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Chapter 2
Single random variable and probability distribution

Probability mass function (PMF)

Consider on experiment of flipping three coins. Assume that p(H )= 4/10.
The random variable X represents the number of heads observed find:

a. Probability of observing one head
PONTT) + PLTHT) «P(T TM)

= 5% P Pw) = 3% 36 4 = 432
oo |O 1000
B.P(X = 0)
P(TTT) = p(-r)3 = ,—U—-b_
Jolvle
C.P(X=2)
PIHWT) « PIHTH) - P(Tun)
= 3PS PIT) = 3% 16 6 - 294
loo 10 looo
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D.P(X =3)

Pluuwy = PLuy>’ = 64
|000

E.P(X=4)
P(X=y)y= 0

F. Determine the probability mass function (PMF)

O 1 2 3 Yy

DX = x) = 1—% (=0

A2 x|

248 X= X

1000

o1 X=13

1000

LO otler wWise

H. Fx (0.5)
Fx(os) = P(xg o.5)
= Plx=0)y = %10/ /060
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l. Fx (2.7)

Fia#)= Plxs 2.7)
=P=2)+Px=1) + Px=0) =) a36//0600

). Fx(2)

Fxiz) = Plxga)
=PU=1)+r Px=1) « PX=0)y =) 436//0600

K.Fx (Z)
) = Pix< )
= Plx=1y ~ Plx=0) =) 644 //o60
L.Fx(Z)
Fxaf) = Fri2) = Plxsa)
= Q3 / 1000
Rules:-
e« Fx(e®) = 1 , Fx(-=0) =0
T Px-ny =1 L = oo oo S0 e g ot
0-'\TX17 X, = F) > Fxu)

e F(x")=Fx) = Pixgx
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Let X be the random variable for the following CDF

Fx (x) = ) A X<=-2
0 A -LS X <O
0.5 oL x <D
K 28 X

(D Find tre voive ©f bre Comstonte A, K

Fxl-~<)=0 =% A-O
Fr(eo)= L =Y k=1
@ Fx(1)

Plosxsd) = 0.8  + Toek losk of tle interval

® Pux=o0)
Pixsoy — Plx<o) Ries Px=x)= Pusx) — Pux<x)
0.6 - 0 A = 0.3

@ Plxza)

Plxzs) — Pix>3)
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Comparison

PMF | CDF
Px=x)- [0 X = -2A Pl - ?4 X <-2
O. 1 X=0 E 02 AL X <6
O-S X =1 I: 0.5 o< x <Y
| K & X
f 1
| os
1 EE—
1 0.2
: —o
o2 03 oS ! o
¥ t t 1 —p. t
—2 o 3 : -2 o 2

Random variable types

(D Discrete random variable
it's Countable , e vse PMF o~ CDF
o s L_Q.-Ig: s NGO DN o O3te 0 4B

E—xom Q\e, -
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) Continues random variables
It'S MoT Countable , We vse PDE o~ CDF
(intenved o 5=2) o028 2 23 558 40
= 2\ 52 S (5 Q}Ly 23 S5 905 C
Exomple 3—

A Con be ovy Vaive =) 4= o.|
4= 0.2
4% 0.1290F - —
A= #0.59001% ...

Probability density function (PDF)

\'s a methot vsed to determine Gre Probobi it
undor thg Curve W The mose methodd vsed in CHA u

b
|
P(A) ol j j:xmc/x, a £ xgb : f)/‘opef‘eb,‘e,&
I
Exeple - 2 1 © )(x()q > 0
= S ‘(‘X&X) o/)c : )
o @ )b =
| —D
|
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E%omplc

-1 e %

O k)
S ) o« ‘ Ifo) x (x)
-\

b

(1 o i +

g X = - = __'5’_ AN
= 4 q 2 Tty

() - 0 o [

Voo = WHa o {Lw = | & ol
-0 -0 - =\

= = -‘— = —‘—’ #

=2 0- 5 q
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FL\) = p(Xs \) ond i’ Solvtion \IKe Ehle above

A5 2.5

2.g
= ‘ fw = s—.‘:o/x = Ax =y \ #
O'S O'S og A

Expected value of X or The Mean(..)
E Cax)) Tre meom of Q) = ety
E [aw)) Discrele - ES(X) P(X = x)

oD
C,cm-\—inues % J 3w J’x(") dx
-0

Variance (s-")

le = E - uz,h Discrele :- _i\X- w,§P(x=x)

oD
Co J\Ys wd) W) o
A “— - X) o'X .
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Standard deviation of X (s, )

