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Chapter 6: Production                              Lecture 1                                   محمد عامرية 

 

The production Function 
 
Firms can turn inputs into outputs in a variety of ways, using various combinations of labor, materials, 
and capital. We can describe the relationship between the input into the production process and the 
resulting output by the production function. 
 

Production function:  The mathematical relationship between inputs and outputs. 
 
A production function indicates the highest output q that a firm can produce for every specified 
combination of inputs. Although in practice firms use a wide variety of inputs, we will keep our analysis 
simple by focusing on only two, labor L and capital K. we can then write the production function as:   
 

  𝑞 =  𝐹(𝐾, 𝐿) 
 
This equation relates the quantity of output to the quantities of the two inputs, capital and labor. Because 
the production function allows input to be combined in varying proportions, output can be produced in 
many ways. For the production function equation this could mean using more capital and less labor, or 
vice versa.  
 

Average and Marginal Products 
 
Average product: Output per unit of a particular input. 
 
The average product is calculated by dividing the total output q by the input of labor L. The average 
product of labor measures the productivity of the firm workforce in terms of how much output each 
worker produces in average. 
 

Average product of labor (APL) =  
𝑂𝑢𝑡𝑝𝑢𝑡

𝑙𝑎𝑏𝑜𝑟 𝑖𝑛𝑝𝑢𝑡
 = 

𝑞

𝐿
 

 
 
 
Marginal product: Additional output produced as an input is increased by one unit. 
 
 

Marginal product of labor (MPL) =  
𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑂𝑢𝑡𝑝𝑢𝑡

𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑙𝑎𝑏𝑜𝑟 𝑖𝑛𝑝𝑢𝑡
  = 

∆𝑞

 ∆𝐿
  =  

𝜕𝑞

𝜕𝐿
 

 
 
 
Marginal product of capital (MPK) is the extra output obtained by using one more machine while 
holding the number of workers constant. 
 
 

Marginal product of labor (MPK) =  
𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑂𝑢𝑡𝑝𝑢𝑡

𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 𝑖𝑛𝑝𝑢𝑡
  = 

∆𝑞

 ∆𝐾
  =  

𝜕𝑞

𝜕𝐾
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Example 
Suppose that the hourly output of chili at a barbecue (q measured in pounds) is characteristized by: 

𝑞 =  2𝐾𝐿 +  𝐿. where K is the capital input used each hours, and L is the number of worker hours 

employed. Suppose also that the amount of capital is fixed at 12. 
 

 
a. How much L is needed to produce 100 pound per hour? 
 

𝑞 =  𝐿 (2𝐾 +  1)     100 =  𝐿 (2 ∗ 12 +  1)    
  
    100 =  25𝐿            𝐿 =  100/25 =  4  
 

b. What is the average product of labor to produce 100 pound per hour? 
 

When K = 12, and 𝑞 =  100    𝐿 =  4  

 

Average product of labor (APL) =  
𝑂𝑢𝑡𝑝𝑢𝑡

𝑙𝑎𝑏𝑜𝑟 𝑖𝑛𝑝𝑢𝑡
 = 

𝑞

𝐿
 = 

100

4
 = 25 

 
c. What is the marginal product of labor when the firm employing 100 workers? 
 

When 𝐾 =  12      𝑞 =  24𝐿 +  𝐿      𝑞 =  25𝐿 
 

Marginal product of labor (MPL) =  
∂q

∂L
 = 25 

 
 

Diminishing Marginal Product 
 
Adding new workers increases output significantly, but these gains diminish as even more labor is 
added and the fixed amount of capital becomes over utilized. The concave shape of the total output 
curve in panel a therefore reflects the economic principle of diminishing marginal product. 
 
Marginal Product Curve 
 
A geometric interpretation of the marginal product concept is straightforward—it is the slope of the total 
product curve. The decreasing slope of the curve shows diminishing marginal product. For higher 
values of labor input, the total curve is nearly flat—adding more labor raises output only slightly. 
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Panel a shows the relationship between output and labor input, holding other inputs constant. Panel b 
shows the marginal product of labor input, which is also the slope of the curve in panel a. Here, MPL 
diminishes as labor input increases. MPL reaches zero at L*. 
 

Isoquant 
 
A curve that shows the various combinations of inputs that will produce the same amount of output. 
 
For example, isoquant q1 shows all combinations of labor and capital per year those together yield 10 
units of output per year. Two of these points, A and B. At A, 1 unit of labor and 3 units of capital yield 
10 units of output; at B, the same output is 
produced from 3 units of labor and 1 unit of capital. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Isoquant map 
Graph combining a number of isoquants, used to describe a production function. 
 

 
Output increases as we move from isoquant q1 (at which 10 units are produced), to isoquant q2 (20 
units), and to isoquant q3 (30 units).  
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Example: 

The production function for puffed rice is given by: 𝑞 =  100√𝐿 𝐾 
 
Where q is the number of boxes produce per hour, K is the number of puffing guns used each hour, and 
L is the number of workers hired each hour. 
 
a. Calculate the q = 1,000 isoquant for this production function and show it on a graph. 
 

