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PROBLEM 19.1
Determine the maximum velocity and maximum acceleration of a particle which moves in simple harmonic
motion with an amplitude of 3 mm and a frequency of 20 Hz.
SOLUTION
Frequency: f=20Hz
w, =2rf =(2x)(20)=125.66 rad/s
Amplitude: X, =3 mm
Simple harmonic motion: x=x,, sin(@,t + @)
v=x=a®,x, cos(®,t + @)
a=v=Xx= —a),fxm sin(@,t + @)
Maximum velocity: v, =®,x, =(125.66 rad/s)(3 mm)
=377 mm/s
v, =0.377 m/s <4
Maximum acceleration: a, = a)jxm =(125.66 md/s)2 (3 mm)
=47.3%10" mm/s”
a, =473 m/s> <4
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PROBLEM 19.2

A particle moves in simple harmonic motion. Knowing that the amplitude is 15 in. and the maximum
acceleration is 15 ft/s”, determine the maximum velocity of the particle and the frequency of its motion.

SOLUTION
Simple harmonic motion. X=X, sin(@,t + @)
x,, =15in.=1.25ft
X=Vv=Xx,®, cos(®,t+ @)
¥ =a=—x,a; sin(@,f +¢)
la, | =15 ft/s* = (1.25 f)a?
Natural frequency w, =3.4641rad/s
£, =2 2055133 H
2
f,=0.551Hz 4
Maximum velocity Vv, = X, 0, = (1.25 ft)(3.4641 rad/s)

=4.3301 ft/s
v, =433 ft/s 4
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PROBLEM 19.3

Determine the amplitude and maximum velocity of a particle which moves in simple harmonic motion with a
maximum acceleration of 15 ft/s> and a frequency of 8 Hz.

SOLUTION
Simple harmonic motion X =x, sin(@,t + @)
w, =2rxf, =2m(8 Hz) =167 rad/s
X=v=x,0,cos(®,t+¢)
Vy = X, 0,
X¥=a=—x,0 sin(,+0)
a, =X, 0
15 ft/s* = x, (167 rad/s)>
Maximum displacement. x,, =0.005937 ft =0.0712 in.
x,, =0.0712in. 4
Maximum velocity. v,, = x,,0, =(0.005937 ft)(167 rad/s)

= 0.2984 ft/s =3.58 in./s
v, =3.58in/s <4
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PROBLEM 19.4
'32 1 A 32-kg block is attached to a spring and can move without friction in a
2 slot as shown. The block is in its equilibrium position when it is struck by
k = 12 kN/m a hammer, which imparts to the block an initial velocity of 250 mm/s.
f;/ Determine (a) the period and frequency of the resulting motion, (o) the
>3 amplitude of the motion and the maximum acceleration of the block.
>3
A
SOLUTION
(a) x=x, sin(w,t + @)
3 L Xw
12x10° N/m * L
32kg UF2SOMM(S
w, =19.365 rad/s
2w
n a)n
7 =27 7,=0324s 4
19.365
fu =i=;=3.08 Hz <
r, 0324
by Atr=0, x,=0, Xo =V, =250 mm/s
Thus, X, =0=x,, sin(w, (0) + @)
and =0
Xy =V, = x,0, cos(w, (0)+0) = x,, 0,
vy = 0.250 m/s = x,,(19.365 rad/s)
. = (0.250 m/s)
" (19.365 rad/s)
x, =12.91x107 m x, =12.91 mm <
a, =x,@ =(12.91x107 m)(19.365 rad/s) a, =4.84m/s* <4
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PROBLEM 19.5

g A 12-kg block is supported by the spring shown. If the block is moved vertically downward
;:5kN/ M from its equilibrium position and released, determine (a) the period and frequency of the
) resulting motion, (b) the maximum velocity and acceleration of the block if the amplitude
of its motion is 50 mm.
'12 kg
SOLUTION
()  Simple harmonic motion. x=x,, sin(@,t+¢)
Natural frequency. w, = i k =5 kN/m =5000 N/m 5 kN/m
m
. _ [(5000 N/m) f
" 12 kg ' Y= 50mm
=20.412 rad/ 2 __l
w, = ) 412 rad/s - \_1-.__;
T ]
T =—— ] ' Uﬁ()
n w, —
2r
T, = =0.30781s 7,=0.308s «
20.412
fu =i=;=3.25 Hz 4
7, 0.30781
®) x,, =50 mm =0.05m
x=0.055in(20.412¢ + ¢)
Maximum velocity. v,, =x,@, =(0.05m)(20.412 rad/s) v, =1.021 m/s 4
Maximum acceleration. a, =x,@" =(0.05m)(20.412 rad/s) a, =20.8m/s* <
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PROBLEM 19.6

An instrument package A is bolted to a shaker table as shown. The table
moves vertically in simple harmonic motion at the same frequency as
the variable-speed motor which drives it. The package is to be tested at
a peak acceleration of 150 ft/s*. Knowing that the amplitude of the
shaker table is 2.3 in., determine (a) the required speed of the motor in
rpm, (b) the maximum velocity of the table.

SOLUTION

In simple harmonic motion,
X @

Anax = Xmax Uy

150 s = 23 w;
12

@’ = (782.6 rad/s)*
w, =27.98 rad/s

j— w}’l
"oom
_27.98
2r

=4.452 Hz (cycles per second)

(a)  Motor speed. (4.452 rev/s)(60 s/min) speed =267 rpm 4
. . 23

(b)) Maximum velocity. Vinax = Xmax @y = Eft (27.98 rad/s) Viax =J-36 ft/s 4
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PROBLEM 19.7

A simple pendulum consisting of a bob attached to a cord oscillates in a vertical plane
with a period of 1.3 s. Assuming simple harmonic motion and knowing that the
maximum velocity of the bob is 0.4 m/s, determine (a) the amplitude of the motion in
degrees, (b) the maximum tangential acceleration of the bob.

SOLUTION

(a)  Simple harmonic motion

Thus,

For a simple pendulum,

Thus,

Amplitude from (1),

6,

m

(b) Maximum tangential acceleration

The maximum tangential acceleration occurs when 6 is maximum.

0=20,sin(w,t+ @)

2r 2w
a)n = —=
7, (1.3s)
=4.8332 rad/s
0=06,w, cos(a,t +¢)
6}’}’! = ema)n
v, =16, =16, o,
g, =—m
l n
o=t
/
_ g 981ms’
@ (4.8332rad/s)’
=0.41995 m
Vi _ 0.4 m/s
low, (0.42m)(4.833rad/s)
=0.19707 rad
=11.291°
a, =16

1

6=-0,a" sin(w,r + @)

(a,), =16, @’
(a,),, = (0.41995 m)(0.19707 rad)(4.8332 rad/s)

=1.933 m/s>

(D

6, =11.29° 4

(a,),, =1.933m/s* 4
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PROBLEM 19.8

! A simple pendulum consisting of a bob attached to a cord of length /=800 mm
‘ I oscillates in a vertical plane. Assuming simple harmonic motion and knowing that
! the bob is released from rest when 8 =6°, determine (a) the frequency of oscillation,
’—9/’ ) (b) the maximum velocity of the bob.

SOLUTION
(a) Frequency. w, =
o, =3.502 rad/s
f _0, _ (3.502 rad/s) £ =0.557Hz 4
2 2
(b)  Simple harmonic motion. 0=20,sin(w,t+¢)
where 6,=6°=0.10472 rad
Maximum velocity. 0 =6,m, cos(a,t + @)
e'm = 6ma)n
v, =16, =10, ®, = (0.8 m)(0.10472)(3.502)
v, =293.4x107 m/s v,, =293 mm/s 4
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PROBLEM 19.9

An instrument package B is placed on the shaking table C as shown. The table

Z = ~— is made to move horizontally in simple harmonic motion with a frequency of
LG—Q—@T@—WTF 3 Hz. Knowing that the coefficient of static friction is 4, =0.40 between the
package and the table, determine the largest allowable amplitude of the motion
if the package is not to slip on the table. Given the answers in both SI and U.S.
customary units.

SOLUTION

Maximum allowable acceleration of B.

i ( l :maq

*F.YF=ma: F, =ma,,
Hmg =ma,,

a,=ug  a,=040g

,
Simple harmonic motion. f,=3Hz= 2;_
, =67 rad/s

0.40g = x,, (67 rad/s)*
x,, =1.1258x107g

Largest allowable amplitude.

x, =1.1258x107(9.81) =11.044x10° m x,, =11.04 mm <«

X, = 1.1258x107°(32.2) = 0.03625 ft x,, =0.435in. <

c 2
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PROBLEM 19.10

A 5-kg fragile glass vase is surrounded by packing material in a cardboard box of negligible weight. The
packing material has negligible damping and a force-deflection relationship as shown. Knowing that the box
is dropped from a height of 1 m and the impact with the ground is perfectly plastic, determine (a) the
amplitude of vibration for the vase, (b) the maximum acceleration the vase experiences in g’s.

250

200

150

100

Force (N)

50

0 10 20 30
Deflection (mm)

SOLUTION

Velocity at end of free fall: v=42gh
v =4/(2)(9.81 m/s>)(1 m) = 4.4294 m/s

Assume that the spring is unstretched during the free fall. Use a simple spring-mass model for the motion of
the vase and the packing material.

m=5kg
m
k= 100N (slope from graph)
10 mm
5 K k =10 N/m =10000 N/m
77 77

k /10000 N/m
Natural frequency: @, = \/% = T =44.721rad/s

Simple harmonic motion: X = x, sin(@,t + )
V=X=,x,, cos(w,t + @)
Let ¢ =0 at the instant when the box bottom hits the ground.

Then, at =0, x=0 and v =4.4294 m/s

from which $=0

and ®,x,, = 44294 m/s
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PROBLEM 19.10 (Continued)

44294 m/s

; . =——=0.099045
(@) Amplitude: Xm 44721 rad/s m

x,, =99.0mm <«
(b) Maximum acceleration:

a, = @'x,, =(44.721 rad/s)* (0.099045 m)
=198.087 m/s* = (20.192)(9.81 m/s*)

a,=202g 4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2251



https://students-hub.com
https://students-hub.com

PROBLEM 19.11

%

AAAAS

and acceleration of the block.

A
S

A 3-1b block is supported as shown by a spring of constant k =2 Ib/in. which can act in
tension or compression. The block is in its equilibrium position when it is struck from
below by a hammer which imparts to the block an upward velocity of 90 in./s. Determine
(a) the time required for the block to move 3 in. upward, () the corresponding velocity

SOLUTION
Simple harmonic motion. x=x,, sin(@,t + @)
k .
Natural frequency. o, = \/: , k=21Ib/in.=24 Ib/ft
m
24 b/ft
w,= |——-
( 31 )
32.2 s

w, =16.05 rad/s
x(0)=0=x,, sin(0+¢)
9=0
x(0)=x,,@, cos(0+0)
x(0)= 20 7.5 ft/s
12
7.5=1x,(16.05) x,=0.4673 1t
x=(0.4673)sin(16.05¢)(ft/s)

(@ Timeatx=3in. (x=0.25ft)

0.25=0.4673sin(16.05¢)

0.25 )
0.4673

16.05

sin”! (

(b)  Velocity and acceleration.

X=x,a, cos(®,t)

o 2 .
X =-x,0, sin@,t

t=0.0352
x=(0.4673)(16.05)cos[(16.05)(0.0352)]
X=6.34 ft/s

¥ =—(0.4673)(16.05)* sin[(16.05)(0.0352)]
=—64.4 ft/s?

A

S

¥=3un,

1 A {+

(ewkgo
*(o‘,: qom‘,s VIR RWAMY

(oY= o

6]

1=0.0352s 4

v=6.341fus| <

a=64.4fus?] 4
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PROBLEM 19.12

In Problem 19.11, determine the position, velocity, and acceleration of the block 0.90 s after it has been struck

by the hammer.

SOLUTION

Simple harmonic motion.

Natural frequency.

Simple harmonic motion.

