular plate | (10)(90)(38)=34.2x10° | 19 45 649.8 x 10° 1539 x 10°
I Half cylinder %(20)2(10) =6.2832x10° | 465 | 20 | 292.17x10° |125.664 x 10°
I —(Cylinder)  |-7(12)%(10) =—4.5239x10>| 38 20 [-171.908 x 10°| —90.478 x 10’
IV | Rectangular prism|  (30)(10)(24) = 7.2x10° 5 78 36 x 10° 561.6 x 10
1
V | Triangular prism 5(30)(9)(24) =3.24x10° | 13 78 | 42.12x10° | 252.72x10°
) 46.399 x 10° 848.18 x 10° | 2388.5x 10°
X3V =3xV
- 3 4
XZZxV:848.18><103mm3 % 1828 mm 4
2V 46.399x10°mm
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PROBLEM 5.105

For the machine element shown, locate the z coordinate of the
center of gravity.

SOLUTION

Dimensions in mm

V, mm’ X, mm | Z, mm xV, mm* zZV, mm*
I | Rectangular plate | (10)(90)(38)=34.2x10° | 19 45 649.8 x 10° 1539 x 10°
Il | Half cylinder %(20)2(10) =6.2832x10° | 465 | 20 | 292.17x10° |125.664 x 10°
Il | —(Cylinder) |-7z(12)*(10)=-4.5239x10°| 38 20 |-171.908 x 10°| —90.478 x 10°
IV | Rectangular prism | (30)(10)(24) =7.2x10 5 78 36 x 10° 561.6 x 10°
V | Triangular prism %(30)(9)(24) =324x10° | 13 78 | 42.12x10° | 252.72%10°
) 46.399 x 10° 848.18 x 10° | 2388.5x 10°
73V =37V
Z:ZEV_2388.5><103mm4 7 —515mm 4

IV 46.399x10°mm’
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PROBLEM 5.106

Locate the center of gravity of the sheet-metal form shown.

SOLUTION
By symmetry, Y =80.0mm <«
= 489 =33.953 mm
3
n = _260) _ —38.197 mm
T
A, mm? X, mm | Z,mm XA, mm® ZA, mm®
I %(80)2 =10,053 0 33.953 0 341.33x10°
Il 7(60)(160) = 30,159 60 |-38.197 [1809.54x10%| —-1151.98x10°
> 40,212 1809.54x10° | —810.65x10°
XTA=3XA: X(40,212)=1809.54x10° X =450 mm <«
ZSA=37ZA: Z(40,212)=-810.65x10 Z=-202mm <«
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PROBLEM 5.107

Locate the center of gravity of the sheet-metal form shown.

0‘1/& \%%\
0.05 m 2’2 mooy

SOLUTION

First assume that the sheet metal is homogeneous so that the center of gravity of the form will coincide with
the centroid of the corresponding area.

¥ =0.18+%(0.12) =0.22m

_ 1
= 5(02 m)
_ _ 2x0.18 0.36
X =Yn = =—m
T T
5 =034 4x005
RV
=0.31878 m
A, m? X, m y,m | zZ,m XA, m’ yA, m® ZA,m’
1 0.2
1 5(0.2)(0.12) =0.012 0 0.22 T 0 0.00264 | 0.0008
II %(0.18)(0.2) =0.0187 @ @ 0.1 0.00648 0.00648 | 0.005655
T T
111 (0.16)(0.2) =0.032 0.26 0 0.1 0.00832 0 0.0032
v —%(0.05)2 =-0.001257 | 0.31878 0 0.1 -0.001258 0 -0.000393
> 0.096622 0.013542 0.00912 | 0.009262
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PROBLEM 5.107 (Continued)

We have XTIV =3XxV: X(0.096622 m*)=0.013542 m* or X=0.1402m <«
YIV =XyV: Y(0.096622 m*)=0.00912 m’ or ¥ =00944m «
ZXV =37V: Z(0.096622 m?) =0.009262 m* or Z=0.0959m <
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34 in.

r=25in.

PROBLEM 5.108

A window awning is fabricated from sheet metal of uniform
thickness. Locate the center of gravity of the awning.

SOLUTION

First, assume that the sheet metal is homogeneous so that the center of gravity of the awning coincides with

the centroid of the corresponding area.

=5 =4+ 14610300,
RY4

7y =T = X2) 100,

11 VI 3” 3”
3y =4+ 22 _1991550n,
T
) .
z = (2)(25) :ﬁm.
T T

Ay = Ay, = %(25)2 = 490.87 in®

Ay =§(25)(34) =1335.18in’

A, in? y, in. Z,in. YA, in® ZA, in®
I (4)(25) =100 2 12.5 200 1250
i 490.87 14.6103 % 7171.8 5208.3
11 (4)(34) =136 2 25 272 3400
v 1335.18 19.9155 5—: 26,591 21,250
\4 (4)(25) =100 2 12.5 200 1250
VI 490.87 14.6103 % 7171.8 5208.3
T 2652.9 41,607 37,567
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PROBLEM 5.108 (Continued)

Now, symmetry implies X =17.00in. <
and YSA=3ZVA: Y(2652.9in%)=41,607 in’ or Y =15.68in. 4
ZXA=37A: Z(2652.9in%)=37,567 in’ or Z=14.16in. <4
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y PROBLEM 5.109

60 mm A thin sheet of plastic of uniform thickness is bent to
"/ form a desk organizer. Locate the center of gravity of the
organizer.

6

74 mm l

J/ x
/ L—»‘ |<—/5 mm —| \

30 mm r=06mm

r=6mm r=6 mm

SOLUTION

First assume that the plastic is homogeneous so that the center of gravity of the organizer will coincide with
the centroid of the corresponding area. Now note that symmetry implies

Z=30.0mm <«

—6—&=2 1803 mm

T

X, =36+ﬁ=39.820 mm

T
% =58-22%_ 54 180 mm
T
%, =133+ 2% _136.820 mm
T
_ _ 2%x6
Y2 =Y4 =Y = Yio —6—7—2 1803 mm
3 =75+ 222 78,183 mm
T

A=A =A=A, =%x6x60=565.49mm2

Ay = Tx5%60 = 942.48 mm*
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PROBLEM 5.109 (Continued)
A, mm? X, mm Yy, mm YA, mm’ YA, mm?
1 (74)(60) = 4440 0 43 0 190,920
2 565.49 2.1803 2.1803 1233 1233
3 (30)(60) = 1800 21 0 37,800 0
4 565.49 39.820 2.1803 22,518 1233
5 (69)(60) = 4140 42 40.5 173,880 167,670
6 942.48 47 78.183 44,297 73,686
7 (69)(60) = 4140 52 40.5 215,280 167,670
8 565.49 54.180 2.1803 30,638 1233
9 (75)(60) = 4500 95.5 0 429,750 0
10 565.49 136.820 2.1803 77,370 1233
> 22,224.44 1,032,766 604,878
We have XTA=X¥A: X(22,224.44 mm*)=1,032,766 mm’ or X =46.5mm <
YIA=XyA: Y(22,224.44 mm?) = 604,878 mm’ or Y=272mm <«
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/”}\ PROBLEM 5.110
10 in: 10 m'\s‘ A wastebasket, designed to fit in the corner of a room, is 16 in. high

’/ and has a base in the shape of a quarter circle of radius 10 in. Locate
the center of gravity of the wastebasket, knowing that it is made of

sheet metal of uniform thickness.