& = f;; The SGueme root of €l Voriance
Mmeon Lo Coy Coim\ 2o ge _yads O 2 5
ngple_ D= )
Find the mean, variance, standard deviation for the following PMF
p(sz) <\ \/ 4 X=-2
\/ 4 X = -l
/ \/y X = |
1/ Y X = 2
_ © 0. w

L
ety = T X Pu=x) (=204 « (D) « Cryizg) + Lay/u)
-

V2 SV BV L B V7Y edx =0

6 = E Jx-eas)) E {x-oy | = E {X]
= .i.oxl Px=xy = (v« (y(iva) « C)0/) + (4)yC/4)
RV RV s = 2.¢
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Rules for continues and discrete

@ EVAl = A |, Acd b ove Comstents
@ E A = AEend

@ E Ax+B) = Acaxy « B

@ Eix) =+ (Ewy)

© 6 = LX) - i

Exemple. -
Let X be a R.V with mean of (2) and standard deviation of (3)

EX\ = 65 + edx Ex*] = a+y EU] =13

E X'y — E12xy + £7157%
2EWx*y - EWXS + EqS)
A% 1y — I%xX + S

26 - b + S

= IAS
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Mode and Median

(D Mode 1|
|

i the vedve of X ot §ix] wien it's AMAX

modle X

mocde & $(X) =0, Elon we fmol Ehe yve of X

2 Median

\S Ehg volve of X Enat divides Ere ® //:§ ®
AN

gr‘aPA into two halfs /%////jill\\\‘ X
mediom

Xom O=
meclen o J “x(X) dx = —;T , Elon we {mo/ Ehe \felve 0.‘. X
-0

Es(wflf
Loy - ]3¢ osxga
o o.W
Mmin Max
= fw=0 = 2x=0 = }loy-0 | f-2
X=2 (5 Ehe mocle
[ e f%x‘ _ﬁ)x: I I B s T
-0 o I 2
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Long question

I—x(x) = K(1+ex) -1sxg0 Find ofl of €xse
(o] OoO.w
(40 =1 f\<+|<x =1 [kx+_\<_£], = | 0- (k+k)=
—~ -1 2 at *
k--‘fk--l ';Tk=\ K=1
oo © S o
'S
cfy = gX“x(\‘\ IX(.‘U—LX) j"x"&x (yf":"—)}l edx = =1/3
-0 | =l ks =
o o
2
6l -_&X-MX) fow) _‘I(x*'gj % (2 +2x) _ljlxa* X« X *.:;, ol
4 3 2 2 2
X .l ViR (L - L F_2 6 = L
= (3« 3F 3% +30) (-5 53] Y
-1

OR
6 - EWY -Evd o Eys Jaend 5 il o

5o \ V2 =\ \ 6’“:!
& = = - (%) 6 = -4 = L

6x = V 6y 6« = | 13 bx = 0.235%012
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2#o0
_g(") =0 ' -S-(o):z mode X =0
Min MaX
X e Xm :
_Lhu =+ _Sl (2~ 2x) =L (lx *_xz)_,\ = L+

k'S
Xm + AXm -vf—‘i:o

2Xm * U¥en #1 20

x=Uxr [\Wb-8

PA/B) = P(AABR)
P(s)y

-0.5

(2x+2)
P(Xs-o0.5) -\J

_O,l
(2.X+z)

Pix s -0-2)
-1

(7 -1)-(1-2)
stURRIs= o8kl 1 - 2)

= 2.7334yY

Y

p(XS—O-S N XL -0.2)

P(xg o.2

A N
(x>« :LX)I
-1

(x*+2x) | °°
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M'é = o’“o‘/x i'b l%—'/} + _3 0(,/3:—;—-

6}; = a* 6, Ysx 1/18 6; = _T*;_
6_3 = ’/ 6;.;\ 6'3 = 2/9 6‘5 =_l/z~:
Common Distributions
(D) Binomial

It's a random experiment consists of n repeated trials such that:
(DThe trials are independent

(@ Each trial results only two possible outcome,a success and failure
(3 The probability of the success on each trial remains constant

P(X=x) =[n)* Px* (\-P)‘\_x , RO, 1,2 .. A
X

X : the number of trials that results in a success
n : the number of all trials

IS
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Example n P of Svccess

Consider an experiment of flipping a coin for 3 times, assume P(H) = 1/4
and P(T) = 3/4, determine :

X
2

P(x=%) - ( ")PX(‘- o) * = Plx=2) = (
X

2\ _ 2\ _ =2) = \ - - 4
( )- -3 Plx=2) 3*T6-*%- Plx=2)= yars

P (x 2 1) =(P(X-") r P(x=2) +P(X=3))OP\ (\-— P(x«))