At 0.90 s:

x=x, sin(@,t + @)

o, = \/z, k =2 Ib/in. =24 Ib/ft
m

24 1b/ft

o, = [——
31b

(32.2 ft/sz)

w, =16.05 rad/s

x(0)=0=x,, sin(0 + @)
9=0

90

£(0) = x,@, 0s(0+0)  i(0) == =7.5 fus

75=x,(16.05) x, =04673 ft
x = (0.4673)sin(16.051)(ft/s)

x=x,, sin(@,t + @)
X=x,w, cos(w,t+ @)

¥ =—x, sin(@, + @)

x=(0.4673)sin[(16.05)(0.90)] = 0.445 ft

A
S
¥=3n,
A +
1 (Comnc
i(o):: qom',:w\uamun\
% (0= o
x=0.445 i | <

x=(0.4673)(16.05)cos[(16.05)(0.90)] = -2.27 ft/s

¥ = —(0.4673)(16.05)” sin[(16.05)(0.90)] = —114.7 ft/s*

v =227 s 4

a=114.7 fUs2| <
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PROBLEM 19.13

The bob of a simple pendulum of length /=40 in. is released from rest when 8 =+5°.
‘ I Assuming simple harmonic motion, determine 1.6 s after release (a) the angle 6,
(b) the magnitudes of the velocity and acceleration of the bob.

SOLUTION

For simple harmonic motion and / =40 in.=3.333 ft:

2
, =\/g = [PE2 I 51082 radss
1\ 33331

Angular displacement: 0=06,sin(w,t+¢)

Initial conditions: 6(0)=5°=0.08727 rad, and 6’(0) =0:

6(0)=0=0,m, cos(O+¢) ¢ =%
0 =000)= 008727 rad
180

0 =" gin| (3.1082 rad/s)t + =
180 2
= (0.08727 rad)sin [(3.1082 rad/s)r + ﬂ

(a) Atr=1.6s.

0 =" sin| (3.1082 rad/s)(1.6 5) + =
180 2
=0.022496 rad = 1.288°
6=1.288 4
(b)  Velocity:
0=06,w,cos(w,t+ @)
- 158—’(’)(3. 1082 rad/s)cos[(S. 1082 rad/s)(1.6's) + ﬂ

=0.262074 rad/s
v =16 = (3.3333 ft)(0.262074 rad/s) = 0.874 ft/s

v=0.874ft/s 4
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PROBLEM 19.13 (Continued)

Angular acceleration:

6=-0,a sin(w,t +¢) = —1%(3. 1082 rad/s)* cos[(3.1082 rad/s)(1.6s) + ﬂ

=-0.21733 rad/s”
Acceleration:
a=\(a,) +(,)’
2
a, = VT =167 = (3.3333 t)(0.26207 rad/s)* = 0.22894 ft/s>

a, =16 = (3.333 ft)(=0.21733 rad/s*)* = —0.72443 m/s’

a=0.75974 ft/s> a=0.760 ft/s*> <
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PROBLEM 19.14

A 150-kg electromagnet is at rest and is holding 100 kg of scrap steel when
the current is turned off and the steel is dropped. Knowing that the cable
and the supporting crane have a total stiffness equivalent to a spring of
constant 200 kN/m, determine (a) the frequency, the amplitude, and the
maximum velocity of the resulting motion, (b) the minimum tension which
will occur in the cable during the motion, (c) the velocity of the magnet
0.03 s after the current is turned off.

SOLUTION
T,
% !
%+ #x,, T 1 |
Mg ‘- ¥ ' ~nr
mg A3\ T
. L1 18R 1un
h (w0 tono)
{ m, g
Data: m =150 kg m, =100kg k=200x10"N/m
From the first two sketches, T, +kx,, =(m +m,)g (1)
Ty=mg (2)

Subtracting Eq. (2) from Eq. (1),  kx,, =m,g

o =8 (A00O8D _ 4565 10 m=4.91 mm

m

k  200x10°
[ 3

Natural circular frequency: w, = ko [200x107 36.515 rad/s

m 150
Natural frequency: f.= G _ 36.515 f,=5.81Hz

2r 2

Maximum velocity: v, =,x, =(36.515)(4.905x107)=0.1791 m/s
(a) Resulting motion: amplitude x, =4.91 mm <«

frequency f, =5.81Hz <

maximum velocity v, =0.1791 m/s <
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PROBLEM 19.14 (Continued)

(b) Minimum value of tension occurs when x =—x

Tmin = TE) - kxm
=mg —mg
=(m —my)g
=(50)(9.81) T.,=491N «
The motion is given by X =x, sin(@,t + @)

X =w,x,, cos(w,t + @)

Initally, Xy =-x, or sing=-1

X, =0 or cosp=0

(¢)  Velocity at t =0.03 s.

w,t =(36.515)(0.03) =1.09545 rad
w,t —@=-0.47535 rad
cos(w,t —¢)=0.88913

x=(36.515)(4.905x107)(0.88913) x=0.1592 m/s T |
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PROBLEM 19.15

A variable-speed motor is rigidly attached to beam BC. The rotor is slightly
unbalanced and causes the beam to vibrate with a frequency equal to the
motor speed. When the speed of the motor is less than 600 rpm or more than

B \C 1200 rpm, a small object placed at A is observed to remain in contact with
the beam. For speeds between 600 rpm and 1200 rpm, the object is observed
to “dance” and actually to lose contact with the beam. Determine the
amplitude of the motion of A when the speed of the motor is (a) 600 rpm,
(b) 1200 rpm. Give answers in both SI and U.S. customary units.

SOLUTION

At both 600 rpm and 1200 rpm, the maximum acceleration is just equal to g.
(@) =600 rpm = 62.832 rad/s

8
Eq. (19.15): a, = x,0" X, = —>—

1 (62.832)*
S x,= % =2.4849x 10 m x,, = 2.48 mm <«
US: 322 _ 008156 fi x,,= 0.0979 in. 4

Xpy=—"—"5
(62.832)%
(b)) @=1200 rpm = 125.664 rad/s

Eq. (19.15): a, = x,0" x,=—25

% (15.15) e " (125.664)
SI: x,,,:ﬁ:&l.leoﬁm x,,=0.621 mm <
UsS:  x,= ﬁ = 0.002039 ft x,, = 0.0245 in. 4
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T — PROBLEM 19.16

d A small bob is attached to a cord of length 1.2 m and is released from rest when
L L 6, = 5°. Knowing that d = 0.6 m, determine (a) the time required for the bob
R = to return to Point A, (b) the amplitude 6.
%6,
C B A
SOLUTION

As the pendulum moves between Points A and B, the length of the pendulumis [ = [,; =1.2m.

2
o, =, = |5 = |28 ) 8502 radss
Lis 12m

__ o

7, = =———— =21975s
2.8592 rad/s

[0)

nl
The falling from A to B is one quarter period.

As the pendulum moves between Points B and C, the length of the pendulum is

l=lpr=12m-0.6m = 0.6m.
2
0, =, = |5 = 28I 4 0435 radss
e \ 0.6m

_2m 2 553895

T, = =
T @, 4.0435radls

n

The motion from B to C and back to B is one half period
Tyep = %72 = 0.77695 s

As the pendulum moves from B to A, the length is again 1.2 meters.

Ty = irl = 0.54938s

(a) Time required to return to A.

T=Typ +Tpcp+Tp,
7=1.87571s 7=1.876s 4
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For falling from A to B,

At B,

For rising from B to C,

(b))  Amplitude 6,.:

With 6, =5°,

PROBLEM 19.16 (Continued)

Hm = A
93 = 6m =0,0,

Vg =lag 93 =1,30,,0,

6.3 :v_B = lA_Ba)nleA = e.max
lBC lBC
6.6, ZEZMQA
a)nZ lBCa)nZ
(1.2 m)(2.8592 rad/s) P
(0.6 m)(4.0435 rad/s) "

=1.41420,

C

6. =7.07° 4
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PROBLEM 19.17

A 5-kg block, attached to the lower end of a spring whose upper end is fixed, vibrates with a period of 6.8 s.
Knowing that the constant k of a spring is inversely proportional to its length, determine the period of a 3-kg
block which is attached to the center of the same spring if the upper and lower ends of the spring are fixed.

SOLUTION
Equivalent spring constant.
k' =2k +2k =4k (Deflection of each spring is the same.) Y 2k
For case (1), z,=68s L 343
=27 = 2% 0,924 radls ik
7, 6.8
ek
" 1) @
k =may, =(5)(0.924)* =4.2689 N/m
For case (2), ), = kL w =5.6918 (rad/s)’
m,

,, =2.3857 rad/s
_m_ 2w 7,=263s 4

" @, 23857

n
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PROBLEM 19.18

= 90 Ib/in. A 75-1b block is supported by the spring arrangement shown. The block is moved
3 vertically downward from its equilibrium position and released. Knowing that the
amplitude of the resulting motion is 2 in., determine (@) the period and frequency
ES Ib of the motion, (b) the maximum velocity and maximum acceleration of the block.

)

LS

f
/}\064

45 Tb/in. S 45 Ib/in.

O O

A
W

SOLUTION

(a) Determine the constant k of a single spring equivalent to the three springs g

0,
L oyws
ko =900 +450 +456 T
k =180 1b/in. = 2160 1b/ft
Natural frequency. 1
458 459
k
), =,|—
m
2160 Ib/ft
- 75 1b
32.2 ft/s?
o, =30.453 rad/s
r =2 2 020633 s 7,=02065 4
o, 30.453
1
fu=— f,=4.85Hz 4
Tn
®) x=x,sin(w,t+¢) x,=2in.=0.16667 ft =x,,
, =30.453 rad/s
x =0.16667 sin(30.453¢ + @)
X =(0.16667)(30.453)cos(30.453¢ + @) Vo =908 ft/s 4
X= —(0.16667)(30.453)2 sin(30.453¢ + @) Aoy =154.6 ft/s* <
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PROBLEM 19.19

9

o0 hin. A 75-Ib block is supported by the spring arrangement shown. The block is moved
vertically downward from its equilibrium position and released. Knowing that the
amplitude of the resulting motion is 2 in., determine (@) the period and frequency of

90 Ib/in. the motion, (b) the maximum velocity and maximum acceleration of the block.

B—fWWW—=—J\W¥¥

C.nl
o

SOLUTION

(a) Determine the constant k of a single spring equivalent to the two springs shown.

|
0=6+6,= P. + P. L 1 18,
90 Ib/in. 90 Ib/in. k ‘,_
1 1 1
—=—+— k =451b/in. =540 1b/ft 2 +
k90 90 L L ﬁm £,
Period of the motion. T { P
2z 2
Tn—F—W—O.4126SS 7,=0413s 4
m 751322
fnzlz ! =242 Hz 4
7, 041265
(b) x=x, sin(@,t + @) x, =21in. =0.16667 ft = x,,

o, =2 f, =2mr(2.4233) =15.226 rad/s
x=0.16667sin(15.226¢ + ¢)
x=(0.16667)(15.226) cos(15.226t + ¢)

v, =254 ft/s <

¥ =—(0.16667)(15.226) sin(15.226¢ + ) Ay =38.6 ft/s> <
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PROBLEM 19.20

i

A 13.6-kg block is supported by the spring arrangement shown. If the block is

© 7
35kN/m = 1 moved from its equilibrium position 44 mm vertically downward and released,
= 4 determine (a) the period and frequency of the resulting motion, (b) the maximum
. = 28kN/m  velocity and acceleration of the block.
21kN/m =
T

:

SOLUTION
P
e 3>
P Pa PP

Determine the constant & of a single spring equivalent to the three springs shown.

B B AR
Springs 1 and 2: 60=06,+6,, and _1,=_1+_1

kK ko k,
Hence, k' = kiky

k +k,

where k”is the spring constant of a single spring equivalent of springs 1 and 2.
Springs k" and 3: (Deflection in each spring is the same).