16 in.
&1/\
X
SOLUTION
Y
By symmetry, X=Z \ow. P/Lq 10n.
For III (Cylindrical surface), X = 2r = 29 =6.3662 in. éb
/4 T ’T/
A=Zm=Z10)16) = 251.33 in )
2 2 16 n,
\X
For IV (Quarter-circle bottom), X = ﬂ = @ =4.24411in. z /l/ ¥
3 3
A="2 =" 10)* =78.540 in?
4 4
A,in? X, in. X, in. XA, in® YA, in®
I (10)(16) =160 5 8 800 1280
i1 (10)(16) =160 0 8 0 1280
I 251.33 6.3662 8 1600.0 2010.6
v 78.540 4.2441 0 333.33 0
T 649.87 2733.3 4570.6
XTA=3XA: X (649.87in*)=2733.3in’
X =4.2059 in. X=7Z=421in. 4
YIA=XYA: Y (649.87 in”) = 4570.6 in’
Y =7.0331in. Y =7.03in. 4
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Yy

PROBLEM 5.111

r=0.625 in.

in. 2.5in. A mounting bracket for electronic components is formed from
sheet metal of uniform thickness. Locate the center of gravity
of the bracket.

SOLUTION

First, assume that the sheet metal is homogeneous so that the center of gravity of the bracket coincides with
the centroid of the corresponding area. Then (see diagram)

= 095 4(0.625)
v RY/4
=1.98474 in.

Ay = —%(0.625)2

=-0.61359 in”
A,in? X, in. y,in. Z, in. ¥A, in’ YA, in® ZA,in®
I (2.5)(6)=15 1.25 0 3 18.75 0 45
i1 (1.25)(6)=17.5 2.5 -0.625 3 18.75 —4.6875 | 225
I (0.75)(6) =45 2875 | -1.25 3 12.9375 | -5.625 13.5
v —Gj 3)=-375 | 1.0 0 375 | 375 0 _14.0625
\Y% -0.61359 1.0 0 1.98474 0.61359 | 0 -1.21782
T 22.6364 46.0739 103125 | 65.7197
We have XTA=3XA
X(22.63641in”) = 46.0739 in’ or X =204in. <
YZA=3yA
Y(22.6364 in%) =—10.3125 in’ or Y =—-0.456in. 4
ZYA=37A
Z(22.63641in”) = 65.7197 in® or Z=290in. 4
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PROBLEM 5.112

An 8-in.-diameter cylindrical duct and a 4 X 8-in. rectangular
duct are to be joined as indicated. Knowing that the ducts were
fabricated from the same sheet metal, which is of uniform
thickness, locate the center of gravity of the assembly.

SOLUTION

Assume that the body is homogeneous so that its center of gravity coincides with the centroid of the area.

By symmetry, z =0.

Then

Y (PaeTion ComevéD

<) @ Fem @)

®
s
QEneve b Flon
) ®
e N
L 3
A, in? X, in. y, in. YA, in® YA, in®
7(8)(12) =967 0 6 0 5767
~Z8)4)=-161 24 _8 10 ~128 ~1607
2 T T
Z (4 =8r _A4__16 12 —42.667 967
2 3 3
3)12)=96 6 12 576 1152
3)12)=96 6 8 576 768
_F 4y =81 44 _16 § | —42667 | —64n
2 3z 3w
(4)(12) =438 6 10 288 480
(4)(12) =48 6 10 288 480
539.33 1514.6 4287.4
X =2 1514.67 in. or X =2.81in. 4
YA 53933
Yzﬁzwin. or ¥ =7.95in. 4
YA 53933

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

687



https://students-hub.com

PROBLEM 5.113

An elbow for the duct of a ventilating system is made of sheet
metal of uniform thickness. Locate the center of gravity of the
elbow.

\ ~
\<‘/1%0 mm

SOLUTION

First, assume that the sheet metal is homogeneous so that the center of gravity of the duct coincides with the

centroid of the corresponding area. Also, note that the shape of the duct implies _
Y =38.0mm <«

Note that ¥ =7, = 400—2(400) = 145352 mm
T
%, = 400—-2(200) = 272.68 mm
T
%, =300—2(200) = 172.676 mm
T

Xy =2y =400 —%(400) =230.23 mm

%, = 400-—*(200) = 315.12 mm
3

%, =300——*(200) = 215.12 mm
3

Also note that the corresponding top and bottom areas will contribute equally when determining x and z.

Thus, A, mm> X, mm Z, mm YA, mm® ZA, mm’
I %(400)(76) =47,752 145.352 145.352 6,940,850 6,940,850

IT %(200)(76) =23,876 272.68 172.676 6,510,510 4,122,810

1 100(76) = 7600 200 350 1,520,000 2,660,000

v 2 {%j (400)* =251,327 230.23 230.23 57,863,020 57,863,020

r

\Y _Z(Z] (200)* = —62,832 315.12 215.12 -19,799,620 | -13,516,420

VI —2(100)(200) = —40,000 300 350 —-12,000,000 | -14,000,000

z 227,723 41,034,760 44,070,260
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PROBLEM 5.113 (Continued)

We have XTA=3XA: X (227,723 mm?) = 41,034,760 mm> or X =180.2mm <«

ZZA=3ZA: Z(227,723 mm?) = 44,070,260 mm® or Z=193.5mm <«

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

689

STUDENTS-HUB.com


https://students-hub.com

Y PROBLEM 5.114
Locate the center of gravity of the figure shown, knowing that it is
made of thin brass rods of uniform diameter.
SOLUTION
By symmetry, X=0 4
e
L, in. ¥, in. Z,in. yL,in? 7L, in?
AB 302 +16% =34 15 0 510 0
AD 30% +16% =34 15 8 510 272
AE 302 +16% =34 15 0 510 0
BDE 7(16) =50.265 0 249 _ 10.186 0 512
V3
hX 152.265 1530 784
YEL=XyL: Y(152.265in.)=1530in>
Y =10.048 in. Y =10.05in. <
Z3L=Y7L: Z(152.265in.)=784in’
Z=5.149in. Z=5.15in. 4
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Yy

PROBLEM 5.115

A
\ Locate the center of gravity of the figure shown, knowing that it is
~ made of thin brass rods of uniform diameter.
15m

o) %
/ .
T~ o.e? T
- m\/ B N/
SOLUTION

Uniform rod:

AB? =(1m)* + (0.6 m)* + (1.5 m)?

AB=19m
2
L,m X, m y, m Z,m xL, m* yL, m* YL, m
AB 1.9 0.5 0.75 0.3 0.95 1.425 0.57
BD 0.6 1.0 0 0.3 0.60 0 0.18
DO 1.0 0.5 0 0 0.50 0 0
OA 1.5 0 0.75 0 0 1.125 0
z 5.0 2.05 2.550 0.75
XTL=3XxL: X(5.0m)=2.05m? X=0410m <«
YIL=%yL: Y(5.0m)=2.55m’ Y =0510m <«
ZXL=37L: Z(5.0m)=0.75m* Z=0.1500m 4
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Yy

PROBLEM 5.116

l.Om‘

- ™

A thin steel wire of uniform cross section is bent into the shape
shown. Locate its center of gravity.

SOLUTION

First assume that the wire is homogeneous so that its center of gravity
will coincide with the centroid of the corresponding line.