𝑞 =  100√𝐿 𝐾        1,000 =  100√𝐿 𝐾        10 =  √𝐿 𝐾        
 

    100 =  𝐿𝐾       𝐾 =  
100

𝐿
 

 
 

L K 

1 100 

2 50 

3 33.4 

4 25 

 
 
 

Marginal rate of technical substitution (RTS) 
 
The amount by which one input can be reduced when one more unit of another input is added while 
holding output constant. The negative of the slope of an isoquant. 
 
The slope of each isoquant indicates how the quantity of one input can be traded off against the quantity 
of the other, while output is held constant. When the negative sign is removed, we call the slope the 

marginal rate of technical substitution (RTS). 
 
 

RTS = 
− 𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 𝑖𝑛𝑝𝑢𝑡

𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑙𝑎𝑏𝑜𝑟 𝑖𝑛𝑝𝑢𝑡
 = 

− ∆𝐾

∆𝐿
  for a fixed level of q 

 
 

The isoquant has a negative slope) because the firm can 

decrease its use of capital if one more unit of labor is 

employed. 
 
 
The RTS (of labor for capital) between points A and B: 
 

RTS =  
− ∆𝐾

∆𝐿
 = 

−(3 − 5)

(2−1)
 = 

2

1
  =  2 
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This means that if the firm adds one unit of labor, the firm should decrease the used of capital by 

2 units to keep output level constant. 
 

Diminishing RTS: 
 
Along any isoquant the (negative) slope become flatter and the RTS diminishes. The MRTS falls as 
we move down along an isoquant.  The mathematical implication is that isoquants are convex or 
bowed inward. 
 
The diminishing MRTS tells us that the productivity of any one input is limited. As more and more 
labor is added to the production process in place of capital, the productivity of labor falls.  
 

The RTS and Marginal Products 
 
The RTS is closely related to the marginal products of labor MPL and capital MPK. To see how, imagine 
adding some labor and reducing the amount of capital sufficient to keep output constant. The additional 
output resulting from the increased labor input is equal to the additional output per unit of additional 
labor (the marginal product of labor) times the number of units of additional labor: 
 
Additional output from increased use of labor = (MPL)(∆ L) 
 
Similarly, the decrease in output resulting from the reduction in capital is the loss of output per unit 
reduction in capital (the marginal product of capital) times the number of units of capital reduction: 
 

Reduction in output from decreased use of capital = (𝑀𝑃𝐾)(∆ 𝐾) 
 
Because we are keeping output constant by moving along an isoquant, the total change in output must 
be zero. Thus, 
 

(𝑀𝑃𝐿)(∆ 𝐿) (𝑀𝑃𝐾)(∆ 𝐾) =  0 
 
Now, by rearranging terms we see that 
 
 
MPL

MPK
   =     

−∆𝐾

∆𝐿
  =    𝑅𝑇𝑆 

 
 
This equation tells us that the marginal rate of technical substitution between two inputs is equal to the 
ratio of the marginal products of the inputs.  
 
Example 
A firm's marginal product of labor is 4 and its marginal product of capital is 5. if the firm adds one unit 
of labor, but does not want its output quantity to change, the firm should: 
(a) Use five fewer units of capital. 
(b) Use 0.8 fewer units of capital 
(c) Use 1.25 fewer units of capital 
(d) Add 1.25 units of capital  
 

MRTS (of L for K) = 
MPL

MPK
   = 

4

5
 =  0.8 
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MRTS = 0.8 means that if the firm adds one unit of labor, then the firm should decrease the used of 
capital by 0.8 unit to keep output level constant. 
 
Example 

The production function for soy beans is 𝑞 = 10 𝐾 𝐿. calculate the RTS of labor for capital when the 

firm using 4 labor and 2 capital. 
 

𝑅𝑇𝑆 (𝑜𝑓 𝐿 𝑓𝑜𝑟 𝐾) = 
𝑀𝑃𝐿

𝑀𝑃𝐾
    

 

MPL =  
𝜕𝑞

𝜕𝐿
 = 10K 

 

MPK =  
𝜕𝑞

𝜕𝐾
 = 10L 

 

   𝑅𝑇𝑆 (𝑜𝑓 𝐿 𝑓𝑜𝑟 𝐾)  = 
MPL

MPK
   = 

10𝐾

10𝐿
 = 

𝐾

𝐿
  = 

2

4
  = ½ 

 
 

Production Functions—Two Special Cases 
 
It may be the case that absolutely no substitution between inputs is possible. This case is shown in 
figure.  If K1 units of capital are used, exactly L1 units of labor are required to produce q1 units of output. 
If K1 units of capital are used and less than L1 units of labor are used, q1 cannot be produced 
 
If K1 units of capital are used and more than L1 units of labor are used, no more than q1 units of output 
are produced. With K = K1, the marginal physical product of labor is zero beyond L1 units of labor. The 
q1 isoquant is horizontal beyond L1. Similarly, with L1 units of labor, the marginal physical product of 
capital is zero beyond K1 resulting in the vertical portion of the isoquant. 
 