So P=P+P, and P=kd, B=k0, P,=k0
Now k6 =k'8+ky0
, kk
k=k'+k;=—12—+k,
k +k,
or _ B KNM)QTKNmM) o o4 Nim = 4.1 KN/m = 4.11x10° N/im
(3.5 kN/m) + (2.1 kN/m)
(a)  Period and frequency: T,= ;2 t,=0.361s 4
& /4.11x103 N/m
m 13.6kg
f—i—; f,=2.77Hz 4
"7 036l4s "
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PROBLEM 19.20 (Continued)

(b)  Displacement:
x=1x, sin(w,t+¢)
x,, =44 mm = 0.044 m
w, =2rf, =27)(2.77 Hz) =17.384 rad/s

x =(0.044 m)sin[(17.384 rad/s)t + @]
x =(0.044 m)(17.384 rad/s) cos[(17.384 rad/s)t + ¢]

Velocity: Vinax = (0.044 m)(17.384 rad/s) = 0.765 m/s
X =-(0.044 m)(17.384 rad/s)? sin[(17.384 rad/s)t + @]

Acceleration: e = (0.044 m)(17.384 rad/s)* =13.30 m/s’

Vo =0.765 m/s 4

A =13.30 m/s”> <

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2265



https://students-hub.com
https://students-hub.com

PROBLEM 19.21

A 11-1b block, attached to the lower end of a spring whose upper end is fixed, vibrates with a period of 7.2 s.
Knowing that the constant & of a spring is inversely proportional to its length (e.g., if you cut a 10 lb/in. spring
in half, the remaining two springs each have a spring constant of 20 Ib/in.), determine the period of a 7-lb
block which is attached to the center of the same spring if the upper and lower ends of the spring are fixed.

SOLUTION

Equivalent spring constant.

k' =2k + 2k = 4k (Deflection of each spring is the same.)

Y2 ads
For case (1), T,=72s Ll
=227 ,87266 radls Ak
T, 12
W _k K 7 0b
n ml
k=map, = AL (0.87266)* =0.26015 Ib/ft 2k
322
nh
777
For case (2), )y = A w =4.7868 (rad/s)’
m, 22
@,, =2.1879 rad/s
_m__2m 7,=287s 4

"o, 2.1879
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PROBLEM 19.22

=

=% Block A of mass m is supported by the spring arrangement as shown. Knowing that the mass of
,@ the pulley is negligible and that the block is moved vertically downward from its equilibrium
’U position and released, determine the frequency of the motion.

SOLUTION

We first determine the constant k.4 of a single spring equivalent to the spring and pulley system supporting the
block by finding the total displacement 0, of the end of the cable under a given static load P. Owing to the

force 2P in the upper spring the pulley moves down a distance

_2p
11240771 1 2%

Owing to the force P in the lower spring, Point A moves down an
2k 2P additional distance

The total displacement is

P 546 2P, P_2P
a T R T
K y
P But 0, - so that
ke
_k
eq_E
ke
Natural frequency: @, =,|—
m
a)nz L 4
2m
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PROBLEM 19.23

The period of vibration of the system shown is observed to be 0.2 s. After the spring of

Equivalent spring constant for springs in series.

For k, and k,,

For k, alone,

(@)

(b)

— klkZ

, =

(k; + k)

_ (kky)
(my )k +ky)
4
T =
K
my

7 _ [tk _ [k +k
A (kky) k,

T
(7] =4
T’
T_025 ) 6667
7 0.12s
k, =20 Ib/in.

(20 1b/in.)(1.6667)* = k, +20 1Ib/in.

, 2 W,
T = m, =—=
k,
N J
" @)k
4 en)?

k, =35.6 Ib/in. = 426.7 1b/ft
(32.2 ft/s*)(0.12 $)*(426.7 1b/ft)

W =
A 27r)

=h constant k, =20 Ib/in. is removed and block A is connected to the spring of constant
1 ki, the period is observed to be 0.12 s. Determine (a) the constant k; of the remaining
= ky = 20 Ib/in spring, (b) the weight of block A.

SOLUTION

k; =35.6 Ib/in. 4

W, =5.011b <
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BVWW-al

[ 8k

).

WW-E

b @)

PROBLEM 19.24

The period of vibration of the system shown is observed to be 0.8 s.
If block A is removed, the period is observed to be 0.7 s. Determine
(a) the mass of block C, (b) the period of vibration when both blocks A
and B have been removed.

SOLUTION

™

pe g b oo Lobs2l

;

[ =

VY

;

AAA
AW

M|

m=m,+6kg 7,=08s
27 27 27

Equating the expressions found for & in Eqgs. (1) and (2):

-

Equating expressions for k from Egs. (2) and (3),

Recall m. =6.8 kg:

= = =—— rad/s
7, 08s 038
2
k 2r
of =—; k=maf =(mc +6)| — M
m, 0.8
mzzmc+3kg 7220.73
:2—72.: 2” :2—”radls
7, 07s 0.7
2
k 2r
o oo o2
m 0.7
2 2
2 24
+6) — | = +3)| —
(me )(O.8j (me )(0.7)
2
mC_’Lg:(gj ; Solveform,.: me =6.80 kg <
me + :
o
&
K 2z
= k= meat =me 2 ®
me (£
2 2
2 2
+3)|— | = —_
(mc ){0.7] mc( 7, ]
2\ Ll
(6.8+3)(—”j =68/ %
0.7 7,
Y 68 =
[0_37j =g’ 05=083 7,=0.583s <
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PROBLEM 19.25

Frequency of the original system.

Springs B and D are in parallel.

Frequency of new system.

Springs A, B, and C are in parallel.

A
B< C E:% D< The 100-1b platform A is attached to springs B and D, each of which
S E:E S has a constant k =120 Ib/ft. Knowing that the frequency of vibration of
:Oj EE:? E the platform is to remain unchanged when an 80-1b block is placed on it
S & S and a third spring C is added between springs B and D, determine the
required constant of spring C.
SOLUTION

k, = ky +k;, = 2120 Ib/ft) = 240 Ib/ft

)k, 240 Ib/ft

e .~ - -
n ( 100 Ib )
A 32.2 fus?

@ =77.28(rad/s)*

k. =ky +ky + ke = (2)(120) +k,

k, _ (240+k.)(32.2 fus?)

()" =—
m, +my (100 1b + 80 Ib)
(a),'l)2 =(0.1789)(240 + k)
@, = (@)’

77.28=(0.1789)(240 + k)

ke =191.97 1b/ft ke =192.0 Ib/ft «
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PROBLEM 19.26

\ The period of vibration for a barrel floating in salt water is found to be
0.58 s when the barrel is empty and 1.8 s when it is filled with 55 gallons
of crude oil. Knowing that the density of the oil is 900 kg/m3, determine
[ (a) the mass of the empty barrel, (b) the density of the salt water, pg.
[Hint: the force of the water on the bottom of the barrel can be modeled
as a spring with constant k = p;,gA.]

SOLUTION
2 2
Area of bottom of barrel: A= ﬂf _ 70572 m)” _ 0.2570 m*
3
Mass of oil: mg; = (55 gal) _dm (900 kg/m’) =187.378 kg
264.172 gal
Barrel empty: 7, =0.58s
2 2
= =" _10.833 rad/s
7,  0.58s
k
O =, |— (D
m,
Barrel full: 7,=1.8s
0, =% = 27 34907 radss
7, 18s
k k
m my;, +my,
(a)  Mass m, of empty barrel.

Divide Eq. (1) by Eq. (2) and square both sides.

2 2
) e
a)_,zl1= 10 833)2 —0.6310 = Meil T
W, (3.4907) m,
9.6310 my, = m_; +my,

= Mo _187378ke ) 000
9.6310—1  8.6310

m, =21.7kg 4

Spring constant: k =m,a}, =(21.710)(10.833)> = 2.5477x10° N/m
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PROBLEM 19.26 (Continued)

(b)  Density of the salt water.

k= pq, gA

k 2.5477%10° N/m

P A T 9.8 m/s?)(0.2570 m2)

P, =1011kg/m® «
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PROBLEM 19.27

From mechanics of materials it is known that for a cantilever

P
beam of constant cross section, a static load P applied at end B

4 4 will cause a deflection 8, = PL'/3EI, where L is the length of
% the beam, E is the modulus of elasticity, and / is the moment of

‘ |B_r inertia of the cross-sectional area of the beam. Knowing that
! L | L=101ft, E=29x10°1b/in.%, and I = 12.4 in.*, determine (a) the
equivalent spring constant of the beam, (b) the frequency of

vibration of a 520-1b block attached to end B of the same beam.

SOLUTION
. . P
(@) Equivalent spring constant. k,= 5—
B
P=k,o0,
_Pr
53kl
3EI
[ o
~ (3)(29%10° Ib/in.)(12.4 in.*)
(10x12 in.)*
k, =624.3 Ib/in. k, =624.3 Ib/in. 4
ke
(b)  Natural frequency. =
2
k, =624.3 Ib/in.
=7.492x10° Ib/ft
(7.492x10° 1b/ft)
[ (520 1b)
_ (322 fis?)
" 27
f, =3.428 Hz f,=343Hz 4
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- - PROBLEM 19.28
A A
From mechanics of materials it is known that when a static load P is
K , applied at the end B of a uniform metal rod fixed at end A, the length
of the rod will increase by an amount o = PL/AE, where L is the
length of the undeformed rod. A is its cross-sectional area, and E is
s the modulus of elasticity of the metal. Knowing that L = 450 mm and
s — 1% -— ; E =200 GPa and that the diameter of the rod is 8 mm, and neglecting
T rm l the mass of the rod, determine (a) the equivalent spring constant of
the rod, (b) the frequency of the vertical vibrations of a block of mass
: , m = 8§ kg attached to end B of the same rod.
(a) b)
SOLUTION
(@) P=k,0
_PL
AE
p= [ﬂj 5
L
o AE
L
A xd®>  m(8x107 m)®
4 4
A=5.027%x10"m’
L=0.450m
E =200x10° N/m’
‘- (5.027 %107 m*)(200x 10° N/m?)
‘ (0.450 m)
k, =22.34x10° N/m k, =22.3 MN/m <
ke
b ==
(b) I Y.
[ 22.3x10°
=y 8
2
=265.96 Hz f, =266 Hz 4
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PROBLEM 19.29

load is
_ 1 ]sg
"= 2s,

Neglect the mass of the beam, and assume that the load remains in contact with the beam.

Denoting by 0, the static deflection of a beam under a given load, show that the frequency of vibration of the

SOLUTION

k=2

J

w
m=—

g

W

ook _s_8 gl 1|8
om Mg, "2 27w\ 6,

STUDENTS-HUB.com
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PROBLEM 19.30

A 40-mm deflection of the second floor of a building is measured directly under a newly installed 3500-kg
piece of rotating machinery, which has a slightly unbalanced rotor. Assuming that the deflection of the floor is
proportional to the load it supports, determine (a) the equivalent spring constant of the floor system, (b) the
speed in rpm of the rotating machinery that should be avoided if it is not to coincide with the natural
frequency of the floor-machinery system.

SOLUTION
m
(@) Equivalent spring constant. ‘,% T T k
W =k,o,
ké __1E§L ¢t 7
o
=—3500(9'8D N k, =858 N/mm <«
40 mm
ke
(b)  Natural frequency. f, =
27
[(858.38 %1000 N/m)
(3500 kg)
2
f, =2.4924 Hz
1 Hz =1cycle/s
=60 rpm
Speed = (2.424 Hz)@ Speed =149.5 rpm 4
z
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PROBLEM 19.31

If =700 mm and d =500 mm and each spring has a constant k£ = 600 N/m,
determine the mass m for which the period of small oscillations is (a) 0.50 s,
i (D) infinite. Neglect the mass of the rod and assume that each spring can act in
either tension or compression.

SOLUTION
g 4 ma=mx
T
h
h
3 Al e
d
X, =x—
h

2F =2kx, = Zk%x

)VIM, =S(M )i 2Fd —mgx =—(mi)h

2k [% x}d —mgx = —mih

2
xu{de —i}x=0

2
; :%(i] - (1)
m\ h h
Data: d=0.5m
h=0.7m
k =600 N/m
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(@) Forrt=0.5s:

Eq. (1):

(b)  For 7 =infinite:

Eq. (1):

PROBLEM 19.31 (Continued)

e 05=2% 4 —arx
a)n a)n

(472 = 2(600) [ET 981

m 0.7 0.7
m=3.561kg
T= 2z w,=0
a)n
0 2600)(05Y 981
m \ 0.7 0.7
m=43.69 kg

m=3.56kg 4

m=437kg 4
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PROBLEM 19.32

The force-deflection equation for a nonlinear spring fixed at one end is F =1.5x"? where F is the force,
expressed in newtons, applied at the other end, and x is the deflection expressed in meters. (a) Determine the
deflection x, if a 4-oz block is suspended from the spring and is at rest. (b) Assuming that the slope of the
force-deflection curve at the point corresponding to this loading can be used as an equivalent spring constant,
determine the frequency of vibration of the block if it is given a very small downward displacement from its
equilibrium position and released.