%, =7, = 2%x2.4 :ﬁm
T T
L,m X, m y, m z,m xL, m> yL, m* zZL, m>
1 2.6 12 0.5 0 3.12 1.3 0
2 | Zxoa=122 48 0 48 5.76 0 5.76
2 T T
3 2.4 0 0 12 0 0 2.88
4 1.0 0 0.5 0 0 0.5 0
p) 9.7699 8.88 1.8 8.64
We have XIL=XxL: X(9.7699 m)=8.88 m* or X=0.909m <«
YEL=XyL: Y(9.7699 m)=1.8 m* or Y =0.1842m <«
ZIL=X7L: Z(9.7699 m)=8.64 m* or Z=0.884m <«
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PROBLEM 5.117

Yy
The frame of a greenhouse is constructed from uniform aluminum
channels. Locate the center of gravity of the portion of the frame
v shown.
51t

3ft \2\

20 N

X

z ~

SOLUTION

First assume that the channels are homogeneous so that the center of gravity of the frame
will coincide with the centroid of the corresponding line.
— _ _2x3 6

Xy =Xy =——=—ft
T 7

Yo = =5+ 253 26,9099 fi
T

L, ft x, ft y, ft z.ft | XL, ft? yL, ft? 7L, ft*
1 2 3 0 1 6 0 2
2 3 1.5 0 2 4.5 0 6
3 5 3 2.5 0 15 12.5 0
4 5 3 2.5 2 15 12.5 10
5 8 0 4 2 0 32 16
6 2 3 5 1 10
7 3 1.5 5 2 4.5 15
T 6
8 E><3 =4.7124 — 6.9099 0 9 32.562 0
T
T 6
9 3X3 =4.7124 — 6.9099 2 9 32.562 9.4248
T
10 2 0 8 1 0 16 2
T 39.4248 69 163.124 | 53.4248
We have XIL=3XxL: X(39.4248 ft) =69 ft* or X=1750ft 4
YIL=XyL: Y(39.4248 ft)=163.124 ft* or Y=4141t 4
ZXL=Y7L: Z(39.4248 ft)=53.4248 ft* or Z=1355ft 4
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6t PROBLEM 5.118
1 I Three brass plates are brazed to a steel pipe to form the flagpole
base shown. Knowing that the pipe has a wall thickness of 8 mm
and that each plate is 6 mm thick, determine the location of the
192 mm center of gravity of the base. (Densities: brass = 8470 kg/m3;
steel = 7860 kg/m”.)

120° v
SOLUTION
Y Since brass plates are equally spaced, we note that
the center of gravity lies on the y-axis.
¥ Thus, x=7=0 4
132 mm
—“——x Steel pipe: V= %[(0.064 m)? — (0.048 m)?1(0.192 m)
A6 mm =270.22x10°m’
z m=pV = (7860 kg/m*)(270.22x10™°m?)
=2.1239kg
Each brass plate: V= %(0.096 m)(0.192 m)(0.006 m) =55.296x10™°m’
m=pV = (8470 kg/m*)(55.296 x10™°m?) = 0.46836 kg
Flagpole base:
Ym=2.1239 kg + 3(0.46836 kg) = 3.5290 kg
YXym=(0.096 m)(2.1239 kg) + 3[(0.064 m)(0.46836 kg)] = 0.29382 kg - m
YEIm=3ym:  Y(3.5290 kg) =0.29382 kg-m
Y =0.083259 m Y =83.3mm above the base 4
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™

PROBLEM 5.119

A brass collar, of length 2.5 in., is mounted on an aluminum rod
of length 4 in. Locate the center of gravity of the composite body.
(Specific weights: brass = 0.306 Ib/in’, aluminum = 0.101 Ib/in’)

<

3in.

| -

‘ 2.5 in.

A

SOLUTION

Aluminum rod:

Brass collar:

T -

1.6 w,

Y
Lo+
-

¥

3ia.

1.6 n,

5

2.5 in.

(O

L 2.5,
4 v+
X K
ALUMINUM BRASS
{ = 0.101 lb/m? Y= 0-306 \b/in?
W =W
=(0.101 1b/in3)[%(l 6in)% (4 in.)}
=0.812291b
W =W
=(0.306 1b/in.3)%[(3 in.)? —(1.6in.)*1(2.51in.)
=3.86931b
Component W(b) y (in.) yW (b-in.)
Rod 0.81229 2 1.62458
Collar 3.8693 1.25 4.8366
) 4.6816 6.4612

YIW =ZyW: Y(4.68161b)=6.46121b-in.

Y =1.38013 in. Y =1.380in. 4
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~—1.125 in.—] PROBLEM 5.120

0.5 in.

1

specific weight of bronze is 0.318 Ib/in’ and of steel is 0.284 Ib/in’,

A bronze bushing is mounted inside a steel sleeve. Knowing that the
' determine the location of the center of gravity of the assembly.

1.00 in.

A
0.40 in.

L()E; ian

1.80 in:
SOLUTION
First, note that symmetry implies X=7=0 <
puid
N s
4 ? \
Q/ N
7BEN
VEREN
7N
g [/ L
N\ | AN
4 X
z
Now W=(pg)V
3, =0.20in. W, =(0.284 Ib/in*) {(%][(1.82 —0.75%)in*](0.4 in.)} =0.238891b
Y =0.90in. Wy =(0.284 lb/in3){(%j[(l.1252 -0.75%)in*]1d in.)} =0.156834 1b
Y =0.70in. Wy =(0.318 1b/in3){(%)[(0.752 -0.5%)in*](1.4 in.)} =0.109269 Ib
We have YIW =3yW
7 _ (020in.)(0.23889 Ib) + (0.90in.)(0.156834 Ib) + (0.70 in.)(0.109269 Ib)
0.23889 1b +0.156834 1b +0.109269 1b

or Y =0.5261in. 4

(above base)
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PROBLEM 5.121

A scratch awl has a plastic handle and a steel blade and shank. Knowing that the density of plastic is 1030 kg/m’

and of steel is 7860 kg/m°, locate the center of gravity of the awl.

=

25 mm

3.5 mm

~—80 mm —»‘

'i 50 mm ‘-‘—790 mm —‘ ]‘ 10 mm
|
¥ | # ||

SOLUTION

First, note that symmetry implies

L1
O Jem—=
73/ (PLASTIO)
-5
X =§(12.5 mm) =7.8125 mm

W, = (1030 kg/m3)[2?”) (0.0125 m)’

=4.2133x107 kg
Xy =52.5 mm

Wy, = (1030 kg/m®) (%] (0.025 m)*(0.08 m)

=40.448x107 kg
Xy =92.5 mm - 25 mm = 67.5 mm

Wy =—(1030 kg/m3)[%)(0.0035 m)*(0.05 m)

=-0.49549x10 kg

Xy =182.5mm—70 mm=112.5 mm

W,y = (7860 kg/m3)(%) (0.0035 m)*(0.14 m)* =10.5871x10 kg

xy =182.5 mm—i-l(lO mm) =185 mm
4

W, = (7860 kg/m%(%] (0.00175 m)?(0.01 m) =0.25207x10" kg

0 <

il
Il
N
Il
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PROBLEM 5.121 (Continued)

W, kg X, mm xW, kg - mm

I 4.123x107° 7.8125 32.916x107°

i} 40.948x107° 52.5 2123.5x107°

11 —0.49549%107 67.5 —33.447x107°

v 10.5871x107 112.5 1191.05x107°

\Y% 0.25207x107 185 46.633x107

T 55.005x107 3360.7x107

We have XIW =2xW: X(55.005x107 kg) =3360.7x107° kg - mm

or X =61.1mm <«
(from the end of the handle)
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PROBLEM 5.122

Determine by direct integration the values of x for the two volumes obtained by passing a vertical cutting
plane through the given shape of Figure 5.21. The cutting plane is parallel to the base of the given shape and
divides the shape into two volumes of equal height.

