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System and Systems Mode/
Definition 1(system): a system is an aggregation of simple physical elements according to certain topologies that achieves a defined
task by transforming the input physical excitation signal to the output physical response signal.

Definition 2 (system model): a system model is a mathematical function that describes the system behavior, and transformation
between the input excitation signals models and the output response signals models, under well-defined operational conditions.
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System and System Models Classification
* Input-output signals:

e Variable-Based:

Lel<
—<
L<l<
‘s

=
o
—<

Multiple Input Multiple Output

Input Output xl X X3 Input
Deterministic L - Statistical . |
x,——JIE) o
* Time-Based: W ¥y Y Output
Analog: t€R->y(t) ER Discrete-timet € N - y(t) ER
Staircase:t ER - y(t) EN Digital t € N = y(t) € N (with binary codes)
* Model-Based:
Linear/Nonlinear Static/Dynamic Time-Invariant/ Time-Variant Causal/Noncausal
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Linear/Nonlinear System:
A system is said to be linear« it satisfies the superposition principle that is,
Vx,(t), x2(t) inputs, a,, @, parameters,and Vt: if x,(t) F— y,(t), xo(t) = y,(t) then for
x(t) = ayx,(t) + azxa(t)—F y(t) = ayy1(t) + azy2(t)
Linearity Test:
« additivity: if xq(t)—F—=y(t), x2(t) Ty, (t)
x(t) = x1(8) + x2(t) T— y(©) = »(O)+ y2(t)

* Proportionality: if x(t) —T» y(t) then for
x(t) = ax(t) —T» y(t) = ay(t)

Example: v(t) = Ri(t)

v1(t) = Riy(t), v2(t) = Rip(t)

Additivity: i{t)=11(f:l+12{f) v(t) = R(!l(f) + iy (t)} = Rll(fJ-I-Rlz (t):] =" (t)'f'?.?z(t)
Proportionality.v(t) = Ri(t) T »v(t) = ai(t) = aRi(t) = a v(t)

Example2: v(t) = Ri(t) + i,
v1(t) = Riy(t) + iy v,(t) = Riy(t) + iy

Additivity: i(£) =i, () +iy(t) v(t) = R(iy (£) + i2()) + ip # v1(t) + vu(t)
= R(i;(t)+iy(t)) + 2i; - » notsatisfied » Nonlinear

Exercise: determine if the system model y(t) = e* © s finear, show your proof
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Time-invariant/ Time-variant system:

Definition: A system is said to be time-invariant if it is invariant with respect to reference shift-operation. That is, if

V excitation x(t), reponse y(t) and time shift T, the system response to the shifted excitation x(t — 1) is a shifted
response form y(t — 7).

Remark: a system model with constant parameters is a time-invariant model.

For example: the system y(t) = 10x(t) is linear time-invariant and y(t) = tsin(t) x(t) linear time variant

Time invariance Test:

« Compute the system response y(t) to the excitation x(t) and shift the response by T,y (t).

» Consider the response y(t) to the new excitation X(t) = x(t — 1)

* Checkif y(t) = ys,(t), if yes then the system is time-invariant.

Examplel:

Determine if the system y(t) = x(2t) is time invariant.

Jest:

* The shifted form of y(t) is yg,(t) = x(2t — 1)

» Consider the new excitation X(t) = x(t — 1), its response is y(t) = x(2(t — 1)) = x(2t — 271)
o y(t) # ysp(t), therefore the system is time-variant

Example2:
Determine if the system y(t) = /x(t)) is time invariant.
/est:

* The shifted form of y(t) is yg,(t) = /x(t — T)
* Consider the new excitation X(t) = x(t — 1), its response is y(t) = /x(t — 1)
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Static and Dynamic Systems:

A system with transfer relation T is static if its response y(t) occurs at the same time of its excitation x(t). That is
y(t) = T[x(t)]. (instatnteneous)

e Astatic system is represented by an algebraic equation.