SOLUTION

W=40z=0251b
F=W wW

=1.5x"

(a)  Deflection x,.

Gz

2
X = (0.25) o Yo *
1.5

=0.027778 ft

X, =0.333 in. <

Equivalent spring constant.

At xy, (d—F] = ﬁ(xo)*“2 = %(0.027778)’”2
Xo

dx 2

(d—F] =45 Ib/ft
dx

R

k, = 4.5 Ib/ft

k

e

fi==

Y

(4.51b/ft)
_ \0257322)

B 27

(b)  Natural frequency.

f, =3.8316 Hz f, =383 Hz <
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PROBLEM 19.33*

Expanding the integrand in Equation (19.19) of Section 19.4 into a series of even powers of sin¢g and
integrating, show that the period of a simple pendulum of length / may be approximated by the formula

T=2r L 1+lsin2€—”’
g 4 2

where 6, is the amplitude of the oscillations.

SOLUTION

Using the Binomial Theorem, we write

-1/2
! = {1 — sin? [9—”‘) sin 4
\/l—sinz(%")sinzq) 2

=1+lsin29—”’sin2¢+----
2 2

Neglecting terms of order higher than 2 and setting sin® ¢ = %(1 —cos2¢), we have

| 72 1 .,6 11
T =4 |— 1+—sin“ | —(1—cos2 d
" \/;jo { 2 2 [2( ¢)}} ¢
/2
=4 LI” 1+1Si1’12@—18i 2‘9—"‘c0s2¢ de¢
gJo 4 2 4 2

/2

=4 L ¢+l sinza—”’ ¢—lsin29—’”sin2¢
g 4 2 8 2 0

PN [ N RHE P EC r =or | L1+ s O | <
gl2 4 2)2 g 4 2
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PROBLEM 19.34*

Using the formula given in Problem 19.33, determine the amplitude 8, for which the period of a simple
pendulum is % percent longer than the period of the same pendulum for small oscillations.

SOLUTION
For small oscillations, (t,) =27 \/z

8
We want 7, =1.005(7, ),

=1.005 272'\/z
8

Using the formula of Problem 19.33, we write
1.,86
7, =(7,)| 1 +—sin”" =
n ( n)O[ 4 ) ]
=1.005(z,),

sin? e—g =4[1.005-1]=0.02

sinﬁz 0.02
2
o
7’”=8.130° 6, =16.26° |
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PROBLEM 19.35*

Using the data of Table 19.1, determine the period of a simple pendulum of length /=750 mm (a) for small
oscillations, (b) for oscillations of amplitude &, =60°, (c) for oscillations of amplitude 8, =90°.

SOLUTION

n

(@) 1 =21 \/z (Equation 19.18 for small oscillations):
8

0.750 m
7,=270 | ———
9.81 m/s
=1.737s 7,=1737s 4

(b)  For large oscillations (Eq. 19.20),

L)

= 2—K(1.737 s)
V4

For 6, =60°, K =1.686 (Table 19.1)
- (60%) = 206861737 5
T
=1.864s 7, =1864s 4
(c) For 6, =90°, K=1854 7 = 2BVATTS) 50

T
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PROBLEM 19.36*

Using the data of Table 19.1, determine the length in inches of a simple pendulum which oscillates with a
period of 2 s and an amplitude of 90°.

SOLUTION

For large oscillations (Eq. 19.20),

2K [
(2 foe T
74 8

for 6, =90°
K =1.854 (Table 19.1)

[ 1
25)=(2)(1.854)(2) |——
(29)=2018HE 32.2 ft/s?

- (28)*(32.2 ft/s?)
[(4)(1.854)]
=2.342 ft [=28.1in. <4
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PROBLEM 19.37

The uniform rod shown has mass 6 kg and is attached to a
spring of constant k =700 N/m. If end B of the rod is depressed
10 mm and released, determine (a) the period of vibration,
(b) the maximum velocity of end B.

~~¢‘w‘w‘w€l

&
=

AC(C o

l«—b:soomm—»

800 mm ———

SOLUTION
k =700 N/m
W =mg
100 mm >0 mm 100 mm
A Aﬂ _
Id
G

ma. B

where F=k(x+3d,)

=k(0.56+6,)
ma =mra =6(0.1m)8 =0.60

_ 1 5 s
Ioa=—(6)(0.8m) ¢
a 12( )(0.8 m)

=0.326
(@) Equation of motion.

+)IM =To+mad: W(0.1m)—F(0.5m)=1e+ma(0.1m)

W (0.1)— k(0.50 + &, )(0.5 m) = 0.326 + 0.66(0.1)
But in equilibrium, we have +)W(0.1 m)—-kJ,(0.5m)=0

Thus, —k(0.5)%6=[0.32+0.06]0
—(700 N/m)(0.5)*6 = 0.386
6 +(460.53)6 =0
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PROBLEM 19.37 (Continued)
Natural frequency and period.

@} =460.53

w, =21.46 rad/s
_x_ 2m 7202935 4

o, 21.46rad/s
(b) AtendB. x,, =0.010m

Vm = xma)n
= (10 mm)(21.46 rad/s)
=214.6 mm/s v, =0215m/s 4
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PROBLEM 19.38

A belt is placed around the rim of a 500-1b flywheel and attached as
shown to two springs, each of constant k =85 Ib/in. If end C of the belt
is pulled 1.5 in. down and released, the period of vibration of the

T\ flywheel is observed to be 0.5 s. Knowing that the initial tension in the
W\ //// ‘ belt is sufficient to prevent slipping, determine (a) the maximum

angular velocity of the flywheel, (b) the centroidal radius of gyration of
‘ the flywheel.

SOLUTION

Denote the initial tension by 7.

74"='7,‘f-£r6

4
Yo !p f?c:::1<:<: = ”::;

Equation of motion. +‘> SM,=16: —T,r+Tyr=16

—(Ty + kr6)r + (T, —kr6)6 =16

2
6+ g0
1
s 2kr?
W =—= 1
=TT (1)
Data: m= K = M k =851b/in.=1020 Ib/ft
g 322
7=05s r=18in.=1.5ft
1:2_”; a)nzz_ﬂ-:z_”:47[rad/s
, T 05

(a) Maximum angular velocity. If Point C is pulled down 1.5 in. and released,

1.51n.
181in.

0,=0... =[ ]:83.333><1o3 rad

6, =0, 0, =(83.333x10 " rad)(47 rad/s) 6, =1.047 rad/s <
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PROBLEM 19.38 (Continued)

(b)  Centroidal radius of gyration.

W = 2kr?
"o
(4 radss’ = 2(1020 Ib/ft)(1.5 ft)>
1

T =29.067 slug - ft?

. 2
or since I =mk

500 1b

——— |k* =29.067 slug - ft*
32.2 ft/s

k =1.3682 ft

k =16.42in. 4
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PROBLEM 19.39

An 8-kg uniform rod AB is hinged to a fixed support at A and is
attached by means of pins B and C to a 12-kg disk of radius
400 mm. A spring attached at D holds the rod at rest in the

N5

N,

N,
k=800 N/m <

> .o, . . .

> position shown. If Point B is moved down 25 mm and released,

D penm determine (a) the period of vibration, (b) the maximum velocity
b Q/B of Point B.
’; 600 mm J
1200 mm |
SOLUTION
(a)

Equation of motion. IM =M )o: Fs =k(0.60+6,)

(Y0.6(mpg — Fs)+1.2mpg = (I + 1))+ 0.6(mg )a, ) p +1.2(mp )@, ) (1)
At equilibrium (8 =0), F, =ko,
XM, =0=0.6(mpg —k(0,))+1.2mpg )
Substituting Eq. (2) into Eq. (1), (I +1)0+0.6 my(a,), +1.2my(a,), +(0.6)°k0=0
a=6
(a,), =0.60
(a,)p, =126
_ 1 5
I ZEle =—(8)(1 2)°
=0.960 kg - m

I,= %mDRZ = %(12)(0.4)2 =0.960 kg-m
[0.960 + 0.960 + (0.6)(8) + (1.2)*(12)]6 + (0.6)*(800)8 = 0
288 N-m
(22.08 kg - m?)
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PROBLEM 19.39 (Continued)
(@) Natural frequency and period.
288
), =, |—
22.08
=3.6116 rad/s
2z 2T 7,=1.740 s 4
w, 3.6116
(b) Maximum velocity at B.
(VB )max = (1 '2)(émax )
_ s
12
6, = 0.025 =10.02083 rad
1.2
0=0,sin(w,t+¢)
0 =06, w,cos(a,t + @)
émax =6,0, =(0.02083)(3.612) = 0.07524 rad/s
Vg )max = (1.2)(6’max) = (1.2 m)(0.07524) rad/s
(Vg)imax = 0.09029 m/s (V5 max =90.3 mm/s
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PROBLEM 19.40

S Solve Problem 19.39, assuming that pin C is removed and that
< the disk can rotate freely about pin B.
k =800 N/m >
< PROBLEM 19.39 An 8-kg uniform rod AB is hinged to a fixed
Y e support at A and is attached by means of pins B and C to a 12-kg
g disk of radius 400 mm. A spring attached at D holds the rod at
rest in the position shown. If Point B is moved down 25 mm and
’——600 mm ‘J released, determine (@) the period of vibration, (b) the maximum
1200 mm

400 mm

velocity of Point B.
SOLUTION
(a)

o 9t N ==

A ! 8 ‘
l 1 mt.s MEQ L m&@& W‘g
oo 04m ot aen

Note: This problem is the same as Problem 19.39, except that the disk does not rotate, so that the effective
moment [, =0.

Equation of motion. XM, =ZEM ) Fg =k(0.60+6,)

(Y (0.6)(mpg — Fg)+1.2mpg = TRa +(0.6)(mg)(a,), +1.2(mp )(a,) g (1)
At equilibrium (6 =0), Fy =kd,
(YIM , =0=0.6(mzg —5,)+1.2m,g )
Substituting Eq. (2) into Eq. (1), Ly +0.6 mg(a,), +1.2mp(a,), +(0.6)*k6 =0
a=6
(a,), =0.60
(a,)p, =126
1

1
I, =—m,l* =—(8)(1.2)*
R =1yl =15 ®1-2)

=0.960 kg - m

[0.960 + (0.6)%(8) + (1.2)*(12)]6 + (0.6)*(800)8 = 0
L (88N-m)
21.12 kg - m?
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PROBLEM 19.40 (Continued)

(a) Natural frequency and period.

288
@, = |——
21.12
=3.693 rad/s
g 222 _ 27 7,=1.701s 4
@, 3693

n

(b) Maximum velocity at B.

(V8 max = (1.2)(6)

_yp _0.025
" 120 120
0=0,sin(w,t+¢)

6=6 m, cos(a, + @)

=0.02083 rad

émax = ema)”
=(0.02083)(3.693)
=0.07694 rad/s

(VB )max = (l '2)(9max )
=(1.2)(0.07694)
=0.09233 m/s (V) =92.3 mm/s 4
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PROBLEM 19.41

36 in.
10 in.