A hemisphere

SOLUTION
Choose as the element of volume a disk of radius r and thickness dx. Then
dV =zridx, X =x
The equation of the generating curve is x* + y* =a” so that r* =a” —x* and then

dv =r(a® — x*)dx

3 al2

a2 2 2 2 X
Component 1: Vlzj w(a"—x")dx=rm|a x—?
0
0
o O
=%7ra3 2 2
and J' 53 dvzj'“/zx[n(az—xz)dx]
B 0
al2
a2 X
2 4 o
=—rza*
64
11 7
Now szIf av: x| —nza® |=—nra*
11 \YEL 1(24 j o4

Component 2:

a 3 “
V2=j r(a® -x)dx=n a’x—
al2

3
=7 az(a)—% - az(ﬁ

=-—7a
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PROBLEM 5.122 (Continued)

and [ Feav=[" s[a@ -x)ax]=x|a® ==

J@ @] | L) )

=xla — —la -
2 4 2 4
=—za*
64
_ _ _ (5 3 9 4 _ 27
Now xV,=| x,dV: x,| —ra’ |=—rma or x,=—a 4
2 L H 2(24 j 64 240
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PROBLEM 5.123

Determine by direct integration the values of x for the two volumes obtained by passing a vertical cutting
plane through the given shape of Figure 5.21. The cutting plane is parallel to the base of the given shape and
divides the shape into two volumes of equal height.

A semiellipsoid of revolution

SOLUTION

Choose as the element of volume a disk of radius r and thickness dx. Then
dV =xridx, Xy =x

2

. . .X
The equation of the generating curve is —-+
h

2
y_2:1 so that

a

2
rzz%(hz_xz)

2
and then dv = ”Z_z(hz —x%)dx
2
w2 2 3
Component 1: Vi =I 7ra—2(hz—xz)dx=ﬂ'a—2 hx—1
0 K h 3 o
=%ﬂ'a2h
and j?c av={"x zzﬁ(hz—xz)dx
1 EL - 0 hz
2
el ]
2
h 2 4 0
—%ﬂazhz
_ _ _(11 7 _
Now X1V1=LXELdV3 xl(ﬂimzhjzaﬂ'azhz or xlzgh <4
h
' Y @ . ~ a2, 0
Component 2: V, = 72'—2(h —Xx )dx—ﬂ—2 h"x—— ‘\
"2 h h 2 \ -
A
3
2 3 h
:ﬂ_a_ hz(h)—(h—) _ hz{ﬁj_(z)
h? 3 2 3 L
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PROBLEM 5.123 (Continued)

h 2
and J' X dV = J' x ﬁZ—z(hz — xP)dx
h
2 2 4
v
h hi2

= - h
2 2 4 2 4
=—r7a’h®
64
Now XV, = L)TELdV: X, (%ﬂ'azh] :%”azhz or % zj_z)h <
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PROBLEM 5.124

Determine by direct integration the values of x for the two volumes obtained by passing a vertical cutting
plane through the given shape of Figure 5.21. The cutting plane is parallel to the base of the given shape and
divides the shape into two volumes of equal height.

A paraboloid of revolution

SOLUTION

Choose as the element of volume a disk of radius r and thickness dx. Then

©

dV =zridx, X, =x
’ : ®
h 2 2 [12
The equation of the generating curve is x=h——-y~ so that r =7(h—x).
a - —
X
a2
and then dV =x—(h—x)dx
h L
h
W2 g LJ% 2
Component 1: V1=IO ET(h—x)dx
5 5 2
2
=§ﬂ'a2h
8
d v =[x 2 (h -0
an LxEL _Io x 71'7( —x)dx
2 2 3"
S :iﬂ-ath
h 2 3 12
0
_ _ (3 _, | _ 2
Now xV,=| x5 dV: x| =ma’h|=—rmah or x;=—h 4
11 L EL 1(8 j 12 [

Component 2:

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

703

STUDENTS-HUB.com


https://students-hub.com

PROBLEM 5.124 (Continued)
h a’ | a| ¥ X "
and J' )?ELdvzj' X i (h-xydx | =S| n -2
: w |7 h IR
- 2 3
ot o] |, G) ()
R
=L7ra2h2
12
_ _ _(1 1 _ 2
Now x2V2=LxELdV: xz(gﬂazhj=ﬁﬂ'azh2 or x2=§h <
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I ks PROBLEM 5.125

T Locate the centroid of the volume obtained by rotating the shaded area
about the x-axis.

SOLUTION

First note that symmetry implies

N <
Il Il
o o
A A

Choose as the element of volume a disk of radius r and thickness dx. Then

— 72 -
dV =rridx, xg =x

Now r=kx'?
so that dv = rk*x*3dx
at x=nh, y=a, a=kh'"
a
or k :W
2
Then av =ﬂ'ha2Tx2/3dx
A 2
and szo ﬂ'%xmdx
- a’ [i 5/3}}’
23 s .
=Z7ra’h
— h a’ 2/3 a’ [3 8/3 !
Also XELdV: OX ﬂﬁx dx ZEW gx .
==ra*h®
Now W:jfdv: ¥ 2 zath | =3 na2w? or ¥=2h 4
5 8 8
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v PROBLEM 5.126

Locate the centroid of the volume obtained by rotating the shaded area about

% the x-axis.

1m

3m
SOLUTION
First, note that symmetry implies y=0 <«
7=0 <
Choose as the element of volume a disk of radius r and thickness dx.
\.‘
Then dV =nmridx, Xy =x e— % ——~\ \» ax
1 1y
Now r=1—— so that deﬂ(l——) dx
X X
= 72'(1 — g + izj dx
X X
1T
Then V= I {1——+—)dx ﬂ'[x 21nx——}
X
=r 3—21n3—l - 1—21n1—1
3 1
=(0.469447) m’

3
2
and Xg dV = J. [[l——+%)dx}:ﬂ'{%—2x+lnx}
X

1
32 &
=7 {?—2(3)+ln3}—{3—2(1)+ln1}

=(1.098617) m

Now XV = I X dV: X(0.469447 m’) =1.098617 m* or x=2.34m 4
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y PROBLEM 5.127

Locate the centroid of the volume obtained by rotating the shaded
area about the line x = h.

SOLUTION

First, note that symmetry implies

|
S =
A A

|
I

Choose as the element of volume a disk of radius r and thickness dx. Then

dv =nrdy, Ve =Y

2
Now x° :h—z(a2 —y2) so that r=h—ﬁ«/a2 —yz.

a a

n? 2

Then dV=7r—2(a— az—yz) dy %
a
a hz 2

and V:Io ﬂ?(a—\mz—yz) dy

Let y=asin@=dy=acos0dbl

2 n 2

Then V=7zh—2 § (a— az—azsinzﬁ) acos@do

a 0

2 oo
= IZ'h—ZJ.” [a2 —2a(acos8) + (a® —a® sin® G)Jacose de
a 0

5 /2 ) .2
=rzah J.o (2cos@—2cos” @ —sin” BcosB)do

. /2
— mah?| 2sin 6 — z(§+ sza)—lsin3 0
2 4 3

0
=zah*|2-2 2|1
2] 3

=0.0958707zah’
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PROBLEM 5.127 (Continued)

2

and J.ﬁELdV=J.:y ﬂ%(a—w/az—yz )2 dy
—7r—2 0(261 V- 2ayJa* )

a

h? “

2 1
=2l @y + Za@® -y -y
a 3 4 o

2
= ﬂh—{a (a) } — [z 61(612)3/2 }}
a 3
1

Now yV = I Yo dV:  (0.0958707ah’) :%mzhz or y=0.869a 4
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y PROBLEM 5.128*
y=Dbsin 727—
_ / Locate the centroid of the volume generated by revolving the portion
/// of the sine curve shown about the x-axis.
/
// b
/
/
| x
I a 1 a |
SOLUTION

First, note that symmetry implies

Choose as the element of volume a disk of radius r and thickness dx.

