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In this lecture you’ll learn

To describe the rotational motion of
rigid bodies
— You'll use an analogy between new
quantities describing rotational motion
and familiar quantities from
one-dimensional linear motion
 To calculate the rotational inertias
of objects made of discrete and
continuous distributions of matter
— Rotational inertia is the rotational
analog of mass
» To handle problems involving both
linear and rotational motion

» To describe rolling motion
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Angular Velocity

« Angular velocity w is the rate of change of angular position.

_ A
Average: @ = 0

The arm rotates through
the angle A@ in time At,

At g v
Instantaneous: o = 7 P 4
4

« Angular and linear velocity

— The linear speed of a pointon arotating ~ Jiiiiecon
body is proportional to its distance from
. . Linear speed is proportional
the rOtatlon aXIS to (listzlnlcc fromI thi‘ rq.tjtlion axis.

The full circumference is

271, s0 1 revolution is 27
# radians. That makes 1 radian de 1 dS v
360°/27 or about 57.3°. a) — —

s Y
A 0t 10

“The point on the rim has
gt g s the same angular speed w
Angle in radians is the A St ;
T : but a higher linear speed v
ratio of arc s to radius r: Fimen o it surfor
0 = s/r. Here 0 is a little [ A1l NI TIHICL, PRI
less than 1 radian.
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Angular Acceleration

« Angular acceleration a is the rate of change of angular

velocity.
. A 0 da) a, 1s the tangential
Average: a =—— Instantaneous: o =— o S
t t parallel to the linegf
velocity v.
« Angular and tangential acceleration

4
) a, = ra 4
7

— The linear acceleration of a point on
a rotating body is proportional to its
distance from the rotation axis:

Clt:I"OC

— A point on a rotating object also has
radlal acceleratlon a. is the r:.adial component

2 perpendicular to v.
Vv ) ©2012 Pearson Education,Inc.
a=—=0r
r
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x—0,

V—>0,

Constant Angular Acceleration

* Problems with constant angular acceleration are exactly
analogous to similar problems involving linear motion Iin
one dimension.

— The same equations apply, with the substitutions

a—>a

Table 10.1 Angular and Linear Position, Velocity, and Acceleration

Linear Quantity

Angular Quantity

Position x
Vélosit dx
elocity v = —
J dt
d d?
Acceleration a = L —)26
dt dt

Equations for Constant Linear Acceleration

Angular position 0

do

Angular velocity w = —

dt
do _ &0

Angular acceleration @« = ——

dt  di?

Equations for Constant Angular Acceleration

v =3(v + V) (2.8)
v=1,+ at (2.7)
X = xg + Wt + sat® (2.10)
v = v + 2a(x — xp) (2.11)

o = 3w + o) (10.6)
®w = w, + at (10.7)
0 =0, + wyt + 501’ (10.8)
0’ = o + 2a(0 — 6,) (10.9)
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Torque 7 is the rotational analog of force, and results
from the application of one or more forces.

Torque is relative to a chosen rotation axis.

Torque depends on: .

— the distance from the rotation axis to the force
application point.

— the magnitude of the force F

— the orientation of the force relative to the Btz
displacement ; from axis to force application @—%ﬁ'?ﬁ

point: ¢ — ;F s1n9

Closest to O, T is smallest.

b
The same for applied at different angles (b)
: ) Farthest away, 7 becomes greatest.
anquc dccrcu\cx \\'hcn I’ Torquc is zero \\'hcn H
anqm atest whe nF Fis pa lI I to
S perpe I l l o
0 -
F

(c)

Education, Inc.
(a) (©)
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Rotational Inertia and the Analog of

Newton’s Law

« Rotational inertia / is the rotational analog of mass.
— Rotational inertia depends on mass and its distance

from th e rOtatlon axis. Rotating the Farther away,
mass near the it’s harder
axis is easy. to spin. 3

» Rotational acceleration, torque,
and rotational inertia combine
to give the rotational analog S
of Newton’s second law:

5 Rotation axis
..‘ |/ \
"y

7 =lo
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Finding Rotational Inertia

« For a single point mass m, rotational inertia is the product of
mass with the square of the distance R from the rotation axis:

« For a system of discrete masses,
the rotational inertia is the sum of
the rotational inertias of the
Individual masses:

2 = = =
] — mi ’,«l _—

» For continuous matter, the A iy,
rotational inertia is given by an
integral over the distribution of e
matter: r

:’Ro.tation
1= (7 dm 7L
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Rotational Inertias of Simple Objects

Table 10.2 Rotational Inertias

Solid sphere about diameter Flat plate about perpendicular axis
1=%MR* =L M@+ 1?)