=l—p(X=0) V- 3 s | & 4F p(X?,\):_Zl
o) 64 6Y

A Ay = 3)Y
y
6 = NPLi—P) — 6,=23%x L y3 6 -
= | — = — X 2 s 1
* X g * T g
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2 Geometric
It's a random experiment consists of INFINITY trials such that:
(D The trials are independent
(@ Each trial results only two possible outcome,a success and failure
(3 The probability of the success on each trial remains constant

« [It's the probability to the first success

«  probability of success = p

probability of failure =1-P

«  X:the number of times experiment is preformed to
the first occurrence of success

Pix=x) = (1 - P)x-‘* P , X=1,2,3, .-

Example:

Let the probability of occurrence of a flood of maghitude greater than a critical magnitude
in a given year be 0.02 Assuming that floods occur independently, determine the “return
period" defined as the average number of years between floods.

X : NMumpor ©f Yeors petween Ewo f1000/5
wh = L e = ety = 50 Yeors

p 0.02
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(3 Hyper Geometric

TYfle S
Ustatly 750e 1 is Smaller Ehan T50e 2 Tyfe 2
P(X=X) = (k) (/V‘ ) Nombwr of all Ovt Comes
X - X num be— o Selected
/V) nvmber 64 Tg0e 1
n nvmber o‘ items Sclected
“"Ow\ T9Pe 1
eds =0 K _qgp SG=np Li-p)y [ W -n
N M-

Example:
(D What is the probability of having 2

Red balls in 3 selected balls?

P(x=x):(&<)(/v-\<) Tolel + THled = S+ -

X n —X avmber of Selecled pais =
N nmber 0f Tyle 1 =
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Pix=2) = [ 5) ( 7)
&(1 ! — 10 %« # P(x=2) = F°

+k’/|9‘ 22 0 220
\3

@ what is the probability of getting at least

one red balls from 3 selected ones

)
Pixz) = 1 - P(x=0) \ - (O

3 what is the probability of getting at least
4 red balls from 7 selected ones

(GG
Plxzu) = Plx=4) + Ptx-s) 1)1 2

Sx35 + 2 Pixzuy = 196
792 342 792
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@ poisson

P(X=X) = ':2"7

X

-
(z 1) , Plx=x) (n ) (1-0)"" (p)*
X!

efx = & =7T
< T
(I:,,tl) X

To consider this process as poisson there is some conditions:
® XlO) =0 ) " we bcsin COV'\E"'\ﬁ “"BM t =0 "

®-for~ intervels (0, E) . (£; ,£3) => The nvmber of oOcCcurrences
IXtt) - X(0) T ond § X(es) = X(t2)} ore Tndependent

©) P(‘obabi[jv:j of tre number of Occurrence clelend/s on
Ere length of the intervol

@ —lTQ. p/‘ob&bilif::j 0‘ OCcurrencCe in Smoll i'nf:el‘vao( Y
) approrimotely Aot

X (o) Xtt,) Xebs) x.d’ ) Xl(t-.,) .

t=0 :
STUDENTS-HUB.com &, 2] &y Uplo%'ﬁed By: Jibreel Bornat



EXQ\M{)IC

The number of cracks in a section of a highway that are significant enough to require repair
is assumed to follow a Poisson distribution with a mean of two cracks per mile. 7

T
a- What is the probability that there are no cracks in'5 miles of highway?

b- What is the probability that at least one crack requires repair in %2 miles of highway?
c- What is the probability that at least one crack in 5 miles of highway?

AT — 2%S

p(X=X) e (zT) Px=0) = € * (:Lxs?
Xi
. O“
- |
Pixzo) = & © x| Pix=0) = @
P21y = | = Pix<i)y = |- Ptx=o0) P(xz1) = | = P9

|—(e"*_tf) Pixz1y =1-¢'
\

p(X>/l) = ‘§PLX=0s P(X>/0 = |‘e‘—|0
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Another Common Distributions

(D Uniform Distribution

7[x(X) = \ agX<sh «wdx = o +b
b-a 2

2

O 0.w & =(b-a)
12

{)

E)\O.W\Y))e
Let X be a Q.V Ehet —(Olll)wﬁ U’\i-‘c/‘m distcibution

\n the intervad [-2,5), Find -

Ix(x)= 1;‘:3 —2\<x\<5§ -‘Ath'/? —2<Xxg65

(o] 0w (®) 0O.w
o j'b
= (-‘x(X) \/3 ok O+ 2/7 P(X(O\ = 2
-2 =2 7
W =arh = lcdx= 2 6 =(b-a) = &5 =
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(2 exponential Distribution