<l

z

S O

A A

Then dV =rxridx, Xy =x
Now r=b sinﬂ
2a
so that dV = zb?* sin® ﬂabc
2a
2a
Then V= j 7b* sin? ﬂdx
a 2a
.k 2a
_ x _ sinZF
2 z .
2 2a a
=7b [(7) - (7)}
=—rab®
2a
and j)_cELdV = x(lzbz sin” ﬂabc)
a 2a
Use integration by parts with
u=x dV =sin? =
2a
.y
du =dx Vzﬁ—sma
2 2
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Then

Now

PROBLEM 5.128* (Continued)

2a
_ s x sin% 2a( x sin%
IXELdV_”b X E— 2z —ja E— o
2
= zb* Za[z—aj—a[ﬁj - lx2+a—cosﬂ
L2 2 47 277 a
3 1 a1 a’
=zb*{| =a® |-| =Qa)* +—-—(a)* +—
(2 ) 4( ) 27t 4() 27’

= 7ra*b? 3L
4 7

=0.648687a’b*

XV = J')?ELdv: )_c(lﬂasz = 0.648687a°b>
2

2a

a

or x=1297a 4
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v PROBLEM 5.129*
y=bsin X
_ / - Locate the centroid of the volume generated by revolving the
/// portion of the sine curve shown about the y-axis. (Hint: Use a
,/ thin cylindrical shell of radius r and thickness dr as the element
J/ b of volume.)
/
I a 1 a !
SOLUTION

First note that symmetry implies

Choose as the element of volume a cylindrical shell of radius r and thickness dr.

Then

Now

so that

Then

Use integration by parts with

Then

4V = QEA()dr), Ty =%y

r
=bsin—
Y 2a

dV = 27brsin 2 dr
2a

2a
v =J' 27brsin 2 dr
a 2a

u=rd dv=sinﬂdr
2a
du=dr v=—2—aco zr
T a

2a
2a
V:zﬂ'b (r) _Z_GCOSE _J- Z_GCOSE dr
/4 2a )], a \ T 2a

2a 4a* | 7r 2
_27[17{—7[(2a)(_1)]+ ?sz

a

=5.4535a°b
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PROBLEM 5.129* (Continued)

_ 2a r r
_ l . o . o
Also IyELdV = L (2 bsin iy ){ZEbr sin 2a dr]
2a
=m? [ " rsin® Zar
a 2a

Use integration by parts with

u=r dvzsinzﬂdr
2a
dued r sin Z-
u=dr V—E— o
. T 2a . V4
_ rsinZ- 2y sSInZ-
Then ijLdv—nbz{(r) T —J‘a S Jdr
2a
2a 24 zr
_72'b2 2a)| — |- (a)| — | |—-| —+——=cos—
{( )[2] U(zﬂ 4 2 a
2 2 2 2
— b’ 3(12— (2a) a2 (a) N az
4 27 4 2
:ﬂ'azbz (g_%j
4 r
=2.0379a’b’
Now V= j Y, dV: F(5.45354%b) = 2.0379a%> or y=0.374b 4
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PROBLEM 5.130*

Show that for a regular pyramid of height 4 and n sides (n =3, 4,...) the centroid of the volume of the pyramid
is located at a distance h/4 above the base.

SOLUTION

Choose as the element of a horizontal slice of thickness dy. For any number N of sides, the area of the base of
the pyramid is given by

Abasezkbz k‘\l
—_—
where k =k(N); see note below. Using similar triangles, we have du‘
i h
s_h-y —
b h |
41
or s—é(h— )
PR b
2 b’ 2
Then dV = Ag..dy = ks dy=k?(h—y) dy
b ) A 1 a
d V=| k—=(h-y)ydy=k—|——(h-
an [ (=) dy hz[ 3677
= Lpon
3
Also, yELzy
h _d—hkbzh 2 —kbzhhz 2yt +y°
so that Iya V—on h—z( —y)dy|= ?j‘o( y=2hy"+y)dy
PIL,, 2, 5 1, 1, 5,
=k—|—=h"y" ——=hy’ +— =—*kbh
hz[z YTEY Y T
_ (1. 5 | 1
Now YW =|ygdV: y|—kb°h |=—kb"h or y=—h QE.D. 4
3 12 4
1 5 ~ CENTER oF ®AsE
Note: =N| =—xbx—2
Abase [2 [an}/\r,] ‘
Sz
i SN
tan %
v |
_ 2
=k(N)b Fek ]
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PROBLEM 5.131
Determine by direct integration the location of the centroid of one-half of a
thin, uniform hemispherical shell of radius R.
SOLUTION
First note that symmetry implies x=0<
The element of area dA of the shell shown is obtained by cutting the shell with two planes parallel to the xy
plane. Now
dA =(zr)(RdO)
_ 2r
YeL =~
T
where r=Rsin@
so that dA = R? sin 0d6
_ R .
Vg, =———siné
V3
2
Then A= I” 7R sin0dO = 7R*[-cos 9]6”2
0
= 7R?
12
and J' 3, dA = J' § [—Z—R sin 9) (ZR sin 6d6)
0 T
_ |8 _sin20T"
2 4 |,
=T
2
Now yA:J'yELdA: y(;sz):—%ﬁ or y:—%R <
N _ _ 1
Symmetry implies 7=y Z= _ER <
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PROBLEM 5.132

The sides and the base of a punch bowl are of
uniform thickness ¢. If 1 << R and R = 250 mm,
determine the location of the center of gravity of
(a) the bowl, (b) the punch.

SOLUTION
(@) Bowl:
First note that symmetry implies x=0 4

7=0 <

for the coordinate axes shown below. Now assume that the bowl may be treated as a shell; the center of
gravity of the bowl will coincide with the centroid of the shell. For the walls of the bowl, an element of
area is obtained by rotating the arc ds about the y-axis. Then

dA,,,; = (27Rsin 6)(RdO) 4
S\
and y, =-Rcos@ x
(VeL)wan 2 R T
/2 5 . gR
Then Avar = j 2R sin0d6 30° z
6 ¢

=27R*[—cos H]ZZ l..._ R _..I ;5
= 7[\/§R2

and Ywal Awan = j (VL) wan dA
72 2
- j (—R cos 8)(2zR? sin 8d0)
76

= nR*[cos® 817¢

3

=->7R’
4
By observation, Ay = % R*, Vo = _g R
Now yXA=2ZYyA
or v B3R+ ER | =2 2rd 1 B R RER
4 4 4 2
or y=—-0.48763R R =250 mm y=-121.9 mm <«
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PROBLEM 5.132 (Continued)
(b)  Punch:
First note that symmetry implies x=0 4
7=0 4
and that because the punch is homogeneous, its center of gravity will coincide with the centroid of
the corresponding volume. Choose as the element of volume a disk of radius x and thickness dy. Then
dV =xx*dy, Yy =y g
2, .2 _p2 T X
Now x*+y =R o R _{\1
z _de
so that dv = (R* - y*)dy !
N
Th = R* -y’
en v I—\B/ZR”( y)dy
1L
= 7[|:R2y —— yﬂ
—32R
3
=—x| R? _ﬁR 1 _ﬁR =§7r\/§R3
2 3 2 8
— _(° 22 }
and ijLdV = j_ﬁ/m(y) |:7Z(R y )dy
0
2 47 Ly
2 4
=7 le _ﬁR _1 _ﬁR Z_E,[R“
2 2 4 2 64
— —(3 15
Now Y= |Vpdv: ¥ 223R |=——7zR*
y j YEL y ( 3 j o4
or y——iR R =250 mm y=-90.2mm <«
83 '
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PROBLEM 5.133

Locate the centroid of the section shown, which was cut from a thin circular
pipe by two oblique planes.