> >

Thin rod about center Thin ring or hollow cylinder ‘ \ I.
1= M2

\\/a
1= MR? ‘

about its axis

Qb Hollow spherical shell about diameter
1=%MR?

Q Flat plate about central axis
/ e

] 2
]—ﬁMa

" L Thin rod about end (3 ‘
L/ I=4ML? < L\
Disk or solid cylinder b > /J

about its axis a
1= MR? &

© 2012 Pearson Education, Inc.
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Parallel-Axis Theorem

* |f we know the rotational inertia ICm about an axis
through the center of mass of a body, the parallel-axis
theorem allows us to calculate the rotational inertia /

through any parallel axis. iflaadighiiionih
ol = S
 The parallel-axis theorem states
that
[=1_+Md*

where d is the distance from the

center-of-mass axis to the parallel
axis and M is the total mass of the I=% |
object. (@) o

This parallel axis is
a distance d = R away
from the original axis,
2 ) ») 7 2
sol = MR® + Md* = £MR".
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Combining Rotational and Linear Dynamics

* |In problems involving both linear and rotational motion:

IDENTIFY the objects and forces or torques acting.

DEVELOP your solution with drawings and by writing Newton’s law
ag_d itts rotational analog. Note physical connections between the
objects.

EVALUATE to find the solution.
ASSESS to be sure your answer makes sense.

A bucket of mass m drops | Free-body diagrams Newton’s law, bucket:
into a well, its rope for bucket and cylinder ’
unrolling from a cylinder of . F =mg-T=ma
mass M and radius R. Rope tension T provides net
What's its acceleration? the connection ﬁgﬁ‘(‘%@ﬂ aavr\‘/a(l:o?i%’]gér_
2 » CYIINCET:
RT = lalR
L | Here 1=1MR’
T 2
Solve the two equations to
o get
mg Lo M8
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Rolling Motion

Rolling motion combines translational (linear) motion
and rotational motion.

— The rolling object’s center of mass undergoes translational
motion.

— The object itself rotates about the center of mass.

— In true rolling motion, the object moves without slipping and
its point of contact with the ground is instantaneously at rest.

— Then the rotational speed w and linear speed v are related
by v = wR, where R is the object’s radius.

Motion of . motion about ... motion of individual
the CM plus . .. llu CM cqu als . points on the wheel.
*, "’g 2 Vem

\ —  The bottom of /: V‘N
—  the wheel is at
rest! But
These two velocity f)IﬂY Loz 7 =

........ instant. —9
vectors sum to g l\L =10

zero velocity at ho(lom
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Rotational Energy

* Arotating object has kinetic energy K = %Ia)z associated

with its rotational motion alone.

— |t may also have translational kinetic energy: K

2
=1 My,

trans 2

 In problems involving energy conservation with rotating
objects, both forms of kinetic energy must be considered.

— For rolling objects, the two are related:
* The relation depends on the rotational inertia.

Example: A solid ball rolls down a hill. How
fast is it moving at the bottom?

Energy bar 3 N
graphs UKok, U KK

STERENES KB G Inc.

Equation for energy conservation

Mgh = Lane v Ly
2 2

2
LI 3y Ch [ S Y
2 205 R) 10

Solution:
10

V=4|—gh
7
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Summary

* Rotational motion in one dimension is exactly analogous to
linear motion in one dimension.  Displacement Rouion

| | Linear
. . . motion
— Linear and angular motion: >
- Position, x T d
— Analogies between rotational and linear quantities: -~
Linear Quantity Angular Quantity Relation Between Linear g
or Equation or Equation and Angular Quantities
Position x Angular position 6
Speed v = dx/dt Angular speed w = d0/dt V= owr
Acceleration a Angular acceleration « a, = ar
Mass m Rotational inertia / 1= [r*dm
Force F Torque 7 T = rFsin 6
Kinetic energy K, = ;mv> Kinetic energy K, = ;[

Newton’s second law (constant mass or rotational inertia):
F = ma T=1la

© 2012 Pearson Education, Inc.

Rotational inertia, /

Torque, 7
@ Rotation axis

Mass closer ~ Same mass,

to axis: farther from axis:
lower / greater / o
0
= mr?— J r2dm F
T = rF sinf
Discrete Continuous
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