J(x(X)= nenx , X720 edx= | /n

2
O , Ow 6« = | /a*

Exomple
Let X be on etpPonenticd R.V With meen Of 0.2

cedx =\ /n n= |/ cutx n=1/0.2 n=5
_F -sX
XLY)=ZEQ Xz 0
(6 O.w
2 2 -SX N
D(XSZ) = Hx(v) P(’(\<2)=fgg5x = Se
- = -s
o
PLX\<2) = —e 4 P(xgz) = |-¢°

2

2 2
l - - o -
ST@EI\HS—};@B.com 6x o 6, - o-OWploaded By: Jibreel Bornat



EXAMPLE (3-24):

Suppose that the depth of water, measured in meters, behind a dam is described by an
exponential random variable with pdf:

1 28
—— e35 x>0
fx®)=113.5
0 0.W

There is an emergency overflow at the top of the dam that prevents the depth from exceeding
40.6 m. There is a pipe placed 32.0 m below the overflow that feeds water to a hydroelectric
generator (turbine).

a- What is the probability that water is wasted though emergency overflow?

b- What is the probability that water will be too low to produce power?

c- Given that water is not wasted in overflow, what is the probability that the generator
will have water to derive it?

SOLUTION:

a- P(water wasted through emergency) = P(X >40.6 m) = j BLS e S dx =e”
40.6 :

b- P(water too low to produce power) =P(x <8.6m) = (1 - 06 7)= 0.47

c- P(generator has water to derive it / water is not wasted) = P(x > 8.6 / x < 40.6)

e 13 dx
_ P(x>8.6 x<40.6) P(8.6 <x<40.6) _ Jé 13.5 .
P(x < 40.6) ~ P(x<40.6) @ % == L
j ——elidx=e
1135
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(@ Gaussian Distribution

—(X - )’

&x X)=_1 o ?% Var g
/asy

A A ' N ' N A

DO M D

Wi # 2 W= 2 M1 # M2
G1 =02 G1# 02 G1 £ 02

>
2

® T o Coases 3-
@w}w\ eci=0 ond 6xz=| we coll it  Standard
OV\O/WI’WA \&o Ste~cdowd We telke the onowers from a Eable

@) whn @E#ES) o~/ EEFNwe coll it Won=SEordord
we Convert it Fo Stonclory USing Px=x) = Q(X-u{x

=
Exo.mpie,

Let X be o RV with meon =0 ond Unity VorianCe

_x" ')
= \ - ‘
STU‘E)I(:'NTg-HUB__.&o#l e 2 Uploade@wat



Pligs) = Blg) , ondit it tordtd (hizo, 6-1)
we {ake @(g) ,ﬁr‘awx €Ehe -(-wbie. ﬁh&j give vSs
Plo) =0.5

P(xs1.12) = Bi-12) D(1-12y= 0.56%

P(xz3.12) = \- P(X<3.12) P(x23.12) = 1-@(3.0)
ﬁ(.@-u) = 0-9qaql P(x>/3.|2) = \ - 0.9aal P(x2 3.n) = 0.000%

Plos<x <
<

172) = Plxsizy - P (x< 0.9)
Plossx € 1.%)

I = J(.7) - & (0.5)

Pixg -14) = B(-14) D(-ly) = | - DO.y)
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EYOLWIP/C
Let X be o R.V Wibth edy= | ond 65 =9

Pixs)) =0.5 Coed PH 2 el 5

Pixgie) = O (x-m) Pixs16)= & (0.2)
/6

onf often welve tronsformed [, we oo to trtoble

Pxs-2) = @<ﬁ>—.— B(-) = \-a0)
Va

Plxsges.z) - Px<-2.2)
sTUdEEA e ol > Sterolre/ o L), 5 30zrle)Ey) gikregl Eonat



Normal approximation for binomial and poisson

Why do we even use it ?
N2 oLz, P (x <qoo) o\ e e Y
Moo 22 53 B ol T 0488 s Y

(D binomial to normal approximation

P(X'-'X)‘:- @(X—Mlx ; M,(x:np
v & 6x = nPi-P)
Ey\o\va/é

Consider a binomial experiment with n = 1000 and p = 0.2. if X is
the number of successes, find the probability at X< 240 .

edx =n P wdx = 1000 % 0.2 edx = 200

S =0P(1-P) = &' = 200 x0.8 => 6x = \b0

p(x=X)=® (X — u(x) P(x\<2t/o)= & <2qo - zoo>
| 65 vV 160

S]?Lbﬁl@'é’-ﬂaé.c_onﬁ (3- 16) P (xg zwoaﬂe%ﬂﬂkﬁ%l Bornat



(2 poisson to normal approximation

Plx=x) = & <X-uc>

=

Exem ,0/6

Assume the number of asbestos particles in a cm’of dust
follow a Poisson distribution with a mean of 1000. If a cm’
of dust is analyzed, what is the probability that less than
950 particles are found in1cm?

