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Chapter 2
Single random variable and probability distribution

Probability mass function (PMF)

Consider on experiment of flipping three coins. Assume that p(H )= 4/10. 
The random variable X represents the number of heads observed find:

a. Probability of observing one head

B. P(X = o)

C. P(X = 2)

I

PCHTT -PITHT) - PITTH)

= 3 P(T)P(H) =3

P(TTT1 = PIT=

PHATI + PITH) - PITHH)

= 3 - PIT) =3
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D. P(X = 3)

E. P(X = 4)

F. Determine the probability mass function (PMF)

H. Fx (0.5)

P(HAH = P(H) = oo

P(X = 4) = 0

>u
o I''"

P(X = X) = zX = 0

& X = 1

288 X= 2
TooI

O other wise

0
X = 3

=x (0.5) = P(Xx 0 . 5)

-> P(X =0) = 216/1000
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I. Fx (2.7)

J. Fx (2 )

K. Fx (2 )

L. Fx (2 )

Rules:-

= 12 .7) = DIX 2 .7)

= P(x= 2) + P(X = 1) + p(X = 0) =) 936/1000

=) (2) = P(X(2)
= P(x= 2) + P(X = 1) + p(X = 0) =) 936/1000

-

=) (2) = P(X(2)
= P(X = 1) + P(x =0 = 648/1000

t

= (2+ = fx(2) = P(XX2)
= 936/1000

· fx(01 = 1
,
fx - 0 = 0

P(X= 1 - 05581635

· if Xc > X ,
= F() > Fx(X)

· ((x + ) = fy(x) = P(X(x)

· Fx(x-

) = P(X(X) Uploaded By: Jibreel Bornat STUDENTS-HUB.com



Example 2:-
Let X be the random variable for the following CDF

X - 2

-25X0

Fx(x)

= 0kX3I 35X

① Find the value of theConstants A
,
K

=)- x) = 0 = A = 0

Fx(x) = 1 =)k= 1

② Fx(1)

PlOXX(3) = 0 . 5 * Just look at the interval

③ P(X = 0)

PIXX0l - P(X(O) Rule : P(X = X) = P(X(X) - P(X(X)

0 . 5 - 0 . 2 = 0 . 3

④ P(X3)

P(Xy3) - P(Xy3)

1
- fx(51 = 1 - 0. 5 = 0 . 5Uploaded By: Jibreel Bornat STUDENTS-HUB.com



Comparison

PMF CDF

Random variable types

① Discrete random variable

P(X = X) = 0 . 2x = = 2 # (X) = A X - 2

I 0. 3 X = 0 I0. 2 -25X0

0 . 5 0kX3
0. 5 X = 3

K 35X

1

0. 5
O

oro as !

it'sCountable
,
we use PMF or CDF

o+5-+se

Example :

X = 1 Head
&199/999

.

81[ O Tail & ·soi1 di-Uploaded By: Jibreel Bornat STUDENTS-HUB.com



② Continues random variables

Probability density function (PDF)

it's NOT Countable ,
we use PDF or CD7

Linterval ·%106 /3

-Grin11.
Example :T

Y = The mass of a random animal" Osy/10 , 000
"

Y Can be any value = y = 0 . 1

y= 0 . 2

y
=

0 . 12907 ---

3 + 70 . 590017...

it's a method used to determine the probability
under theCurve 11 The most method used in CH2"

P(A) =+x(xdx
, apx +
) Properties

Example ① fx(x)0
P10.7X(2) =x(x)dx =
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Example
let X be a random variable with the following PDF

fy(x) = (14 -14X43 I
O O . W

① verify that fx(x) is a Valid PDF

tw1 asm

dx=

②P =
= 0 :y = #
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Expected value of X or The Mean(    )

Variance (     )

③ J()

↑(1) = P(XX1) and it's solution like the above

④ Plo . 5 XXX2 . 5)

↓
(

.

5 t())Andy
0 .5

ex

= [g(x)] =1 The mean of g(x) = ug()

E(g(x1] = Discrete:g(x)P(X = X

Continues:9 x(x) dx

&.