A 15-1b slender rod AB is riveted to a 12-1b uniform disk as shown. A

Ac c belt is attached to the rim of the disk and to a spring which holds the rod
P at rest in the position shown. If end A of the rod is moved 0.75 in. down
< and released, determine (a) the period of vibration, (b) the maximum
k =30 Ib/in. < .
< velocity of end A.
o
SOLUTION
L.
6 __——-—-—__7 = —
-
T
m N Rx
. . L L)L
Equation of motion. +‘>ZMB =X(Mpg)es: mg;cosﬁ—erz I,zo0+m 0(5 By + 150 (1)

. L
where x = r6 + &, and from statics, mg 3= koyr

Assuming small angles (cos & =1), Equation (1) becomes

2
L
%H—kr%’—k}éjz{[w+m£5] +Idisk]0(

2
(IAB +%+Idiskje+kr2020

15
m=—-
322

=0.46584 1b - s%/ft

12
Myisx ZE
=0.37267 Ib-s*/ft
L=36in.=3.0ft

r=10in.=0.83333 ft
k =30 1b/in. =360 Ib/ft
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PROBLEM 19.41 (Continued)

1
I,, =—mL
AB T

= é(0.46584)(3.0)2

=0.349381b-s> - ft

= %(0.37267)(0.83333)2

=0.12941b-s* - ft

[0.34935 +%(0.46584)(3.O)2 +0. 1294} 6 +(360)(0.83333)*6 =0

1.52696 +2500=0 or 6+163.730=0

(a) Natural frequency and period. a)f =163.73 (rad/s)*

w, =12.796 rad/s

_r_ 2w 7=0.491s <
w, 12.796
(b) Maximum velocity. v, =o,x, =(12.796)(0.75) v, =9.60in./s 4
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k = 30 Ib/in.
AA “_

PROBLEM 19.42

A 30-1b uniform cylinder can roll without sliding on a 15°-incline.
A belt is attached to the rim of the cylinder, and a spring holds the
cylinder at rest in the position shown. If the center of the cylinder
is moved 2 in. down the incline and released, determine (a) the
period of vibration, (b) the maximum acceleration of the center of

the cylinder.

l
SOLUTION
Spring deflection. X4 =Xy + Xy
Xy =10
o="=2
r
X, =2x,
Fy =k(x, +0,)=k(2xy +0,)
TENEIM = (EM) g —2rk(2xy + 8, ) + W sin15° = rmi, + 16 N
But in equilibrium, X, =0
XM =0=-2rko, +rWsinl5° )

Substituting Eq. (2) into Eq. (1) and noting that &= x—o, g=="L
r

rmiy + 1 22 + drkx, =0
r

- 1
I =—mr*

%mr)'éo +4rkx, =0

Xy + [%%)xo =0
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PROBLEM 19.42 (Continued)

Natural frequency. W, = 8k _ [®E0x121b/ft) 32.157"

3m (3)—0 1)

(322 fus)

(@) Period. 7 =22 (1957 s 7,=0.1957 s <

), 321
(b) Xy = (Xy),, Sin(@,t + @)

Att=0 X _2 ft X% =0
’ ‘12 °
Xy = (xp),, @, cos(@,t + @)
t=0

0= (x)),, @, COS P

Thus, P =%
t=0
1 .
B0 == =), i 0 = (1), ()
1
(5ol =

Xy =—(x,),, @ sin(@,t + @)
(aO )max = (XO )max

= _(XO )m w)%
= —(é ft](32.1 sh?

=171.7 fu/s> (ay) e =171.7 ft/s*
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1 PROBLEM 19.43

= = A square plate of mass m is held by eight springs, each of constant k. Knowing
s T that each spring can act in either tension or compression, determine the
T G frequency of the resulting vibration (a) if the plate is given a small vertical
'S - - displacement and released, (b) if the plate is rotated through a small angle
e £ about G and released.
SOLUTION

(a)  Small vertical displacement.

Let the plate be displaced downward a distance x from the equilibrium position. Each corner moves
downward a distance x and the four vertical springs exert additional forces k x for each spring. The
horizontal springs exert negligible change.

E=kt F=ky
¥ A +iEF=ma: —4kx =mX
— )'c'+ﬁx=0
S - | "
f — e
oz mi "
F=lex F=kx m""
Frequency: fzﬂzL 4k f=0.318\/z <
2r 2w\ m m

(b)  Small rotation about G.

Let the plate be rotated through a small counterclockwise angle @ from the equilibrium position. The
corners A, B, C, and D move as indicated below:

A (1128 + 2o —
B: (120 —+(1/2)8]

. 1261+ 2o ~—

D: (1) — +(1/2)8)]

The additional force exerted by each of the eight springs is F = (kl/2)€ and directed as shown on the

free body diagram. The eight forces reduce to four clockwise couples, each of magnitude FI. For a
square plate
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PROBLEM 19.43 (Continued)
Mg =Tc: AFl=16-4(ki*/2)8
F F
v, - =lmlzé
A 8l ¥ ; 6
= T5 6+1%9-0
o<l m
N
F7 v a)j :%
F F
Frequency: f _o 1 12k f =0.551\/z <
2 2w\ m m
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PROBLEM 19.44

L r Two small weights w are attached at A and B to the rim of a uniform disk of radius r
- and weight W. Denoting by 7, the period of small oscillations when [ =0, determine
// \\ the angle /3 for which the period of small oscillations is 27,.
% 5
A%/ & B
/ \
~~p 5
SOLUTION

Equation of motion.

M =(SM )yt wrsin(B-68)—wrsin(B+6) = ra, + Ta
8

wrsin(f — @) —sin(f + 8)] = —2wrsin @ cos
sinf = 6

(ZW 2+W J0+(2wrcosﬂ)9 0

Natural frequency. w, 2wg cos ﬂ 4gcos 0
(2w+%)r  \@+r
B=0 1,= 2_” 2z
20 dg
4+
T, =—F—==121,
cos f
(4+%)r (4+%)r
cosp=(3) -4 B=155 4
2 4 .
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PROBLEM 19.45

Two 40-g weights are attached at A and B to the rim of a 1.5-kg uniform disk of
radius » =100 mm. Determine the frequency of small oscillations when = 60°.

SOLUTION

Equation of motion.

M. = Ta+mad: wrsin(f—60)—wrsin(B+6) =2—Wrat +la
8
wrlsin(f8 — @) —sin(f + 8)] = —2wrsin Ocos
sind =6

(z—wrz +Er2Jé+(2wrcosﬂ)9=0
g 28

Natural frequency. o, = 2wgcosf_ |4gcosf 1
(2w+%)r A\ @+Dr
Data: w=mg =0.04¢g W=mpg=15g K=_1.5g =375
w  0.04g
r=0.100m  B=60°
@, = [DOSDCOSO_ 1943 ragys
(4+37.5)(0.10)
f = o, _2.1743 f =0346 Hz 4
2 2
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PROBLEM 19.46

A three-bladed wind turbine used for research is supported on a shaft so that it is
free to rotate about O. One technique to determine the centroidal mass moment of
inertia of an object is to place a known weight at a known distance from the axis
of rotation and to measure the frequency of oscillations after releasing it from rest
with a small initial angle. In this case, a weight of W,yq = 50 Ib is attached to one
of the blades at a distance R = 20 ft from the axis of rotation. Knowing that when
the blade with the added weight is displaced slightly from the vertical axis, the
system is found to have a period of 7.6 s, determine the centroidal mass moment
of inertia of the 3-bladed rotor.

SOLUTION

about Point O is

Using sin@ =6 gives

Let the turbine rotor be turned counterclockwise through a small angle 6. The moment of the added weight

I

M =-W ,Rsin@
)VEM =E(M)yr: —WygqRsin@=Ta+myyRa,

=(I +m R
=(I +m,R*)6

0++‘128in020
I +mg R

.. W ..R
9+:—ﬂ£—79=0
I +mg R

Wﬂ

. R
6+w6=0 W ==
I +m,y,R
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Solving for I,

Data:

Period and frequency:

From Eq. (1),

PROBLEM 19.46 (Continued)

- WuR
I= ng —mgR?
R=20ft, W, =501b
wdd = Waga _ 5010 - =1.55281b-s*/ft
g 322fts

7=7.65

11

=—=—Hz

/ T 76

o, =27f = 3—’2 =0.82673 rad/s

(50 1b)(20 ft)
(0.82673 rad/s)*
=1463.10—621.12

I = —(1.5528 Ib - s%/ft)(20 ft)*

D

I =8421b-s°-ft «
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PROBLEM 19.47

A connecting rod is supported by a knife-edge at Point A; the period of its small
oscillations is observed to be 0.87 s. The rod is then inverted and supported by a knife-
edge at Point B and the period of small oscillations is observed to be 0.78 s. Knowing
that r, +7 =101in. determine (a) the location of the mass center G, (b) the centroidal
radius of gyration k.

SOLUTION

Consider general pendulum of centroidal radius of gyration k.

Equation of motion. +‘> M, =%(My).: —mgrsin@ = (mré)r +mk>6
o gr .
0+| == |sind=0
[72 +k? }

For small oscillations, sin @ = 8, we have

é-{—_zgr_
ro+k

For rod suspended at A,
(D
For rod suspended at B,

gtyn, =47 (1 + %) )
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PROBLEM 19.47 (Continued)

(a) Valueof r,.

Subtracting Eq. (2) from Eq. (1), gTAT, — 8Tl = 472'2(ra2 - rbz)
gfira - gT,zgrb =4ﬂ'2(ra +1)(r, — 1)
Applying the numerical data with r, + r, =101in.=0.83333 ft
(32.2)(0.87)°r, —(32.2)(0.78)* 1, = 47°(0.83333)(r, — 1;,)
24.372r, —19.590r, =32.899(r, —1,)

13.3097, =8.527r, r, =0.6407r,
0.83333=r, +0.6407r, r, =0.5079 ft r, =6.09in. <
r, =0.83333-0.5079 1, =0.32543 ft r,=3.91in. 4
(b)  Centroidal radius of gyration.
From Eq. (1), 4r* k? =grir, —4n’r]
=(32.2)(0.87)%(0.5079) — 47%(0.5079)* = 2.1947 ft*
k =0.2398 ft k =2.83in. 4
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75 mm PROBLEM 19.48

A 75-mm-radius hole is cut in a 200-mm-radius uniform disk, which is
- attached to a frictionless pin at its geometric center 0. Determine (a) the
100mm  period of small oscillations of the disk, () the length of a simple pendulum
200 mm —4)\ O A which has the same period.

W

:

SOLUTION

odm

Equation of motion.

SMy=(EMy)y:  (+—myg(0.1)sin@=T,0—-1,6—(0.1m,d

my = ptrR*
= (pt7)(0.2)*
=(0.04) zpt

my, = ptar’
= (ptr)(0.075)*
= (0.005625) 7ot

I, =%mDR2 = %(0.04@;)(.2)2
=800x107° zpt
1
I, = EmH r?

= %(0.005625 7p1)(0.75)

=15.82x107% 7ot

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2304

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 19.48 (Continued)

Small angles. sinf = @

[800x 1077701 —15.82 %10 ° zpt — (0.1)(0.005625) 7p 116
+(0.005625 mpr) (9.81)(0.1)6=0

727.9%x107°6 +5.518x107°6=0

(a) Natural frequency and period.

, 5.518x107°
o, =—————
727.9%x10
=7.581
o, =2.753 rad/s
7 =2 1 =" __2285 4
@, 2.753
(b) Length and period of a simple pendulum.
[
T, = 275\/:
8
OV
=2
(zfr] ¢
2
1:{(2‘2753)} (9.81 m/s?) [=1.294m <
V4
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PROBLEM 19.49

B (@)
\ A uniform disk of radius r =250 mm is attached at A to a 650-mm rod AB of
v negligible mass, which can rotate freely in a vertical plane about B. Determine
\" o3 the period of small oscillations (a) if the disk is free to rotate in a bearing at A,

(b) if the rod is riveted to the disk at A.
=250 mm

SOLUTION

~|
I

I
S
S

=l(o.250)2m S
32

a—la 0.650c¢
a=6

(@) The disk is free to rotate and is in curvilinear translation.

Thus, la=0

My =%(My)y: (F-mglsin@=Ima,  sin6~0

mi*6 —mglé =0
2
a)f _8 _ 9.81 m/s
I 0.650m
=15.092
o, =3.885 rad/s
rnzz—”:—328’gs 7 =1.617s 4
, .

n
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PROBLEM 19.49 (Continued)

(b)  When the disk is riveted at A, it rotates at an angular acceleration c.