A static time-invariant system is defined by a proportional relation of the type y(t) = ax(t)

A dynamic system has a response that evolves in time based on known history or future information.
* Adynamic system is defined by a differential or integrodifferential equation.
* A dynamic time-invariant system is represented by a linear differential equation with constant coefficients.

d’y dy _ dy _
prey + SE + 5y(t) = x(t) " + 5y(t) = x(t)

* |f the differential equation is nonlinear then the system is a dynamic nonlinear system.

d’y _dy dy?
712 +5 Tt + 5y(t) + 6 = x(t) I + 5y(t) = x(t)
* |If the differential equation has variable coefficients then the system is a dynamic time variant system.
dy? : dy?
% + sin(t)y(t) = x(t) % + 5ty(t) = x(t)
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Causal/Noncausal Systems:

Definition: A system is said to be causal if it satisfies the cause-effect principle which asserts that the response can not
precede the application of the excitation.

Causal system characterization:

A system is causal if Vx;(t), x,(t) and VT: x,(t) = x,(t) Vt <1 - y,(t) = y,(t) Vt < 1, Or alternatively, if Vx(t)
, x(0)) =0Vt <1 -y(t)=0Vt <7

Test:

For causality Check: prove that toxcitation < tresponse

For noncausality check: find a case at which texcitation > tresponse

Examplel:

Determine if the systems y(t) = x(t — 1) is causal for:

e 7>0

e <0

e Solution: for the system to be causal the system model must satisfyt — 7 < ¢, thatis - 1<0->7>0

Example2:

Determine if the system y(t) = x(+/t)is causal.

Solution: vVt <t - 0<t<t? - 0<1<t,sothe system is not causal-->

In fact y G) = x(%)
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Linear Time Invariant Response (LTI):

Impulse Response:

Definition: The zero-state response h(t) of a linear time-invariant system with transform y(t) = T[x(t)] for the excitation

input §(t) is said to be the impulse response of the system.
The impulse response completely characterizes the LTI system. Moreover, the zero state response y(t) of an LTI system, with

impulse response h(t) , to any excitation signal x(t) system can be computed using the convolution integral of
x(t), and h(t)( discussed later)

Determination of the impulse response and the solution of a dynamic LTI system to any singularity signal excitation:

Procedure:

Determine the zero-input response g(t) of the nth order dynamic system for t > 07

Build the response model using the form: y(t) = g(®)u(t) + Yre, axug (t) with u,, the minimum order
singularity signal with nt" derivative that covers the maximum order excitation singularity signal term.

Apply the generalized identity of singularity signals to construct the relations that defines ay, in terms of g(t) and
its derivatives at t = 0.

Equate the expressions of g(t) and its derivatives to the values obtained from the identity of singularity signals.
Solve the set of equations to determine the values of the parameters of the solution g(t) and the ays
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Examplel:

Determine the impulse response of the system dj(;—(tt) + 5y(t) = 2x(t).

Solution: The impulse response h(t) is obtained to x(t) = 8(t), thus the equation becomes:\
2O 4 50(t) = 28(1)

The zero input response of the system is the solution of —— g( ) + 5g(t) = 0 which is given by:

g(t) = Ae™>*

The solution h(t) is constructed as h(t) = g(t)u(t), since its first derivative (system order) has the term §(t) that is all the parameters
aip = 0.

Now compute the derivative of h(t) and apply in the differential equation (remember that g(t)é6(t) = g(0)8(¢t)):

g ' @®u(t) + g(0)8(t) + 5g(®)u(t) = 26(t) < g(0) = 2.

Applying g(07) =2 = Ae*® > 4 = 2.

The solution is: h(t) = 2e~>tu(t)

Exercise: compute the solution of the same system for x(t) = 106(2t — 8).

Example2: Determine the response of the system ——= y( ) 4 5y(t) = 2x(t) for x(t) = 6(¢t).

Solution: The zero input response of the system is the solution of —= g( ) 4 5g(t) = 0 which is given by:g(t) = Ae™5¢

The solution y(t) is constructed as y(t) = g(t)u(t) + B6(t), since |ts first derivative (system order) has the term §(t). In fact with out
adding the zero order singularity signal 6 (t) the maximum order derivative (first order in this case) has the maximum singularity order
8(t) which does not cover the §(t) term of the right side.