SOLUTION

First note that symmetry implies x=0 4

Assume that the pipe has a uniform wall thickness ¢ and choose as the element of volume a vertical strip of
width ad @ and height (y, —y,). Then

/L"l

_ 1 _
dv =(y, —yptad, yg 25()’1 +Y2)Zp =2

o 2
Now =3 7+— =—3 +Zh
. 2a 6 Y2 2a 3
h h
= Z+a = — —Z+2a
6a( ) 3a( )
and z=acos@
h h
Then (¥, —y)=—(-acos@+2a)—— (acosf+a)
3a 6a
h
=—(1-cos@
2( )
h h
and (y +y,)=—>(acos@+a)+—(—acos@+2a)
6a 3a
h
=—(5-cosd
6( )

av :%m(l—cose)de VL =%(5—cos0), Zp =acosf
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PROBLEM 5.133 (Continued)

Then V= 2j:“7m(1 —cos0)d6 = aht[6 - sin O]
=raht
T h aht
an _[YELdV _[0 12(5 cosé’)[ 5 ( Cosﬁ)d&jl
2
_ah tj”(5—6cose+cos2 6)d6
12 Jo
2 .
_ 91l 5psing+ & 4 S20
12 4 |,
=—rmah’t

Zg dV = Zj-:acos 9[%}”(1 —cos H)dé’}

. T
= azh{sinﬁ—g— = 29}
2 4
=——rma’ht
2
_ _ 1n_ o, _ 11
Now yV = dv: T aht) =—rmah”t or y=—h 4
y ijL ¥( ) 1 y 4
= = | _ 1
and zv=szLdv: Zwah) =~ ra’h or T=-3a 4
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v PROBLEM 5.134*

Locate the centroid of the section shown, which was cut from an elliptical
cylinder by an oblique plane.

2
=

SOLUTION

First note that symmetry implies x=0 4

4\
T—— g
TS o
i kN
2
Lot

Choose as the element of volume a vertical slice of width zx, thickness dz, and height y. Then

_ 1 _
dv =2xydz, )’ELZQ’ lpL =%

Now x:%\/bz -7

]

hi2 h h
and =——"74—=—(b—z 2
Y= ity Tt be
b
Then v=[ |29 -2 i(b—z) dz
-\ b 2b
Let z=bsin@ dz=bcosfdb
ah 72
Then V=— (b cos B)[b(1—sin 8)]b cos 8dE
b- Jr2

/2 2 2
=abh.|. (cos“@—sin @ cos” B)dO
—7/2

. 7l2
=abh [g + sin 20 + lcos3 6’}

—7/2

V= l7rabh
2
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PROBLEM 5.134* (Continued)

and .[yEL .[ [ ><—(b— )H( p b2_Z2J[2_};(b—z)}dz}
2
e R R s

Let z=bsin@ dz=>bcosBdb
1 ah?
Then ijLdV = ——3 [b(l —sin 8)]* (b cos 8) x (b cos 8d6)

=iabhzj (cos® @ —2sin 8 cos® @+ sin” @ cos” ) d6

Now sin® @ = %(l —c0s260) cos’@= %(1 +co0s26)
so that sin? @cos’ @ = i(l —cos?20)
Then ji dv = labhzj’m2 cos’ @ —2sin @ cos? ¢9+l(1 —cos?20) |d6
EL 4 _an 4
. . 72
_Lp2| (50200 1 gl 1[0, sindd
4 2 4 3 4 4\ 2 8 n
=ifrabh2
32
_ _ b a 22 i _
Also, szLdv = j_bz{z T’ = {% 0 z)}dz}
h
Z—2 2b— b — 22 dz
Let z=bsin@ dz=bcosBdb
ah
Then Zg dV = 7 j (b sin B)[b(1—sin B)](b cos 8) X (b cos 8dH)

= abzh.[ (sin @ cos® @ —sin® 8 cos® 0)d6
—n/2
Using sin? @cos’ @ = %(l —cos” 26) from above,
5 2l 5 1 5
IZELdVZ‘lb hj sin @ cos” @ ——(1—cos” 20) |d@
-7l2 4

. 72
—avth| - Leosto— Lo L[ € sind0 — L
3 442 8 )], 8
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Now

and

PROBLEM 5.134* (Continued)

5

V= dav:. —mwabh |=—mabh
y .[yEL y(2 ] %)
_ _ _(1 1
zV =IZELdV: z(aﬂabhjz—gnabzh

s
T
o
=—
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PROBLEM 5.135

3in. 30t

After grading a lot, a builder places four stakes to designate the
corners of the slab for a house. To provide a firm, level base
for the slab, the builder places a minimum of 3 in. of gravel
beneath the slab. Determine the volume of gravel needed and
the x coordinate of the centroid of the volume of the gravel.
(Hint: The bottom surface of the gravel is an oblique plane,
which can be represented by the equation y = a + bx + cz.)

SOLUTION

The centroid can be found by integration. The equation for the bottom of the gravel is y = a + bx + ¢z, where
the constants a, b, and ¢ can be determined as follows:

For x=0 and z=0, y =—=31in., and therefore,

—iftza, or az—lft
12 4

For x=30ftand z=0, y=-5in., and therefore,

3 ft = L ft+b(30ft), or b= L
12 4 180

For x=0 and z=50ft, y=—6in., and therefore,

—i ft = —l ft+c(50ft), or c= —L
12 4 200
Therefore, y =—l ft—Lx—Lz
4 180 200
ijLdV
Now X =
\%
A volume element can be chosen as
dV =lyldxdz
or del 1+ix+iz dxdz
4 45 50
and Xg =X
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PROBLEM 5.135 (Continued)

50 30 x 1
Then .[xELdV .[ J- ( —x+%szxdz
1 50| x? 1 z %
=—j = dz
4o | 2 135 1007 |,
1 ¢50
_ZJ.O (650 +9z7)dz
50
_Lesoz+2 2
4 27,
=10937.5 ft*
) 50 £30 1 1
The volume is VIdV j j (+—x+%z)dxdz
50 30
=—J. x +=x| dz
50 |,
1 ¢50
=—j 40+§z dz
4Jo 5
50
L0432
4 107 ],
=687.50 ft°

jfad" _10937.51t*

Then X = = .
\% 687.5 ft

=15.9091 ft

Therefore, vV =688 ft’ <
x=1591ft 4
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Y PROBLEM 5.136

Determine by direct integration the location of the centroid of
the volume between the xz plane and the portion shown of the
surface y = 16h(ax — xz)(bz - zz)/azbz.