QemowK -
In Poissoa, dx = 6: = AT
e = looo , &*=looo , T=1 ,7=lo0o

Pix=x) = <X-w(x P(xsaseo) = & (isoqooo)
/ 6)(1 / looo

P(x<9s0) = @ (-1.58) Pxgasoy= | - @(1.28)
P(XSQSO) = |\ —-0.94Y% P(XSCISO) - 0.05%
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Transformation of random variables

(D Discrete case

Etemple

Let x be a Bingmiod RV with az? o/ P=2/y
let 4= 2x+2 , findd D(4=9) 1

@ Frot woite Px=x) 5o x

PLx=x)=<3><i>x K_\,) , X=0.1,2,5
x )\ 4 1

O ;) O.w

(@) Maike o toble Sor odi X PrppebiiitiesS

(3)) Y 1)y L | 3 A
Lo ’q’)( '4) oY 64
(3)(a)/1y =29 | S a
L)L 4 (“’) 6y 6y
r.5 -3'1 -\/ \ - 2% =+ -2;2'_
L2/| 4 (‘4) 64 64
3)(%)3( -\,)" =2% | 1 2%
STUDENTS-)—LJI? 0 1 1 4 Uploaded By.é]%reel Bornat



@ wr,te p(:j = ‘ﬁ)

\/64 Y: 3
Pty=9y) = (as6u Y-S

2% /6Y 9= #+

27 /64 4= 9

O O-w

Exemple
le£ X has tre clistribukion Px=x)=\  X=-3, .2, 0,
ond 4zx* , Fad Pl3=2) 7 © 2,

P()(’X):"X\/é ) X=-%,-2 41,0, |, 2

(@) , O.w
Plg=4)
—o w6 | a | \/s \ave 4= o
—2 W6 Y | 2/6 Y= |
L V- B B V73 2/6 y=Y4
O /6 0 [ 1/6 /6 Y47 q
Clze b e o O.w
2 1 \/6 U\ L
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@) continues case

Eromple
Let X be o R-V Ehod -‘oliow o Un.’-[orm Dis+fibu1"ion over
Ere intervel [-2,503 ,9=2X «| , Fno/ Pdfof 4 1

(D) First 2 Fnd the Pl f of X
-‘x(x) = \_L bsxsa} ‘(x(x)=1‘/'+ -28Xx€5

b—-a

@ %CCofc/: plo‘t ((’//‘aw) )
U =2x ~|

yR -2

S

\
>

e)
l

=1l =3

(@) Thicel v Pt X with lespect to y
X = ‘j -\

2

@5\”‘61\ s Find/ Cc{"’i'

STLG’AENT&HI&.com Uploaded By: Jibreel Bornat
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@ FT-('U\ s Find/ ij(‘j) = '('X(") on each Port of tre intenel

Uy
clx
@ x<-2
fyly)= © , X<-2 - P
ylg)= = o N 9
= S
‘3‘3)=o on Y< -3
@ x>s
43(3)17_ ) X265 4=l > s Y4-1 >0
2 FR
£3(3)=0 on Y2\
/l'X
U—1<x<s
-ﬁ;(g):(\/_?) ;) =2<X<S=)X2-248-1 ¥g
2 2
-4 <4-i< 1o fotg) =1 on —acycn
A *\ *\ Iy
fgty= vy 389
&) O w
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A9SUMC, p\= Xz , Find/ Pa’# “ar ﬂ

I-gx(x) = \\/7 —-2LxLS

O 0. w
2 L=x* \X/
- X= VK or — VK
Y- ol _

S-(@) X §-5 orxgs

2 2

fa(fl)=olx\<-s ond X LS W«-szw J_R'ssz Rg2s
@XZ—Z or Xz 2

fg:o,)(y/-z or Xz2A JR 2 -2 or VR 22 RZy

@ s s

fa=(1/9 + /3 fo- 2
|2x| |2x| \Yvg-
X=+ /R X= -/
Loy - 13‘7/1_ USRS 25 v
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