Differentiating y(t) and applying in the differential equation we get

g' (Ou(t) + g(0)8(t) + B6(t) + 5g(t)u(t) + 5B6(t) = 26(t) @ B=2and g(0)+5B =0 - g(0) = —10 = 4e° = A.

Thus the solution is given by: y(t) = —10e™>tu(t) + 26(t)

Exercise: Determine the response of the system dJ;—Et) + 5y(t) = 2X(t) to x(t) = 6(¢t).

Important fact and exercise: Observe that the zero-state response to the derivative of §(t) is the derivative of the response to §(t). This
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Theorem (zero state response):

Given an LTI system with zero state response y(t) to the input excitation x(t), then the zero-state response to:
dx(t) . s dy(t)

dt at
. fotx(cr)dcr is foty(cr)dcr
Example3:

Determine the response of the system — + 3 4y -+ 2y(t) = X(t), for x(t) = 6(¢t).

* The system has characteristic roots of the characterlstlc algebraic equation: 0; = —1 ando, = —2, therefore the zero
input response g(t) = Ae™t + Be %t

* The zero-state solutionis y(t) = g(t)u(t) + C 6(t)

e 2Xy(t)=2%(g®)ut) +C6(t)) Exercise:

o 3y dy(t) =3 % (g'(Out) + g(0)8() + C8'(t)) Compute the response to x(t) = &(t) and
%y . . then compute it from the solution of

* ez Y (Ou(t) +9'(0)6(t) + g(0)8'(¢) + €67 (t) Example 3 using the zero-state response

e |dentity of singularity signals: theorem, compare.

Balance of 6"': C=1
Balance of 6": g(0) +3C =0 g(0) = -3x1=-3
Balance of 6: g'(0) +39(0) +2C =0 g'(0) =—-3Xx-3-2%x1=7
Computing A and B using g(0) and g'(0):
g(0")=-3=A+B
g'(0)=7=—-A—-2B
Solving the system we obtain B = —4 and A = —3 4+ 4 = 1. Thus the solution is:
y(t) = (e"t—4e 2Hu(t) + 5(t)
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Convolution Integral:

Theorem: Impulse and step response of an LTI system:

Given an LTI system with impulse response h(t) and/or a step response a(t), the zero state response of the
system to any input x(t) can be determined by the convolution integrals:

y(t) = x() * h(t) = [__x(0)h(t — 0)do
y(t) =x'(t) *a(t) = fjooox’(a)a(t —o0)do (Duhamel’s Integral)

Proof (convolution with h(t)): from the convolution property of §(t) we can write:

x(t) = fjooo x(0)8(t — a)dao, applying the linear time invariant transform T to this excitation input we obtain

y() = Tlx(©)] = T[J ", x(0) §(t = 0)do] = [ x(0)T[6(t — 0)]do

= f x(o) h(t — o)do

Computation of convolution Integral x1(t) * x,(t):

» Transfer of the independent variable from the t space to the ¢ space x,(t) = x,(0),x,(t) = x,(0).
» folding of one of the two inputs of the convolution operator x,(c) = x,(—0a).

* Shift of the folded variable by t : x,(—0) = x,(t — 0)

* Integration of the multiplication using the form f_oooo x1(0)x,(t — o)do over the integrand definition ranges

Properties of the convolution operator:

o x1(8) * x5 (t) = x5(t) * x1 (1)

o x1(t) x [axz(B)] = afx,(t) * x,(¢)]

o x1(8) * [x2(8) + x3(8)] = x1(2) * x2(2) + x4 (£) * x3(¢)
o xp(8) * [xo(8) * x3(0)] = [x1 () * x(€)] * x3(¢)

If x1(t) is time limited to [a b], x, (t) is time limited to [c d], then x;(t) * x,(t) is time limited to [a + ¢ b + d]
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Example: Compute the response of the LTI system with impulse response h(t) = n(%) to the input x(t) = 211(%)