SOLUTION
\1
7 de
I
First note that symmetry implies X =% <
z=2 <
2

Choose as the element of volume a filament of base dxx dz and height y. Then

_ 1
dV =ydxdz, Yyg =Ey

or dv = zhz (ax—xz)(bz—zz)dxdz

bpa 16h
Then v=[ ] =) -2 dvdz

_ 16h , 14

Vel [ 3" Ldz

_ 16k 3 éz_lab
A,

8ah 3
b
3b2[ ) - <>}

= iabh
9
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PROBLEM 5.136 (Continued)

_ _ballGh 2 2 16h 42 _ 52
and J'yELdV_J'O .[o Z[azbz (ax—x")(bz -z )}[_azbz (ax—x")(bz —z")dxdz
2 4bpa
:1248;1 .[ I (@’x* =2ax’ + x")(b*2* = 2b7" + z*)dx dz
a 0Jo
2 ., 2 ’
:128h J’ (b2Z2_2bZ3+Z4) a_x3—£x4+l.x5 dZ
2p* Jo 3 2 5,
b
12807 |a® 5 a4 1 5| 5 b4 15
— —(a) —(a) +—(a — =7 +t=zZ
a4b4{3() 2() 5() 3 Z >
64ah® | b* 5 boa 15| 32 s
15b4{3() 25O s
B _ (4 32 2 5=3
Now V= av: g abh |=———abh T
y IyEL y(ga ) 225a or Y 25
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v PROBLEM 5.137
Locate the centroid of the plane area shown.
g
16 in.
i
‘ X
20 in.
SOLUTION
o 4r38 @ -«
EQ) \ [SWINY
C' | = BlN,
0) ) X
X ¥
A, in? X, in. y,in. XA, in’ YA, in®
1 %(38)2 =2268.2 0 16.1277 0 36,581
2 —20x16=320 -10 8 3200 —2560
h) 1948.23 3200 34,021
Then gz 3200 X =1.643in. 4
YA 1948.23
goZyA_ 34021 Y =17.46in. 4
YA 194823
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y PROBLEM 5.138

Vertex

Locate the centroid of the plane area shown.

_ x
L— 75 mm —

SOLUTION
'mwn |
(Fia. ©.9A)
—t 022822 Y
-3 ) mm @
=% -+
S Cz_ N
X RS
A, mm> X, mm | y, mm XA, mm® yA, mm’
2
1 5(75)(120) = 6000 28.125 48 168,750 288,000
1
2 —5(75)(60) =-2250 25 20 -56,250 -45,000
) 3750 112,500 243,000
Then XZA=XxA
X (3750 mm?) =112,500 mm® or X =30.0mm <«
and YZA=3yA
Y (3750 mm?) = 243,000 mm’® or Y=648mm <

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

727



https://students-hub.com

L PROBLEM 5.139

The frame for a sign is fabricated from thin, flat steel bar stock of mass
per unit length 4.73 kg/m. The frame is supported by a pin at C and by a
cable AB. Determine (a) the tension in the cable, (b) the reaction at C.

I N

—
=

=]

Ut —»‘4—

o
=
=i

-

C L
0.2 m‘{

| 1.35 m !

SOLUTION

First note that because the frame is fabricated from uniform bar stock, its center of gravity will coincide with
the centroid of the corresponding line.

(1
I @ Fia. 28R
_)35 = O.lo!zn
@ @ @ + i‘(OJSm}
)
X
L,m X, m xL, m?>
1 1.35 0.675 0.91125
2 0.6 0.3 0.18
3 0.75 0 0
4 0.75 0.2 0.15
5 %(0.75) =1.17810 1.07746 1.26936
z 4.62810 2.5106
Then XSL=3%L Ton 2
— 4 N\ I
X (4.62810)=2.5106 l N 8
or X =0.54247 m |w
C
The free-body diagram of the frame is then Cx C ' —
\1
where W=(mZL)g kX J
=4.73 kg/mx 4.62810 m x9.81 m/s*

=214.15N
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PROBLEM 5.139 (Continued)

Equilibrium then requires

(a) M. =0: (1.55m) (%TBA ] —(0.54247 m)(214.75N) =0

or Ty, =125.264 N or Ty, =1253N <«
() XF. =0: C, —%(125.264 N)=0

or C,=75.158 N—

2F,=0: C, +%(125.264 N)—-(214.75N)=0

or C,=114539N|

Then C=137.0N «7 56.7° 4
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v PROBLEM 5.140
Determine by direct integration the centroid of the area shown. Express your
answer in terms of @ and 4.
X
SOLUTION “
For the element (EL) shown, = Xey
dy
at x=a,y=h, h=ka® or kzi3 -l—
a 'r——
a \2 |
Then X=—=y
n" e % ] b
Now dA=xdy= % yBdy
— 1 1 a 13
o =y g
YeL =
h
—[aa=["-%yngy=3_a () 3
Then A—IdA—IO h]/3y dy—4hl/3(y )0— ah
" 1 a (3 ) 3
= a n| a4 i a 53 2
and XppdA=| ——— —vydy |=——| = =—ah
EL J-OzhlBy (hlBy y] 2/’12/3[5)) )0 10
h
a a (3 i 3 5
Ve dA )’[?y dy)z ],3[ ) =_ah
J- J- h e\ 0 7
Hence = [x,d4: 7 2an|==-a’h =2, <4
4 10 5
YA = |y, dA yGahj:—ahz iz%h <
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PROBLEM 5.141

Determine by direct integration the centroid of the area shown.

SOLUTION q
We have Xp =X e ¥ Ay
5oLy af_x ¥ —”‘
YEL 2)’ > L —
x i Qe
dA=ydx=a(1——+—2de X
L L
2L
2 2 2 3
Then A:J-dA:J. a 1_£+X_2 dx=a __+x_2
0 L 2L 3L o
—§aL
3
2L
oL x %2 28
and Xy dA = xla|l-——+—|dx |=a| ———+—
Jruaa=], ( L LZJ {2 3L 417 |,
—%aL2
2 2
_ a X X X X
dA = —|1-—+ all—-—+— |dx
2 2 3 4
a” (EL X X X X
=— 1-2—43—-2—+—|d
2L
I DR S AR A
2 L rr 20 sC'
=%a2L
Hence, XA:IEELdA §(§aL)=10 Lz EZ%L 4
_ _ _(1 11 , _ 33
Y. IyEL ){8 j 3 y 40
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4°° PROBLEM 5.142

0.625 in. 40° r=0.25in.
\ ’7 ( \/ 0.08 in. \ ) ) ]
I @T Three different drive belt profiles are to be
o375, studied. If at any given time each belt makes
0.125 in. contact with one-half of the circumference of
3in. 3in. o its pulley, determine the contact area between

e
|

‘ the belt and the pulley for each design.

-

SOLUTION SOLUTION

Applying the first theorem of Pappus-Guldinus, the contact area A, of a belt
is given by
A =myL=rXyL

where the individual lengths are the lengths of the belt cross section that are
in contact with the pulley.