- = E[X - mx(] =) Discrete: - MP(X = x

d

Continues:(W-wxExx d
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Standard deviation of X (     )

Find the mean, variance, standard deviation for the following PMF

&

6 = 6 The square root of the Variance

mean ,2.s

Example :-

P(X = X) 1/4 X = - 2

1/4 X =
- 1

1/4 Y = 1I 1/4 X = 2

O 0
. W

1 Mean for X : I

= Expx = x) =)( - 2((((y) + (-(((y) + ((((((4) + (2)(y4)

-1/2 + - yy +4 + 1/2 = ux = 0

2 Variance for X (Gx)

6 = E((X - u(x)] = z((X - oi) =) E(X]

-xP(X= X) = (4)(v) + (1)(1/4)x(1(14) +(UIL

1 + 1/y +1/y + 1 =) Gy = 2 . 3

3 Stadard deviation (Gx)

6 = 6476x = 2 . 5 = ) 6x = 1 . 581138Uploaded By: Jibreel Bornat STUDENTS-HUB.com



Rules for continues and discrete

Let X be a R.V with mean of (2) and standard deviation of (3)

1 E(A) = A
,
A and B are Constants

2 E(Ax] = AE(X)

3 E(AX + B) = AE(1 + B

n E(X) = (E(X3)2
36x = E(X) - m

Example :-

1 ESX'

E (x2) = Gy + m = E(X) = 9 + 4 =) =\x = 13

2E(2x2 - 3X + 5)

E(2x3 - E(3X) + E753

2E(X - 3E(X3 + E75)

2* 13 = 3x2 + 5

626 - + 3

= 25
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Mode and Median

① Mode

② Median

#di
. f(x)

m
is the value of X at fx(x1 When it's MAX

&
mode

X

mode : Fix = 0
,
then we find the value of X

is the value of X that divides the

graph into two halfs ↑
median

①=

median. (X) dx = -, then we find the value of X

Example
fx(x) = (x0xX

ou

I mode
min Max

3
=>) f(x = 0 +X = 0 =( f(0) = 0

,
+(2) =

-

=> X = 2 is the moche

2 median
Xm

=
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Long question

The value of K

The mean

The variance 

The standard deviation 

fx(x) = (1)(1 + x) + -X- 0 Find all of these

O .
w

I
C

Th (x) = 1 = /k + kX + = [kX +() = 1 = 0 - (k +4) =
-- - I

=> k -yk = 1 = +k = 1 = k = 2

2

ux(2 + 2x) =x +2x = (x +2 cx = - /3

3

6-
- I

=(x
OP Two ways

Same Ans .

6) = E(X) - Ex = E(x) = /2x + 2x2 = E(X) = 1

G

= Gi= - (5) = (4 = y- = 64 = -

Y

6x = Gi = 6x = +p = 6x = 0 . 235702
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The mode

The median 

fix = 0 = 2 0 then we try a add because it's linear

f(-) = 0 ,
f(0) = 2 => mode X = 0

Min max

6x + 1 = (2 + 2x =z = (2x +x4)=
- 1

=> (2xm + Xm) - ) - 2 + 1) = 2 = Xm + 2xm +z = 0 = 2X + MXm + =0

By general re- X = 0 = 62 - yac
=) X = 41 16 -8

2a Y

X = 1+ on X=-

7 P(XX - 0 . 5 /XX-0 .2)

PLA/B) = P(A1B)
=)

P(X1-0. 5 1 X17 - 0 . 2)

P(B) P(X0 . 2

⑭0.5) (x2
P(XX - 0 .2) ((2x +2) (x2 + 2x))

+ 0 . 2

(i = 1) - (1 - 2)
=> 2 . 7344

10 . 04 = 0 .4) - (1 = 2) Uploaded By: Jibreel Bornat STUDENTS-HUB.com



Suppose y = 2x + 3 , find mean , variance , standard deviation 

Common Distributions

① Binomial
It's a random experiment consists of n repeated trials such that:

①The trials are independent

② Each trial results only two possible outcome,a success and failure

③ The probability of the success on each trial remains constant

X : the number of trials that results in a success
n : the number of all trials

&

-wy = amx + 6 = 2 x - 113 + 3 = my =-
· Gj = a6x =4+ 1/1 = 65=
- by = by by =9 by=

P(x = x) = (n)xp = (1 - pp+, X = 0
, 1

,
2 ..

