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This sequence is called

limbn =im Alternating.

Assume limAn = Alis and limbn = Blast

Then 11 lim/an = bul = A = B. Ex
./im N=n-> x

21 /im lanbul = AB. EX
. limS = 0 since nindeg > snd ,e

n-> X

/lim, An=B Ex
.LimM = N since ndeg > n de, a
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n-> X
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Ex
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Show thatlim- Sandwich Theorem * Reminder&

-14 1-knx1 Assume An < bu < (n 1)lim sinx. = 31lim Cox-ni Ri H2

im im im and Liman = lim (n = ( 21lim sinx by sandwich the
n-> Xn+xn- X n->xn-> X

Then lim bu = 1.
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Chapter 10
.

1 Theorem 1 :

11lim Ian = 0

pica
In X 4/lim 1 where >o ↓im X =

L'Hopitallim = 1

n->

Tims for any value of X.

lim = 1 Taylor Series (

21 lim n n = 1 /since limult
n -> X N

Lim
In th

= erlim lun = e 51limll+n -> n->

N -3

liml-l
1

31limX" = 0 where-kX Proof
:lime"In lime It

lim lim, -i

= limelim, lim,
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n n limer=
lim 20 .

91"= 0 lime
n-> N

Ex
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Find the following limits ?
N

11 lim 6//im Inm3
= 310) = 0. 101 limInt = lim,a e

= e
.

n-> n-> U
n-> n -> 2

-1

N

↳lime- 7/ limnas = lim of limi+2 im p,a u = n - 1
n->N L n-> N

3/lim 70.
351" = 0. 81 /im "Tn = /im ut

= /(1) = 1. = Lim 11 + *
n+ 1

n + x( -> N

n -> X n-> X n->X n->X

11

limit
!

9) line--n
=lim =limIH-> X n->Ne

-n

= (2 /1) = et

111limIn man is
= = 12/lim"n3 = limin= = 1.

lima n-> X n -> N

14) him "nin = lime" In m+ n = e"limlniaul
n-X n-> N n-N

131/im (n)1+
"

= Inm = erlim G =%
n -> X

Ex
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Find theuth term of the following sequences ?
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,

%
,

9
,

16
, 25... 31-1

,
4

, -9,
16

, -25,... &Note

An = n2
,

U= 1
, 2 , 3,... An = 111 "n' n = 1

, 2, 3,... If the sequence was Alternating

21 1
, 3

,
5 , 7, ...

11 I
,

- 4
,

9
,

-16
, 25

. . . . always think of 1: 11"

An = 2n-1
,

n = 1 , 2, 3, ... An = 1-11""n'
,

n= 1
, 2,

3. .

bn = 2n + 1
, n = 0 , 1

, h, . ..
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Recursive Sequence :

Assume do = 2
. An+= gam, A . = 00 + 1

=190
FindlimAn an = A

. 1 = 1= H=
Assuming it converges >= 12 a) = An + 1 = j=

[2L = 2
y

-
1 = 0 = 4)y - 1 = 0 au = Ay+= jas"= by4

L = 0 or L =
4. AnsO soliman-0

Remark:

11 The sequence An is bounded from above if 7 Mi, 1 such that

M> An Un and bounded from below if Im such that mean n.

2) Bounded sequence is sequence bounded from above and below.

Ex
. 11 1

,
2

,
3
,

H, ..., , . .
all , t,t ...

3) 3
,

3
,

3
,

3 ,
3

. ...

An= n In = 1
,

2, 3, ... / On = H" (n = 0
,

1
, h, ... (n= 3 (fn)

so lim an = lim n = so limbn limit solim (n =lims
n->xn- X

This sequence diverges. This sequence converges to 0. This sequence converges to 3.

Not bounded from above. M = 1
, 2, 3

,
3

.
5

,
e. ... lupper bounds) M = 3

,
3

.
1
, T, . . . lupper bounds/

T I
M =

,
0 , -E , ...

(lower bound least upper bound. least upper bound.

greatest lowes bounded. m = 0 .
- 1

.
- 2, ...

lowes bounds) m = , , ,
I

This sequence is only bounded greatest lower bound. greatest lower bound.

from below so its not bounded
. On is bounded. In is bounded.

Inon decreasing ! I non increasing) Inon increasing and nondecreasing
MonotonicSequence MonotonicSequence MonotonicSequence
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The sequence An is nondecreasing if

Any An Un.

The sequenceUn is moninceasing if Monotonic Sequence
either >

nondescensing Theorem : The sequence An cour-
iff it

is bounded and monotonic.
or >nonincreasing

An+ 1 < An Un
.

Ex
. 111 t, + · t t ... is moninceasing (monotonic) 31-3 , -3, -3 , -] , ...

is nondecreasing and nonincreasing

bounded above M = 1
, 2 , J ,

"
. ... Bounded Imonotonic it is bounded.

bounded below m= 0
.
-1

. -z, . . & so the sequence conv.
to -3.

An =1 n = 0 ,
1

,
h,...

liman = O so the sequence conv to 4) - 1
, 0

,
1
,

3
, 5 , 8 ,

-10,...

it is not monotonic.

2) 2, 4
, 6 , 8, 10,

...
is nondecreasing I monotonic notalternating.

not bounded (not bounded from above).
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