My =%(My): (+-mglsin@=Io+Ima, 1= %mrz

(%mrz +mlzjé+mgl¢9=0

o= 8l ~
(5+0%)
_(9.81m/s%)(0.650 m)
[(237)+ 065077 |
=14.053
@, =3.749 rad/s
_2z

n
,

n

- 7, =1.6765 4
3.749
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PROBLEM 19.50

A small collar of mass 1 kg is rigidly attached to a 3-kg uniform rod of length
J L =750 mm. Determine (a) the distance d to maximize the frequency of oscillation
when the rod is given a small initial displacement, (b) the corresponding period of
L oscillation.

BU Y
SOLUTION
AJ
A, A .
1 o =6
a-Ls
6 m, & H* 7 .
- = Jp= d6
- G I_OL e (O')t d
7\5'"9 :!\[;
mLa),
c (&
O\Sine -»w: B

Equation of motion.

(FIM, =M ) Wy %sin 6—Wedsin® =T, +my %(a, Vg +med(a,),

h

sin@ ~ 0 a=0, @)R:Eazgé’ (a,)c =da=d6

2
I, +my (%j +med? é+(ng§+mcng€:O

1
IR EmRLZ
_ LY myI>
oo L] o

2
myL

me 1
m, 3
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PROBLEM 19.50 (Continued)

L+lcd)g  (3L+d)g
Natural frequency. @ = (22 R ) - ( 22 )2
Lyleg?  (U+dY)

lTlR

(a) To maximize the frequency, we need to take the derivative with respect to d and set it equal to zero.

g dd) (I +d*)?
d*>+1?-3Ld-2d*=0
d*+3Ld-1*=0

pd(@) (2 +aHn)-(3L+d)@ad) I

Solve for d knowing that L =0.75 m d=0.22708 or -2.4771

d=0.22708 m d =227 mm <«
(392 +0.22708)9.81
2 =
" (0757 +0.22708%)
=21.6 w, = 4.6476 rad/s
(b)  Period of oscillation. T, _m_ 7,=13525s 4
w, 4.6476

n
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PROBLEM 19.51

For the uniform square plate of side b =12 in, determine (a) the
period of small oscillations if the plate is suspended as shown,
(b) the distance c from O to a Point A from which the plate should
be suspended for the period to be a minimum.

SOLUTION

N
3
P

(a) Equation of motion.

SMy=1ac+mad: o=80

Tzlm#
6
a, =(0G)(«)
oG = bﬁ
2
a,= (bﬁJ 6
2

7Y (OG)(sin @)(mg) =—(0G)ma, — 1oz sin@=6
(bﬁJm (bﬁJmlmbz é+(b£ng9=0
2 2 6 2

11} . (V2 _
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PROBLEM 19.51 (Continued)

N
(Z)gezo or & ﬂé:0
(2)b 4 b

0+

Natural frequency and period.

e W2 g 320322

oo = =34.153
4 b @)
,, =5.8441rad/s
=2 7,,=1.075s 4
a)nO
(b)  Suspended about A. Let e=(0G —c¢)
a, =ex

t

Equation of motion.

GZMA =Ta+mad: mge sin 6 = —ema, —Ta=—(me* +1)a

m(e2 +éb2]é+mg66’=0

. e
Frequency and period. W = g

P =—C
ez+éb2

) 4r? Ami(e+Lb)

n a)f - eg
4r? 2

= et+—
g 6e

2

For 7, to be minimum, i e+b— =0
de 6e
2 2
1_b_=() b_:6 e:i

J2.0b

c=0G - =Tb——= 0.29886b

NG

¢=1(0.29886)(121in.) ¢=3.59in. 4
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PROBLEM 19.52

A compound pendulum is defined as a rigid slab which oscillates about a fixed Point O,
called the center of suspension. Show that the period of oscillation of a compound
pendulum is equal to the period of a simple pendulum of length OA, where the distance
from A to the mass center G is GA =k */7 . Point A is defined as the center of oscillation
and coincides with the center of percussion defined in Problem 17.66.

SOLUTION

W= mg

)VEIMy =X(My)yr: ~WFsin@=TIo+mar

—mgr sin @ = mk >0 + mr 6

o gr .
0+—="—-sinf=0 (1)
74k’

For a simple pendulum of length OA =1,

Comparing Equations (1) and (2), [=—— GA=l-r=— QED. 4
r
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PROBLEM 19.53

A rigid slab oscillates about a fixed Point O. Show that the smallest period of oscillation
occurs when the distance 7 from Point O to the mass center G is equal to k.

SOLUTION

See Solution to Problem 19.52 for derivation of

For small oscillations, sin@ = 8 and

7

— 2 . .
For smallest 7,, we must have 7 +£- as a minimum:

d(7+’%2) » K2

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2313

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 19.54

Show that if the compound pendulum of Problem 19.52 is suspended from A instead of O, the period of
oscillation is the same as before and the new center of oscillation is located at O.

SOLUTION

Same derivation as in Problem 19.52 with 7 replaced by R.

Thus, §+=5% _g-0
R™+k

Length of the equivalent simple pendulum is

D2 7.2 7.2
LRk gl K
R R

2
L=(I-r)+ IZ,—Z =1

Thus, the length of the equivalent simple pendulum is the same as in Problem 19.52. It follows that the period

is the same and that the new center of oscillation is at O. Q.E.D.
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0 >

k
AN d PROBLEM 19.55

The 8-kg uniform bar AB is hinged at C and is attached at A to a spring of
constant £ =500 N/m. If end A is given a small displacement and released,
determine (a) the frequency of small oscillations, (b) the smallest value of
the spring constant k for which oscillations will occur.

250 mm T—°G

40 mm
':

SOLUTION

- 1 1
I = Emz2 = (E) (8)(0.250)*
1 =0.04167 kg-m?*
a=06
a, =0.04c = 0.046
sinf =6

Equation of motion.

(@)

(b)

EIMe =M )yp: —(0.165)°k0+0.04mgf =16 +(0.04)* mé
(0.04167 +0.01280)8 + (0.02722k —0.32¢)0 = 0 (1)

Frequency if k =500 N - m.

0.054476 + (10.47)6 =0

o (o)
f=—t=r—t f,=221Hz <
27 27

For 7, — o or @),— 0, oscillations will not occur.

From Equation (1), a)f = 0.02722k ~0.32¢ =0
(0.05447)

_032g  (0.32)(9.81)

= = k=1153N/m <
0.02722  (0.02722)
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A PROBLEM 19.56

Two uniform rods, each of mass m =12 kg and length L = 800 mm, are
welded together to form the assembly shown. Knowing that the constant of
each spring is £ =500 N/m and that end A is given a small displacement
and released, determine the frequency of the resulting motion.

SOLUTION

2 —_—
10 Lzé{ki mgL}gzojwz:akL mg)

" SmL
Data: L=800 mm=0.8m, m=12kg, k=500 N/m
6[(500)(0.8) — (12)(9.81)]
Frequency. @ = =35.285
(5)12)(0.8)
®,=59401 rad/s  f, = ;" £, =0.945 Hz <
T
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PROBLEM 19.57

A 45-1b uniform square plate is suspended from a pin located
at the midpoint A of one of its 1.2-ft edges and is attached to
springs, each of constant k£ =8 Ib/in. If corner B is given a small
displacement and released, determine the frequency of the
resulting vibration. Assume that each spring can act in either
tension or compression.

SOLUTION
A
v Wln
1 -
g
I
. . b a0 = (bY
Equation of motion. Q+ZM0=E(MO)eft~: —mg5¢9+2kb O=la+ 5 mo
2 2
I +m é =lmbz+mb—=imb2
2 6 4 12
S b+ mg£+2kb 0=0
12 2
+ 2&4.% 6=0
10b 5mb
45 2
Data: b=12ft; m=——=1.39751b-s°/ft
32.2

k =8 Ib/in. =96 Ib/ft

é+[(1z)(32.2)+ (24)(96) } 0=0
10)1.2)  (5)(1.3975)(1.2)

6 +306.980 =0
@ =306.98 @, =17.521 rad/s
Frequency. o= 17521 £, =279 Hz 4
2 2
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PROBLEM 19.58

A 1300-kg sports car has a center of gravity G located a distance & above a line
connecting the front and rear axles. The car is suspended from cables that are
attached to the front and rear axles as shown. Knowing that the periods of
oscillation are 4.04 s when L =4 m and 3.54 s when L = 3 m, determine 4 and the
centroidal radius of gyration.

SOLUTION

Let the mass center of the car be displaced a small distance x to the right. The mass center is moves on a
circular arc of radius L — h, so that x = (L — k) sin 6, where @1is the counterclockwise rotation of the car.
From kinematics

a=60 a=(L-h)@

The moment of the weight force about O is

M, =-mg(L—h)sin@

)My =T o+ (L—hyma,
—mg(L—h)sin@=16+m(L—h)*6
Dividing by m and transposing terms yields
(k2 +(L—-h)*10+ g(L—h)sinf=0

For small angle 6, sin@ = @

g(L—h)
k% +(L-h)*
6+a6=0 P {Cl)
" " k?+(L-h)?

K+ (L-h? =2 (-
[4)

n
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PROBLEM 19.58 (Continued)

Using the two different values (L, and L,) for L,

K2+ (L ~h)? ==L, ~ ) (1)
nl

K2+ (Ly —h)? =5, — I )
n2

Subtracting Eq. (2) from Eq. (1) to eliminate k2,

L L
(L, —h)? = (L, —h) Z&_&_(i_i}l

L, gL
where Azg—zl—g—z2
a)nl wn2
§ 8
and B=—"——="—
@y @,
po L-B-A
AL -L)-B
Data: L =4m, L,=3m, g=98lm/s’
0, = =2 _| 55524 radis
7, 4.04s
o =2 =27 1 77491 rad/s
7, 3.54s
A (9.81)(4)2 ~ (9.81)(3)2 —6.8812 m’
(1.55524)*  (1.77491)
281 981 94190 m

T (155524)%  (1.77491)

2 a2
h= (@)~ ()" ~6.8812 =0.11228 m
2(4-3)-0.94190

h=0.1123m <
L, —h=3.88772m L,—h=288772m
From Eq. (1), k* +(3.88772)° =%'887272)
(1.55524)
k? =0.65336 m* k =0.808 m «
Checking, using Eq. (2), k> +(2.88772)* =%‘887272)
(1.77491)

k?=0.65339 m>
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PROBLEM 19.59

A 6-1b slender rod is suspended from a steel wire which is known to
have a torsional spring constant K =1.5 ft-1b/rad. If the rod is rotated
through 180° about the vertical and released, determine (a) the period
of oscillation, (b) the maximum velocity of end A of the rod.

4 in.

SOLUTION
. . - . K
Equation of motion. 2M; =2(M;): —KO=160 0 +79 =0
0+w’0=0 _K _
1 lop View
Data: W =61b. e
r N
m=Y =% _0186335 Ib-stt
g 322
[=8in.=—ft
2 (:\ = / '.\
T=Lm=Li0.186335) 2 RUCA |
2" T 3 16
=0.006901 Ib-s” - fit
K =1.51b-ft/rad
L 3
; 15 51935 A
0.006901
w, =14.743 rad/s
(a)  Period of oscillation. T, _m_ _om 7,=0426s 4
w, 14743
Simple harmonic motion: 0=20,sin(w,t+ )
0=w,0, cos(a,t+ )
e.m = a)nem
I, 1
=—0, =—lw,0
(vA)m 2 m 2 AYm
6, =180° = rr radians
. . 1)[(2
(b) Maximum velocity at end A. W), = E g (14.743)(x) (vy),, =15.44 ft/s 4
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PROBLEM 19.60

\ A uniform disk of radius =250 mm is attached at A to a 650-mm rod AB of
\_‘ g\v/ negligible mass which can rotate freely in a vertical plane about B. If the rod is

displaced 2° from the position shown and released, determine the magnitude of
r =250 mm the maximum velocity of Point A, assuming that the disk (a) is free to rotate in
a bearing at A, (b) is riveted to the rod at A.

SOLUTION
T=Lmr
2
Kinematics: a=0
a =la=10

(a) The disk is free to rotate and is in curvilinear translation.

Thus, Ta=0
Equation of motion. IMp=CEMp)y: —mglsin€d=Ima,, sin@=0
ml*0 +mgld =0
2 _8
Frequency. w, = T
_9.81
0.650
=15.092

@, =3.8849 rad/s
6, =2°=0.034906 rad

0, =m0, =(3.8849)(0.034906) = 0.13561 rad/s

m — “n¥m

v,),, =16, =(0.650)(0.13561)
(v,),, =0.0881 m/s «
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PROBLEM 19.60 (Continued)

(b)  When the disk is riveted at A, it rotates at an angular acceleration .