T QTlf;Q T @ Ac=a2G0L) + L]
81 T\ =r {2{(3 —01—225] 1n1[%§é?1 +[(3-0.125) in.](0.625 in.)}
, or A-=8.10in> «
r— \D 17/\ v e 0.375 0.375in
o | LB = 27{(3 0.08— T] m}(c'os—zoo‘j
| ’ or A-=6.85in”> 4
v () Ac =72(n L))
MT Qgﬂv - EK3 —@] in}[ﬂ(o.% ™
l | or A =7.01in> <
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480 Ib/ft PROBLEM 5.143

600 Ib/ft
\’\m Determine the reactions at the beam supports for the given

A B C == P loading.
~—3 ft—T 6 ft Tt

SOLUTION
1 2itp-4 T ~1 ot 8

We have R ,=—(3ft)(480 1b/ft) =720 1b R: Ry "
2 4o 8 o

R, = ! (6 ft)(600 Ib/ft) = 1800 1b ®
n=5 = Bx

2 2™ _E".]zsxl-—

Ry = (21t)(600 1b/ft) =1200 Ib
Then +.2F. =0: B, =0

+‘> IMp=0: (21ft)(7201b) - (4 ft)(1800 Ib) + (6 ft)C, — (7 ft)(1200 1b) =0

or C, =23601b C=23601b <
+/2F, =0: ~7201b+ B, ~18001b+2360 1b—1200 Ib = 0
or B, =13601b B=13601b |«
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241N 30 kN PROBLEM 5.144
a=0.6m 0.3m
y \ The beam AB supports two concentrated loads and rests on soil that
u\‘? [ B exerts a linearly distributed upward load as shown. Determine the
Ml wp values of @, and @p corresponding to equilibrium.
| 1.8m !
SOLUTION
L X R 0.3» | 0.3m |
-
| lm” 130w|
A D 8
C
wy
(e 4
X %
O0.b6m | Od™m . 0“&:!
e bt !
1
R, = EwA (1.8m)=0.9w,
1
R, = EwB (1.8m) =0.9w;,
+‘> XM, =0: (24kN)(1.2-a)-(30kN)(0.3m)—-(0.9w,)(0.6 m)=0 (1)
For a=0.6 m, 24(1.2-0.6) - (30)(0.3)-0.54w, =0

144-9-0.54w, =0 @, =10.00 kN/m <
+T 2F,=0: —-24kN-30kN+0.910 kN/m)+0.9@,; =0 @y =50.0 kN/m <«

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,

you are using it without permission.

734

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

PROBLEM 5.145

Water The base of a dam for a lake is designed to resist up to 120 percent of
6/6/m the horizontal force of the water. After construction, it is found that

silt (that is equivalent to a liquid of density p, = 1.76x10” kg/m?) is

Silt settling on the lake bottom at the rate of 12 mm/year. Considering a
1-m-wide section of dam, determine the number of years until the

dam becomes unsafe.

SOLUTION
First determine force on dam without the silt, f
R/ -
PW=1A =lA(pgh) W (6-d)w
27 2 |
I
- %[(6.6 m)(1 m)][(10° kg/m*)(9.81 m/s2)(6.6 m)] '. Hym
]
=213.66 kN
P =1.2P, = (1.5)(213.66 kN) = 256.39 kN (P); (Fedg
Next determine the force P’ on the dam face after a depth d of silt has settled.
We have P = %[(6.6 —d) mx (1 m)][(10° kg/m?)(9.81 m/s*)(6.6 — d) m]
=4.905(6.6 —d)* kN
(P,); =[d (1 m)][(10° kg/m*)(9.81 m/s*)(6.6 —d ) m]
=9.81(6.6d —d*) kN
(P)y = %[d(l m)][(1.76 x10° kg/m*)(9.81 m/s*)(d) m]
=8.63284" kN
P'=P, +(P), +(P); =[4.905(43.560 —13.2000d + d*)
+9.81(6.6d —d*) +8.6328d* 1 kN
=[3.7278d* + 213.66] kKN
Now it’s required that P’ = P, to determine the maximum value of d.
(3.7278d* +213.66) kN = 256.39 kN
or d =3.3856 m
Finally, 33856 m=12x107 2 xN or N =282 years 4
year
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b~ PROBLEM 5.146
‘ ’\\ h
Determine the location of the centroid of the composite body shown
when (a) h=2b, (b) h=2.5b.
!
a
A )
B C
SOLUTION
Vv x xV
. 1 2,2
Cylinder I zwa’h Eb —ma‘h
Cone 1T —ra*h b+—h —ﬂ'azh(b+ h)
a’ [b e hj
3
SYV = | Lp? 4 L hb+—h2
2 12
(a) For h=2b, V=ra [b+ (2b)} ra’b
_ 1, 1 1 5
IxV =ma®| =b" +—(12b)b+—(2b)
2 3 12
= a’b* l+2+l =§7ra2b2
3 3] 2
XV =XV X|2nd’h |=>nah X =—b
3 2 10
Centroid is —b to left of base of cone. 4
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PROBLEM 5.146 (Continued)

(b) For h=2.5b, V =ra® {b +%(2.5b)} =1.83337a’b

XV = ma’ [lbz + l(2.5b)b +L(2.5b)2}
27 3 12
= 7a’b*[0.5+0.8333 + 0.52083]
=1.854167a°h*
XV =3xV: X(1.83337a’h)=1.854167a’b*> X =1.01136b
Centroid is 0.01136b to right of base of cone. 4
Note: Centroid is at base of cone for h = \/gb =2.449b.
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PROBLEM 5.147

Locate the center of gravity of the sheet-metal form shown.

SOLUTION
First, assume that the sheet metal is homogeneous so that the center of gravity of the form will coincide with
the centroid of the corresponding area.

¥, = —%(1.2) =-04m

ZI=%(3.6)=1.2m
__ 408 24

Xy =—"—
T
RY/4 T

A, m? X, m y, m Zm | xAm’ | yAm® | ZAm’

I %(3.6)(1.2) =216 15 -0.4 12 324 | -0.864 2.592

il (3.6)(1.7) =6.12 0.75 0.4 1.8 4.59 2448 | 11.016

11 %(1.8)2 =5.0894 —% 0.8 1.8 —3.888 40715 | 9.1609

) 13.3694 3.942 5.6555 | 22.769
We have XXV =XxV: X(13.3694 m?)=3.942m’ or X=0295m «
YIV =3XyV: Y(13.3694 m?)=5.6555m’ or ¥=0423m 4
ZXV =X7V: Z(13.3694 m*)=22.769 m’ or Z=1703m <«
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Y PROBLEM 5.148
y=k(x—h)? Locate the centroid of the volume obtained by rotating the shaded area
about the x-axis.
a
_| -
| h |
SOLUTION
First note that symmetry implies y=0 «
and 7=0 4
We have y=k(X —h)’
At x=0,y=aqa, a=k(-h)*
a
or k= o
Choose as the element of volume a disk of radius » and thickness dx. Then
dV =nridx, X, =x 9
2
a 2 R(x-h)
Now r= —2(x —h)
h
az 4 -_)—(
so that av =ﬂ'h—4(x—h) dx
hoa’ 4 za 51h
en Ioﬂh4(x ) dx 5h4[(x 1o
= éﬂ'azh
d v = [ 7L (-
an Xgr, V—jox ﬂ'h—4(x— ) dx
2 o
= ;z"—j (X0 — 4hx* + 612 — 413x2 + h* x)dx
h*do
a*[1 ¢ 4 3 4 1 "
=7r—4[—x6 ——hx + =R =R +—h4x2}
h L6 5 2 3 2 0
= 3—1()ﬂ'a2h2
Now IV = ijLdV: f(fazhj = 2n or T=1h <
5 30 6
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