(1) xEx)
. (=N 5
—
: 1 | — 2 | |
| | | I | I
1 | I ! ! I | 1
I ] - ! 1 I i
- | - | |
I
1 L — — } J
0 i 3 4 s 6 7 - vy . _ A t t A
6 s =3 t6 ts5 t-4a 0
h(t)
| CaseIl: 6<r<8 selll: 8<r<10
) Casel: 4<1<6 21+ v Case I1I: 8 <t
1 7 ) T
o 4
| i 7 | ! 1 ! Z |
| |
: — . I /j I /// ; / |
0 1 2 3 4 5 6 T t +— +— é n { { ' } ; n . . I ' n
t—6 o f 1 2 3 4 0 i 2 3 4 5 o 1 213 45 6
2

e (@) =6 t—4 =6

y(t)=0fort<4andt =10 F /__\

t—4
y(t)=j 2:1do=2(t—4) fort—4<4andt—4=>0andt—6<0->t€[46] =« = = 5 + = « & & 5%
0

t—4
y(t)=J 2:1do=4 fort—4<4andt—4=>0andt—6=>0—-t € [6,8]
t—6

4
y(t)=j 2:1do=2(10—t) fort—4=4andt—6=>20andt—6 <4 -1t € [8, 10]
t—6
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1

t—= _
Example: Compute the response of the LTI system with impulse response h(t) = r(t) R(Tz)to the input x(t) = 21‘[(%)

h(t)
x(EA) A

x(r)
R x(=\) [ [
 E— 2
2  — —_  —— 2
—_ 4 t
I
I

| i
| I |
| i i !
| I |

| |

I |
I
) I
:
I
! |
1 il Il I 1 1
T T T T T T T
6 7 -6 -5 —4 -3 -2 - 0 +

N

@ 6 5 t—4 0 A
y(t)=0fort<4andt=>7
t—4=0
y(t)=f0t_42><ada=(t—4)2 for{it—4<1 —->4<t<5
t—6<0
1 t—4>0
y(t)=f 2Xodo=1 for st—4>1 - 5<t<6
0 t—6<0
t—4=>1
J’(t)=ft1_62><0d0=1—(t—6)2 for{t—6=0 —->6<t<7
t—6<1

Example: Compute the response of the LTI system with impulse response h(t) = u(t) to the input x(t) = e ?tu(t)

y()=0fort<0 X(T)L Cuft-o)h
e”?t—1 1-—e72 > > 7

t
y(t) = j e 2tdr = 7= > fort=>0
. _
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Sinusoidal Steady State Response:
Theorem: Given an LTI system with impulse response h(t), the response of the system to a sinusoidal input

x(t) = Xcos(wyt + @) is sinusoidal with the same input frequency y(t) = Ycos(wyt + 8) with:

y=X- IH((‘))lw=w0t 0=¢+< H(a))la)=w0

Proof:

let x(t) = X el (@ot+9) than y(t) = f_°°oo h(t) . X el (Wo(t=1)+¢) 11 = yeJ(wWot+9) f_°°oo h(t) - e~ J(WoT) g1 = X el (@ot+9) . H(w)|wo
Where H(w) = ffooo h(7) - e 79TdT is the frequency response of the system the characterizes the spectral response of the
linear time invariant system. H(w) is a complex function of the real variable w that represents the Fourier transform of the

impulse response h(t).
Re(x(t)) = Xcos(wot + @) = Re(y(t)) = Ycos(wyt + 0) which proves the assertion of the theorem

Examplel: compute the frequency response of the system with impulse response h(t) = 10e~?tu(t)
-2+jw)T 1

FNA N . ,—JWT — [ 2T, ,—jwT g — (® -2+jw)t — —
Solution: H(w) = J___ h(z) - e dr = [, 10e e dr = [, 10e dr =102 _(2 |0 10(2+]_w)

10
HWI = e,  <H() =t

Example2 (smu50|da| steady-state response) compu-lt_e the steady-state response of the system in examplel to the input signal
x(t) = 2cos(4t + 5) + 5sin(6t + Z)

Solution: the input is composed of two sinusoidal signals so we can apply superposition and compute the sinusoidal steady-
state response of each sinusoid using the theorem.

(t) =2 - (4t +  _tant <4>) +5 0 (6t + ® _tant (6>

= 2+-—————coSs ——tan | = » ————sin ——tan (=] =

Y Nrwe 3 2 Ny 4 2

=% cos( 4t + % —tan"1(2)) + %sin(& + % —tan"1(3)) (compute the final form, note that the argument of the
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System Stability:

Definition: An LTI system is said to be asymptotically stable if its transient response goes to zero and a steady state response
is reached for t goes to infinity.