This type of production function is called a fixed-proportion production function because the inputs 

must be used in a fixed ratio to one another. 
 

The mathematical notation is represent by:  𝑞(𝐾, 𝐿) = 𝑚𝑖𝑛(𝐾, 𝐿) 
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Isoquants with Inputs are Perfect Substitutes  
 
When the isoquants are straight lines, the RTS is constant. Thus the rate at which capital and labor 
can be substituted for each other is the same no matter what level of inputs is being used.  Points A, 
B, and C represent three different capital-labor combinations that generate the same output q3. 
 

The mathematical notation is represent by:  𝑞(𝐾, 𝐿) = 𝑎𝐿 + 𝑏𝐾 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Changes in Technology  
 

Technical progress is a shift in the production function that allows a given output level to be produced 

using fewer inputs. 
 
The improvement in technology is represented in the Figure by the shift of the q0 isoquant to q’0. 
 
Technical progress shifts the q0 isoquant to q’0. Whereas previously it required K0, L0 to produce q0 
now, with the same amount of capital, only L1 units of labor are required. This result can be contrasted 
to capital-labor substitution, in which the required labor input for q0 also declines to L1 and more capital 
(K1) is used. 
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Returns to Scale 
 

Returns to scale is the rate at which output increases in response to proportional increases in all 

inputs. 
 
Increasing Return to Scale: 
 
 If output more than doubles when inputs are doubled, there are increasing returns to scale. This might 
arise because the larger scale of operation allows managers and workers to specialize in their tasks 
and to make use of more sophisticated, large-scale factories and equipment. The automobile assembly 
line is a famous example of increasing returns. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Constant Return to Scale:  
 
Situation in which output doubles when all inputs are doubled are called constant return to scale. With 
constant returns to scale, the size of the firm's operation does not affect the productivity of its factors: 
Because one plant using a particular production process can easily be replicated, two plants produce 
twice as much output.  
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Decreasing returns to scale 
 
Situation in which output less than doubles when all inputs are doubled are called constant return to 
scale. This case of decreasing returns to scale applies to some firms with large-scale operations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Numerical Examples 
 

1. The production function for soy beans is 𝑞 =  40√𝐿𝐾. Dose this production function have constant, 

increasing or decreasing return to scale?  
 

𝑞 (𝐾, 𝐿)  =  40√𝐿𝐾, when we doubling of all inputs        q(2𝐾, 2𝐿)  =  40 √(2𝐿)(2𝐾) 

 

   q(2𝐾, 2𝐿)  =  40 √4𝐿𝐾  =  2 𝑥 40√𝐿𝐾  =  2𝑞     𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑟𝑒𝑡𝑢𝑟𝑛 𝑡𝑜 𝑠𝑐𝑎𝑙𝑒. 
 

 

2. The production function for soy beans is 𝑞 =  𝐾𝐿. Dose this production function have constant, 

increasing or decreasing return to scale?  
 

𝑞 (𝐾, 𝐿)  =  𝐾 𝐿, when we doubling of all inputs       𝑞(2𝐾, 2𝐿)  =  (2𝐾) 𝑥 (2𝐿) 
 

   𝑞(2𝐾, 2𝐿)  =  (2𝐾) 𝑥 (2𝐿) =  4 (𝐾𝐿)  =  4𝑞 > 2𝑞       𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑟𝑒𝑡𝑢𝑟𝑛 𝑡𝑜 𝑠𝑐𝑎𝑙𝑒. 
 

 

3. The production function for soy beans is 𝑞 =  2𝐾 +  𝐿. Dose this production function have 

constant, increasing or decreasing return to scale?  
 

𝑞 (𝐾, 𝐿)  =  2𝐾 +  𝐿, when we doubling of all inputs         𝑞(2𝐾, 2𝐿)  =  2(2𝐾) + (2𝐿) 
 

𝑞(2𝐾, 2𝐿)  =  2 ( 2𝐾 +  𝐿)  =  2𝑞       𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑟𝑒𝑡𝑢𝑟𝑛 𝑡𝑜 𝑠𝑐𝑎𝑙𝑒. 
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4. The production function for soy beans is 𝑞 =  𝐾0.5𝐿0.3. Dose this production function have 

constant, increasing or decreasing return to scale?  
 

𝑞 (𝐾, 𝐿)  = 𝐾0.5𝐿0.3, when we doubling of all inputs       𝑞(2𝐾, 2𝐿)  =  (2𝐾) 0.5(2𝐿)0.3 
 

     q(2K,2L) = (2) 0.5 (K) 0.5 (2) 0.3 (L) 0.3  

 

=  2 0.8 {(K) 0.5 (L) 0.3 }= 2 0.8 q < 2q        𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑟𝑒𝑡𝑢𝑟𝑛 𝑡𝑜  𝑠𝑐𝑎𝑙𝑒. 
 

 
 

If the productions function is given by: q = Kα Lβ where 0 ≤ α, β ≤ 1, is called a Cobb-Douglas production 
function. 
 

- If α + β = 1       the productions function constant return to scale 
- If α + β > 1       the productions function increasing return to scale 
- If α + β < 1       the productions function decreasing return to scale 
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