Equation of motion. IMy=(EMp): —-mglsin@=1ca+Ima, 1= %mr2 , sinfd=0

(%mrz +mlzjé+mg19=0

Frequency. ] =zg—l
(5+0)
(9.81)(0.650)
- 2 2
2(0.250)° +(0.650)
=14.053

w, =3.7487 rad/s

6, =2°=0.034906 rad

6, =6, =(3.7487)(0.034906) = 0.13085 rad/s
v,),, =16, =(0.650)(0.13085)

(v,),, =0.0851 m/s <
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PROBLEM 19.61

|
D)
=

Two uniform rods, each of mass m and length /, are welded together to form
the T-shaped assembly shown. Determine the frequency of small oscillations
of the assembly.

SOLUTION

Let the assembly be rotated counterclockwise through the small angle 8 about the fixed Point A.

Ay

I_cpo_‘ = /'.lf-’”“dzé.

Equation of motion. +‘> M, =2(M ,)oe: —Mg ésin 0 —mglsin@=1,,0+ma,, é—i— Iop@ + magpl

3 1 . A . .
—Zmglsin@=—ml*6+m| —| 6+—mil*0+ml*0

2 12 2 12
—gmglsintﬁ’zﬂmlzéi

2 12
é+§§sin€=0

17 1

For small oscillations, sin@ =@
6+1889_¢
17 1
P18 o, = |28
17 1 171

w 1 [18¢ \/E
= - = =0.1638,|> <
f 2z ! 27\ 171 f l

Frequency.
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PROBLEM 19.62

A homogeneous wire bent to form the figure shown is attached to
a pin support at A. Knowing that » =220 mm and that Point B is
pushed down 20 mm and released, determine the magnitude of the
velocity of B, 8 s later.

SOLUTION

Determine location of the centroid G.

Let © =mass per unit length
Then total mass m=pQ2r+zxr)=pr(2+r)
2r 2
About C: mgc=0+7mrp| — |g =2r"pg
V4
V-
y= 2r forasemicircle L S
V3
2r
rQ+me=2r'p, c=———
pr(2+r) p )
Equation of motion. n IM,=%(My): =6 a =co=ch
—mgesin@=I a +mca, sin@ = 0

(I +mc*)0+mgcf=0 Ioé+mgc€:0

Moment of inertia. I +mc” =1,

2r)?
IO = (IO )semicirc. + (IO )line = Wlsemicirc.r2 + Myine (T

m

Meemicice. = PRET Myjne = 2pr pP= m
2 2

2

I,=p o+ 2r = g4

3 2+ 3

2
mr L2 g+mgL9=0
2+ ) 3 2+
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PROBLEM 19.62 (Continued)

22 ()O.8D
Frequency. wn—(”+%)r (,H%)(o.zzo)

@ =2341857 @, =4.8392 rad/s
0=0,sin(wt+¢) y,=r0

At t=0, yp =20 mm, j, =0

. T
vg =0=(y3),, @, cos(0+9), ¢=5
. T
yg =20 mm =(yz),, s1n[0+5], (g),, =20 mm
¥ = (20 mm) sin(a)nt +§) , = 4.8392 rad/s

Vg = ZOa)cos(a)nt + %) =—(20 mm)w, sin W,

At t=8s, v =—(20)(4.8392)sin[(4.8392)(8)] = —(96.78)(0.8492)

=-82.2 mm/s vy =822 mm/s 4
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4 PROBLEM 19.63
A horizontal platform P is held by several rigid bars which are
connected to a vertical wire. The period of oscillation of the platform is
found to be 2.2 s when the platform is empty and 3.8 s when an object A
of unknown moment of inertia is placed on the platform with its mass
center directly above the center of the plate. Knowing that the wire has
2 a torsional constant K =27 N-m/rad, determine the centroidal moment
of inertia of object A.
P
SOLUTION
Vo
G —
N -‘--Y.e
}
1
Equation of motion. SM,=la: —-K6=160
6+ 5 0=0 @ = £
I I
Case 1. The platform is empty. , = 2z = 2z =2.856 rad/s
7, 2.2
- K 27
I =—=—"—=331kg-m’
w, (2.856)
. . 2r 2w
Case 2. Object A is on the platform. Wy, =—= 38 =1.653 rad/s
7, 3.
- K 27
I,=—=——"-5=98814kg-m’
w,, (1.653)
Moment of inertia of object A. I,=1,-1 1,=657kg-m* <4
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PROBLEM 19.64

E A uniform disk of radius » =120 mm is welded at its center to two elastic rods of
equal length with fixed ends at A and B. Knowing that the disk rotates through an
8° angle when a 500-mN -m couple is applied to the disk and that it oscillates with
a period of 1.3 s when the couple is removed, determine (a) the mass of the disk,
(b) the period of vibration if one of the rods is removed.

A

SOLUTION

Torsional spring constant.

Equation of motion.

Natural frequency and period.

Period.

Mass moment of inertia.

(@) Mass of the disk.

(b)  With one rod removed:

Period.

T _05N-m
0 (%)
k =3.581 N-m/rad

£ {1

SMy=%(My): -KO=16 é+§e=o

[\

T, =L oo /L
, K

_ 2K _ (1.35)*(3581 N -mv/r)
2r)* 2r)*

I=0.1533N-m-s> :%mrz =%m(0.120 m)*

(0.1533N-m-s?)(2)
m=

> m=213kg 4
(0.120 m)
K'=£=ﬂ=1.791N-m/rad
2 2
2
r=2z |-L = oy |13 N -m:s7) 7=1.8385s «
K 1.791 N - m/rad
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PROBLEM 19.65

A 5-kg uniform rod CD of length [=0.7 m is welded at C to two

B elastic rods, which have fixed ends at A and B and are known to have

c a combined torsional spring constant K =24 N-m/rad. Determine
the period of small oscillation, if the equilibrium position of CD is

A T (a) vertical as shown, (b) horizontal.
l

SOLUTION

(@) Equation of motion.

)EM =T o+ mad: —KH—(mg)ésinl?:ToH-é(mat)
1 ] — 1,
—-KO@——mglsin@=160+—ml"0
2 4
- 1 5, 1 .
I +—ml” |0 +—mglsin@+KO=0
4 2
| TR B S 1
—ml”+—ml” |0+ KO+—mgld=0
12 4 2
1, 1
—ml"0+| K+—mgl |0=0
3 2

g+[3K 380
ml> 21
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PROBLEM 19.65 (Continued)

Data: K=24N-m/rad, m=5kg, [=0.7m

j { LI <3><9.81>} o=0
(5307 (O.7)

6 +50.40960 =0
Frequency. @ =50.409 @, =7.1rad/s
Period. o2 _27
10) 7.1

n

(b)  If the rod is horizontal, the gravity term is not present and the equation of motion is

(9'+3—K2¢9=O
ml
a)3=3_K2=(3L24)2=29388
ml*  (5)(0.7)
0, =54210 radls  7=2F—_2F
w, 54210

n

7,=0.885s 4

7,=1.159s 4
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g PROBLEM 19.66
A 1.8-kg uniform plate in the shape of an equilateral triangle is suspended at
its center of gravity from a steel wire which is known to have a torsional
constant K =35 mN-m/rad. If the plate is rotated 360° about the vertical and
G then released, determine (a) the period of oscillation, (b) the maximum velocity
' ' of one of the vertices of the triangle.
‘47 150 mm ——
SOLUTION
Mass moment of inertia of plate about a vertical axis: 4
hzﬁb A:lbhzﬁbz I \
2 2 4 h
_ 4 i S\
For area, I.=1, =ibh3 = V3b b
36 96
TZ =1 +1I, = ﬁ b*
Y48
For mass, I= %(iz Jarea
_|4m ﬁ b= 1 mb?
J3b )| 48 12
I= é(l.S)(O.lSO)Z =3.375%107 kg - m?
R _¥
L
0
Equation of motion. ‘>+ SM;=X(Mg): —-KO=16
i+Xo-0
1
K _ 35x107°
Frequency. o =—==—"""—"_=1037
"1 3375%x107
w, =3.2203 rad/s
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PROBLEM 19.66 (Continued)

(@) Period. _m_ 2w 7=1951s 4
w, 3.2203
Maximum rotation. 6, =360°=2xrad
Maximum angular velocity. 9m =w®,0, =(3.2203)(27) = 20.234 rad/s

(b) Maximum velocity at a vertex.

v, = rém =gh6"m =g£b =(z]
3 32 3

NG

> (0.150)(20.234)

v, =1.752 m/s 4
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/ PROBLEM 19.67
A period of 6.00 s is observed for the angular oscillations of a 4-oz gyroscope rotor
suspended from a wire as shown. Knowing that a period of 3.80 s is obtained when a
1.25-in.-diameter steel sphere is suspended in the same fashion, determine the centroidal
radius of gyration of the rotor. (Specific weight of steel = 490 Ib/tt’.)
SOLUTION
DIM =X(M)y: —KO=16 B-ke To=Te¢
6+56-0 =
1
=X
1
I
T=2r,—
e o
”—
K = 471'21 (2)
T
— K7
I = 3)
47
For the sphere, r= % =0.625in.=52.083x107 ft
4 5 _4 RN
Volume: V.= Eﬂ-r = 572'(52.083><10 )
=591.81x107° ft’
Weight: W, =9V,
= (490 Ib/ft*)(591.81x107° ft*)
=0.28999 1b
Mass: m, = W, _0.28999
g 322
=9.0059%107 1b - s*/ft
Moment of inertia: I= %msrz = %(9.0059 x107)(52.083x107)
=9.7719x107° Ib-s* - fi
Period: 7,=3.80s
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From Eq. (2):

For the rotor,

From Eq. (3):

Radius of gyration.

PROBLEM 19.67 (Continued)

K 47%(9.7719%x107%)
(3.80)>
=26.716x10°Ib - ft/rad

=il

=7.764x1071b - s? /ft
7=6.00s

2
I= (26.716><10’6)—(6'0(?
4

=24362x10°1b-s? - ft

~l
|
S8}

=m

=
Il

i

_[24.362x107°
7.764x107
=0.056016 ft

k =0.672in. <4
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PROBLEM 19.68

The centroidal radius of gyration & of an airplane is determined by
suspending the airplane by two 12-ft-long cables as shown. The
airplane is rotated through a small angle about the vertical through G
and then released. Knowing that the observed period of oscillation is
3.3 s, determine the centroidal radius of gyration k.

SOLUTION

Let the airplane rotate through the small angle € about a vertical axis. Suspension Points C and D on the
airplane each move horizontally a distance (10 ft) sin 8 = (10 ft) 6. Let @ be the angle between a cable and
the vertical direction. Then, sin¢@ = (10 ft)6/(12 ft) = %6.

+T YF=0: 2Tcosp—-W =0

v W
2cosgp 2
Let F be the horizontal component of 7.
F —Tsin(pzm-gt?:iWﬁ
2 6 12
106
X

¥
Io% '3

The two forces F form a couple of moment

M =—-(20ft)F =—(20) (%)Wﬁ
- WO\ W
Equation of motion: +‘> M, =10 =20 [E 9] = ?kf@
AT
12k
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Natural frequency:

With =335,

PROBLEM 19.68 (Continued)

,  (20)(5)g _ (20)(5)(32.2) _ 268.33

- = —= = — =—=
n 2 2 2
12k; 12k k:
—, 26833
k; _—a)f
£ _16381_16.381
T e, 2rf
=297 5 6072
f

k, =(2.607)(3.3)

k, =8.60ft <
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PROBLEM 19.69

....... A 1.8-kg collar A is attached to a spring of constant 800 N/m and can slide

without friction on a horizontal rod. If the collar is moved 70 mm to the
left from its equilibrium position and released, determine the maximum
velocity and maximum acceleration of the collar during the resulting motion.