Theorem1: an LTI system with impulse response h(t) is asymptotically stable & lim h(t) = 0.

t—oo

Theorem?2: adynamic LTI system is asymptotically stable« all the roots of its characteristic equation/ the poles of its
transfer function have a negative real part (located in the left semi plan of the complex plan)

Theorem3: an LTI system is unstable if it has at least a positive real-part root or a repeated root with zero real part.
Definition:(BIBO stability) an LTI system is said to be BIBO (Bounded Input/Bounded Output)e V input x(t)with |x(t)|
< N, IM < o so that the respons |y(t)| < M, Vt (weak stability)

Theorom4: a system is BIBO stable & f |h(t)|dt < oo that is if its impulse response is absolutely integrable.

Exercise: prove this theorem.

Theorom5: a system is BIBO stable if it has no roots with positive real parts and all the roots with zero reaI part are not

repeated roots. [ —
Examglel discuss the stability of the following dynamic systems:

dJ/(t) epeated ol

. dtZ Y+322 40 y(t) = x(t), the roots of are 6; = —1,0, = —2 — asymptotically stable — s |
1) " G D100 stable Asymptotically stable —BIBO Stabl p——
. __ (st4) symptotically stable — able " »
H(s) = Fin2eiD Unstable oD 1A '
o H(S) = % — Unstable :\,.f:~'“l|{12-fvfl[.)|f9 M_v'q’m.)lr.. Urstable
stable stable v oo
Example2: Prove that the system with the following h(t) achieves the BIBO stability theorem IS % ..
Left half plane gt half plare ‘
h(t) = 10e~3u(t) - [ 110e > u(®)ldt - f,° 10e73¢dt = = —|§ = = < 00 -BIBO stable t-

~AMaQnary dns
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Modeling and Simulation of an LTI System:

Modeling a system for simulation and prototyping purposes means constructing an internal representation (state space
representation) for a given external model representation (differential equation/ Laplace transform). While the external model
is unique, the internal model is not. The selected internal topology should serve the simulation or prototyping objectives.

Simulation: Using computer packages (such as Matlab, Mathcad, LabView,...) to analyze system characteristics and its response

to various excitation input signals.
Prototyping: Building a system model using hardware components for testing and analysis objectives.

Observer Representation Model:
As an example of modeling, we consider the observer representation which can be defined by separate and integrate

processes.
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Examplel: Determine the observer model of the system definedby:

dly &y L4y ady o _ dx ,dPx dx
Trh 5 103 + 2 1r2 + 3 df +y —36 103 +24 1r2 + 7 i +32x 2
: ay _cdV a7y oAy  dX  ,d7x LdX o
Separate: ar’ 5 at’ t2—5+3 a 65457 =2x-Yy=qo
. 4y gdy Ay dx g dx ot _ 3y =
Integrate + Separate: e 5—Z+2——6——5—4—= Jy qodo +7x =3y = q
. acy dy dx _ rt —
Integrate + Separate: 37 — StE —6— = fo q1do +4x — 2y = q,
Integrate + Separate: d—i’ = fo q,do + 6x + 5y = q5
Integrate: y = fot qzdo
LG
>4/
—Pp 7
t / d1 QZ n q3 1 y
X 1 1 = n
1 g ’@qO’E K;) M5 L s
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Example2: Determine the observer model of the system defined by:

aty @y | ady o addx
dt4+2dt2+3dt+5y4_3dt33+4dt-l;2x , ,
. Yy _gdV 3y a4y dX  ,d7x  LdX o
>eparate: dt34 > dt3 +2 dztz +3 dt dt3 4 dt? / dt 2x = 5y = 4o
_ d’y dy dx _ rt _

Integrate + Separate:  —Z+3——6—7% = Jy qodo +4x =3y = q4

d?y dx t
Integrate + Separate: oz 6; = fo q1do — 2y = q,

d
Integrate + Separate: d—i = fot q2do + 3x = q3

t

Integrate: y=J,qzdo

Py

|

X(t
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