. - n

ux = up ①

6x2 = nP(l - P) ② Uploaded By: Jibreel Bornat STUDENTS-HUB.com



Example

Consider an experiment of flipping a coin for 3 times, assume P(H) = 1/4 
and P(T) = 3/4, determine :

The probability of getting head for 2 times

The probability of getting at least one head

The expected number of heads to be observed in the experiment

N p of success

X

I

P(X = X) = (a)p+ - p,
+

=)P(X = 2) = (3)(a)2)

(3)=3 Pl=) = 3**P64

2
&- P

P(Xy1) = (P(x = 1) + P(x =2) + p(x =3))0R(1 - P(X())
= 1 - P(x = 0 =) - (3) + 1 + 27 =)P(x(, 1) = 8

3

ux = nD = mx = 3 x - = cx = 3/4

6 = np(1 - p) =)6y = 3 xy* = 64=
&
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② Geometric 
It's a random experiment consists of INFINITY trials such that:

①The trials are independent

② Each trial results only two possible outcome,a success and failure

③ The probability of the success on each trial remains constant

• It's the probability to the first success

• probability of success = p

• X : the number of times experiment is preformed to 

the first occurrence of success

•    probability of failure = 1 - P

Example:
Let the probability of occurrence of a flood of magnitude greater than a critical magnitude 
in a given year be 0.02 Assuming that floods occur independently, determine the “return 
period” defined as the average number of years between floods.

&

P(X = X) = (1 - p(
*"

x P
, X = 1

,
2 , 3,---

alx==

X : Number of years between two floods

ux = - = m = joz = u = 50 years
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③ Hyper Geometric 

Example:
① What is the probability of having 2 

Red balls in 3 selected balls?

TypeI

· Usually Type 1 is Smaller than Type 2 Type 2

P(x = x) = (b)(n=x) N : Number of all out comes

n : number of selected

K : number of Type 1
-(n) X : number of items selected

from Type 1

alx =

n = n G=pl -P)v - n(N - 1

N = Type 1 + Type 2 = 5 +7 = 12P(x = x) = (i)))
n = number of selected balls + 3

K = number of Type 1 = S(n) X = number of wanted red balls = 2Uploaded By: Jibreel Bornat STUDENTS-HUB.com



② what is the probability of getting at least 

    one red balls from 3 selected ones

③ what is the probability of getting at least 

    4 red balls from 7 selected ones

P(X =

2= (c)( ,7)
= 10 = DX ==

-ale

P(xx) = 1 - p(x=d) = 1 =

(5)(5)
(12)

P(x2
, 4) = P(x = 4) + P(x= 3) =

((),(2)
(2) (2)

5 + 35 + 21
=) P(X74) = 196

792 792 792
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④ poisson

To consider this process as poisson there is some conditions:
① 

②

③

④

T

P(x= X) = e (D +(
,
P(x =+)(4)1 - p(

- "

(p)
XI

ux = Sy = TT ·Posjs*

T-=

It ,+116X

X(0) = 0
,
"We begin counting from t = 0 "

for intervals 10
,
t

. ) . It2 , ts) =) The number of occurrences

(x(t) - X (0)] and 3 X(t3) - X(t2)3 are Independent

Probability of the number of occurrence depends on

the length of the interval

The probability of occurrence in small intervalot

is approximately Test

X(0) X(t, ) X(tz) X(t3) X(tu)111 ·

t= 0 ti +2 ty tyUploaded By: Jibreel Bornat STUDENTS-HUB.com



Example
X

T
T

a X = 0 ,= 2
,

T = 3

P(x= X) = e
-

**

(PT)
=) P(X=0) = e

-

23(XI

- 18
=> P(x =0) = e 0

* 1 p(x=0) = 2

6 XX1 ,
7 = 2 ,

T= 0 . 5

P(X,1) = 1 = D(x(1) = 1 - P(X =0) = P(X1) = 1 - P(X=0)

↑ (e
"

++) = ) P(Xy, 1) = 1 = er

c X 1 , 7 = 2
,
T = S

P(Xy1) = 1 - P(=o = P(Xz1) = 1- eo
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Another Common Distributions

① Uniform Distribution

fx(x) = pa( apx36]
nex = a +

2

O O . W 6x = (b - a)
12

f(x)
b+1.
jas-j

a mx 6
Example

Let X be a R
.
V that follows uniform distribution

in the interval [-2 , 5) ,
Find

1 Write and Plot the PDF of X

fx(x)=a & -

24X5& - 2(x35] = fx(x) = 117

O O. W O O. W

2 P(X(0)

===P
3 celx and 6?
ux = a + b =) ux= 3 6 = 16 - a) = Gi =

42
2 12
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② exponential Distribution

(x(x) =

[e]X

Example
Let X be an exponential R o V With mean of 0 . 2

1 Write and Plot the Pdf of X

u = 1/n =) n = 1/w(x = n = 1/0 . 2 =) n = 5

fx(x) = 55xX0S
o o. W

I
2 P(X(2) 2

- 5X

P(x(2) = (fx (x) =) P(X(2)=/ge3x = 52

- 3
- -

O

P(X(2) = - e+= P(Xx2) = 1 - e
10

3 Variance

6x= = 6x = 2 = 6, = 0 . 04Uploaded By: Jibreel Bornat STUDENTS-HUB.com
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③ Gaussian Distribution

26f,(x) = 1

-

-m2

26?
ceX

· Two Cases :-

1 Whenc= o and 6x= 1 we call it Standard

andwhen it's standard we take the answers from a table

2 Whenato and 61 We call it Non-Standard

we convert it to standard using P(X =X = 0 X-ux

6
Example

Let X be a R . V with mean = 0 and Unity Variance

I write and Plot the distribution of X

fx(x)= ·Uploaded By: Jibreel Bornat STUDENTS-HUB.com



2 P(XX)

P(X(9) = &(9) ,
and if it's standard wo ,

G

we take $1g) from the table they give us

=> from the table $10) = 0 . 5

3 P(Xx1 . 12)

P(XX1 . 12) = $11 . 12) = from the table 0(1 . 121 = 0 .8686

4 P(X33 . 12)

P(Xy3 . 12) = 1 - P(X < 3. 12) = P(Xy 3 . 12) = 1 -013 . 12)

8)(3 . 12) = 0 . 99al =)P(Xy3 . 12) = 1 - 0 . 9991 => P(Xy3 . 12) = 0 . 0009

- D(o . 5 XX 11 .7)

P(0. 3 (XX1 .7) = P(Xy1 .7) - P(X(0 . 3)

Plo .5XXX1 .7) = 0(1 .7) - $10 . 3)

6 D(Xx - 1 . 4)

P(Xx - 1 . 4) = 0-1.n) = 0(- 1 . 4) = 1 - 0( . 4)
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Example
Let X be a R . V with ux-1 and 649

1 write and Plot the PDF of X

fx(x) = 1
- (X - 1)2

1e 18

18
cr(x = 1

2 P(X(x)
P(X(1) = 0 . 5 pot i alx is

3 P(Xx 1 . 6)

P(X- 1 .6) = 0 X-ax
=> P(x 1 .6) = 010 .2)

T
and after we've transformed it ,

we go to tre table

uP(X -2)

P(XX -2) = 0 = 2 + 1
= 6) - 1) = 1 - 0()

↑

5P( - 2 .3(X(5 .3)

P(Xx5 .3) = P(X( - 2 . 3)
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Normal approximation for binomial and poisson

Why do we even use it ?

① binomial to normal approximation

Consider a binomial experiment with n = 1000 and p = 0.2. if X is 

the number of successes, find the probability at X    240 .

--S
8i s

P(X = X) = 0 X- ux ,
u = n9

6 6 = nP(1 - P)

Example

X

wx = np =) ux = 1000 + 0 . 2 =)wx = 200

6 = np(1 - p) = 65 = 200 * 0 .8 = 64 = 160

P(x = x) =0 X - xx = P(x240) = 0240 = 200

63 160

P(X < 240) = 0 (3 . 16) =) P(XX240) = 0 . 9992Uploaded By: Jibreel Bornat STUDENTS-HUB.com



② poisson to normal approximation

Assume the number of asbestos particles in a cm of dust 

follow a Poisson distribution with a mean of 1000. If a cm 

of dust is analyzed, what is the probability that less than 

950 particles are found in 1 cm?

P(X = X) = 0 X -ux

T

Example
3

3

3

Remark :-

in Poisson
,
ux = GY = T

=>w = 1000 , 6= 1000
,
T= 1

,
7 = 1000

P(x = X) = 0 X - u(x
=) P(Xx950) = 0950 - 1000

6? 100 0

P(X (950) = 0(- 1 . 58) = P(xxaz0) = 1 - 0(1 . 58)

↑(x(930) = 1 + 0 . 943 = P(Y(950) = 0 . 057
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Transformation of random variables

① Discrete case

Example
LetX be a Binomial R . V with n = 3 and P = 3/4

let y = 2x + 3
,
find Ply = y) ?

1 First write P(X = X)

P(x = X) =33 , X = 0
, 1

,
2 , 3I

O , 0 . W

2 Make a table for all X probabilities
Y P(X = X) y = 2x + 3 P(y =Y)

o (3)(94)" :j ot

(i)(4)
2(3)(74) =27 ↳

3(3)(94 ↳
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3 write Ply = y)

1/64 y= 3

P(y = y) = 9/64 y = 5 #
27/64 y = 7I 27/64 y = 9

O O. W

Example
let X has the distribution P(X= X) = 1 ,

X = - 3
,

-2
, 0,

and y = X2 , Find P(y =3) ? 1
, 2 ,

= 1

P(x = x) = (1 , X = - 3 ,
- 2 ,, 0 ,

1 , 2

O , 0 .
W

X P(x= X) Y Ply = Y) P(y = Y)

-31/6 9. 1/6

I
1/6 y = 0

- 2 1/6 Y 1/6 2/6 y = 1

- 1 1/6 11/6 2/6 y = 4

01/6 O 116 1/6 y= 9

I 1/6 I 16 O O. w

2 1/6 Y 1/6
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② continues case

Example
Let X be a R . V that follow a Uniform Distribution over

the interval [-2
, 5) , y = 2X11 , Find Pdf of y ?

1 First : Find the pdf of X

fy(x) = (eab +xxa] =3
fx(x) = 11 -2xx ,3

o O , w
I

G O
. w

2Second : Plot (draws y

y = 2X + 1 Y

210 -1 -X

531 - 1 -33

3 Third : Put X with respect to y
X = y - 1

2

Y Fourth : Find da
2 Uploaded By: Jibreel Bornat STUDENTS-HUB.com



5 Fifth : Find fy(y) = Ex(x) on each part of the interval

a

IX - 2

fy(y) = G ,
X2 =y ( =)y - 1) - 4

fy(y) = 0 on y1 = 3

# X 7 3

fy(y)
= , x>5 =3 >5 =)y - 110

fy(z) = 0 on y > 11

I
-2 <X5

fy(y) = ( 1 /E) 12(X < 5 =X2-2(y - 1 x25
2 2

- 4735! = ) fyly)= on -xy)+ 1

fy(y) = 1/14 - 3 ,5 y , 11I O O. W
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By: Jibreel Bornat

Assume R= X2
,
Find Pdf for R

- 2
,>x51- fx (x) = 717

O . w

2-
R = x2

3 Y = & or -R

4- d = 2x

5 I XX - 5 or X 3

fr(r) = 0 , X-5 andX-s'or=Res
# X-2 or X 32

fr = 0 , X-2 or X72= -2 or 2 = R >4

T - 5XXX2

fr = (1/7) + (1/7) => fr = 2

12x/ 12x/ Tur
X = +R X =

-v

fin() =( "Rises ·

o
O . W Uploaded By: Jibreel Bornat STUDENTS-HUB.com