SOLUTION

Datum at @©:

Position ©

O,
s« v N e [ e— ,;
Position @ i-s-—k‘”)-—-’

-~
Il
o
<
Il
| —
bl
=
WM

T, =%mv§ V,=0 v,=x,
').Cm _a)n'xm
1, , 1
T, +V, =T, +V, 0+§kxm=5mxm+0
lkx :_mwr%xyzn 3 :ﬁ 800 N/m
2 m  1.8kg
@ =4444 57 @, =21.08 rad/s
%, = ®,x, =(21.08 s")(0.070 m) %, =1.476 m/s <4
X, =w'x, =(21.08 s72)(0.070 m) %, =31.1m/s> 4
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®
©
i

Tq

24 in.

| =

PROBLEM 19.70

Two blocks, each of weight 3 1b, are attached to links which are
pin-connected to bar BC as shown. The weights of the links and
bar are negligible, and the blocks can slide without friction.
Block D is attached to a spring of constant k =4 Ib/in.
Knowing that block A is moved 0.5 in. from its equilibrium
position and released, determine the magnitude of the maximum
velocity of block D during the resulting motion.

SOLUTION
T =L@ + )@ o
2
1 202
V ==k 6 )
2 - b= \-5{‘\
2 kC2
"omb* +cP)
k = 48 Ib/ft
m=&2=0-093167 Ib-s?/ft o) C - 2.0 ﬂ*
32.2 ft/s
2
W), = (48 ———=329.73
(0.093167)(1.5> +27%)
), =18.158 rad/s CH
0.51n. 7
6, =22~ 0.0277 rad
1.5 ft
pl,,=cw,6,

= (2)(18.158)(0.02778) =1.009 ft vl =12.11in./s «
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— A PROBLEM 19.71

5in. A 14-oz sphere A and a 10-oz sphere C are attached to the ends of a rod AC of
negligible weight which can rotate in a vertical plane about an axis at B. Determine the
J o nj period of small oscillations of the rod.
B
8 in.

T Qc

SOLUTION

Datum at @©:

Position ©

1,=0

Vi =Wehe =Wyhy
he =BC(1-cos8,)
h, = BA(1-cos8,)

)
Small angles. "
2

l-cosf, =

92
Vi =l(W)(BC) - (WA)(BA)]Tm

el

6> 6>
V, =(0.4167 — 0.3646)7’" = 0.052087”’

Position @
V,=0
8 . 5 .
=—0 =0
(VC)m 12 m (VA)m 12 m
me e 19 019410 1b- 528
g (16)(32.2)
m W L=0.0271741b-s2/ft

AT T a6e322)
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Conservation of energy.

Period of oscillations.

PROBLEM 19.71 (Continued)

1 1
T, :Emc("c )%n +E’”A(VA)3"
2 2
— L 0.019410) 2| + Lo.02m174( 2| |62
2 12 2 12
9
=0.0133440—m
2
292

- 0.013344%

2 292
LtV =T +V;: 0+0.05208%’”=0.013344—“’"2‘9m +0

o = 0.05208 —13.002
0.013344
w, =1.9755 rad/s
2
T, =—
1)

7,=3.18s 4
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/‘ PROBLEM 19.72

R
| Determine the period of small oscillations of a small particle which
‘ moves without friction inside a cylindrical surface of radius R.
|
SOLUTION
Datum at (2):
Position ©

T, =0
V, =WR(1—-cos8,)

Small oscillations:

2
(1-cos@,)= ZSinze—’”ze—’”
2 2
WRE,,
V=
2
Position @
v,=RO, T, =%mvm _1 R?6?
V,=0
Conservation of energy. IL,+Y, =T,+V,
2 '
0+WR-™=—mR*’6>+0 6, =w,6,
W =mg
-1
mgR" = —mR*w’ 6>
an
R
Period of oscillations. T, = 27 _ 2r R |
a, g
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PROBLEM 19.73

The inner rim of an 85-1b flywheel is placed on a knife edge, and the
period of its small oscillations is found to be 1.26 s. Determine the
centroidal moment of inertia of the flywheel.

SOLUTION

Datum at @:

Position ©
1. .
T==16, V=0

Position @

T,=0 V,=mgh

h=r(l-cos@,)= r(ZSinz%”j

Conservation of energy.

1, 6;
T, +V, =T, +V,: E10493,+0=0+mgr7m

For simple harmonic motion, 6’m =w,0,
Ia)292=mgr6’2 wzzmg” 2:471'2 2(4”2)10
0"n“m m n IO n w’? mgr
o (B)ew
Moment of inertia. [, =1 +mr” [ +mr =?
T
2
— (Tn)(mgr) , (1.265)*(851b)( 7 (851b) 7 .Y
4r 4 12 (32.21t/s7)\ 12
1 =1.994-0.8983 1=1.0961b-ft-s* «
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PROBLEM 19.74

centroidal radius of gyration of the connecting rod.

A connecting rod is supported by a knife edge at Point A; the period of its small
oscillations is observed to be 1.03 s. Knowing that the distance r, is 6 in. determine the

SOLUTION

Position © Displacement is maximum.
1 2
17,=0, V,=mgr,(1-cosb,)= Emgraé’m

Position @ Velocity is maximum.

(V6D = 1.6,
T, —%mvé +%76’,ﬁ =3 mr’? +—mk*6>
=%m(ra2 + 1;2)9;
V,=0
For simple harmonic motion, 6, =00,

Conservation of energy.

m

0+—mgr,6> =%m(ra2 +l€2)wj 62 +0
2 87 72 _ 87 2
w; = < or k"=2%-
o tk? o
Data: £ =103s @ =% =2 _61002radls
z, 1.03
r,=6in.=0.5 ft g =322 ft/s’
k? =&)(O'52)— (0.5)* =0.43265-0.25 = 0.18265 ft*

(6.1002)
k =0.42738 ft

k =5.13in. <
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o
|

PROBLEM 19.75
Clo A uniform rod AB can rotate in a vertical plane about a horizontal axis at C located at a
D distance ¢ above the mass center G of the rod. For small oscillations, determine the value of ¢
j for which the frequency of the motion will be maximum.
—lo|G
BU 2
SOLUTION

Find @), as a function of c.

Datum at @:
Position © T,=0 V,=mgh
V, =mgc(l—cosb,)
2
l—cosé’m=2sin29—’":—’"
2 2
2
iy 1. 5
Position @ T,=—1.6,
E— 2
Io =1 +mc* =—mi* +mc?
1 (I :
L =—m| —+c* |62 V,=0
6, I?
LL+V,=T,+V, O0+mgc—==m| —
1TV =T, 8 > I
F o),
gec=m| —+c @,
ot =8¢
n 2 2
(5]
2 g 2yl 2c2g
Maximum ¢, when o, =0= (12 g )2 0
dc (E-'—C )
12
——c?=0

\C

\ \&

,f\\-I h=C U‘COSGV\D
W\ >

.Qh.mg AN

Lol - F
®

S
®

9’2

40
2
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PROBLEM 19.76

’ A homogeneous wire of length 2/ is bent as shown and allowed to
| oscillate about a frictionless pin at B. Denoting by 7, the period of

! ‘ l small oscillations when £ =0, determine the angle S for which the
. period of small oscillations is 27,.

SOLUTION

We denote by m the mass of half the wire.

I,=0, V, =—mgécos(6’m —ﬂ)—mgécos(ﬁm +5)

= —mgé(oos 6, cos B +sin @, sin S+ cosb, cos f—sind, sin )

V| =—mglcos fcosb,
For small oscillations, cosf, =1— lﬂi
2
Vi =—mglcos S+ %mgl cos 3 0>
Position @ Maximum velocity:

1. 1
T,=—1,0; but I,=2|—ml
2 2 BYm B [3 J

Thus, T,= l(gml2 j 62
203

V, =-2mg (écos ,Bj =-mglcos B
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PROBLEM 19.76 (Continued)

Conservation of energy. L,+V, =T, +V,

—mglcosﬂ+%mglcosﬂ o; =%mlzéﬁ —mglcos

Setting 6,, =6,

n°

%mglcosﬂ o; =%ml2 0’ a?

a),fzgicosﬂ Z'=2—7[=27Z' 2
21 , 3gcosf3
But for £ =0, T, =271 2
3g
For 7=21,, 2r LzZ 2 ﬂ
3gcos 3 3g

Squaring and reducing,

(D

=755 4
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Ak @:l PROBLEM 19.77

A uniform disk of radius r and mass m can roll without slipping on a cylindrical
L surface and is attached to bar ABC of length L and negligible mass. The bar is
2 attached to a spring of constant k and can rotate freely in the vertical plane about
Point B. Knowing that end A is given a small displacement and released,
y t o> determine the frequency of the resulting oscillations in terms of m, L, k, and g.

SOLUTION

2 2
V=lk L_H +mg—L6
2 2 4

—— 1 176> 1 mr? [ 1767

s T=—m + —
] K 2| 4 2 2 | 42
5 .
- 8 B 3mL*6*
16
L
2, . K2, mgL
2 8 4
L N a)}'l == 5
5(1-cose) e LD anl?
cTr

3\m L

oo g
27 \3m 3L
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A PROBLEM 19.78

Two uniform rods, each of weight W= 1.2 1b and length / = 8 in., are welded
together to form the assembly shown. Knowing that the constant of each
spring is k = 0.6 lb/in. and that end A is given a small displacement and
released, determine the frequency of the resulting motion.

SRR P .

SOLUTION
. . w 12 2
Mass and moment of inertia of one rod. m=—-= 32—2 =0.037267 b - s“/ft
g .
- 1 8\
I =—ml* =—(0.037267)| — | =1.38026x107 Ib-s” - ft
12 12 12

Approximation.

sing,, =tan6,, =6,

1-cosé, =2sin26—’"zlt9,,21
2 2

k=0.6 Ib/in.=7.2 1b/ft

2
7 =2(1762 |+ 1| Le
2 2 2

(L sl (L 4,
—(2)(2)(1.38026><10 )6m+(2)(0.037267){]26m]

Spring constant:

Position ©

=3.4506x107 6>
Vi=0
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Position @ T,=0

v

__ (1.2)(0.66667)( 1

2
~0.60>

Conservation of energy. L+V,=T,+V,

3.4506x107°6% +0=0+0.66>

6, =13.1860,

Simple harmonic motion. 0,=0,0,

w, =13.186 rad/s

Frequency. f.=

2r

—M(I—COSQ,")-FZ — |k Lé’m
2 2)\2

2

PROBLEM 19.78 (Continued)

1 T
92j+ (2)[%(7.2)[
" 2

0.66667
2

6,

m

;

f,=2.10Hz <
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PROBLEM 19.79

A 15-1b uniform cylinder can roll without sliding on an incline
and is attached to a spring AB as shown. If the center of the
cylinder is moved 0.4 in. down the incline and released, determine
(a) the period of vibration, (b) the maximum velocity of the center
of the cylinder.

SOLUTION

(a)  Position ©

Position @

Conservation of energy.

T,+V, =T, +V,: 0+%k(§sl +7r6,)° =

i

® h=ro,SINP
1=0 V,=—k(G, +16,)

T, =176 + Low2
2 2
v, =m8h+%k(5st)2

1—'2 1 —2 1 2
—160° +—mv- +mgh+—k(.
2 m 2 m g 2 ( sl)

k&2 +2kd, 16, +kr*0: =16> +mv: +2mgh+ké. (1)

When the disk is in equilibrium,

Also,
Thus,

(jZMC =0=mgsin Br—ko,r

h=rsin 36,

mgh—kd,r=0 (2)
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PROBLEM 19.79 (Continued)

Substituting Eq. (2) into Eq. (1)
kr*@2 =167 +mv?

0, =06, v, =r6 =rab,

krzé’,i = + mrz)H,ia)j
2
603 :_Lz
J +mr
) kr? 2 k
@, = =
—mr* +mr? 3m
L o
", (4.5%12 Ib/ft)
151b 4, 2
(b) Maximum velocity.
v,=r6,w, 16, = 04 ft
12

3

0.4 2
vy =] o fit ||
(12 )(o.nss]

7,=0.715s 4

v, =0.293ft/s 4
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ﬁ PROBLEM 19.80
c

80mm A 3-kg slender rod AB is bolted to a 5-kg uniform disk. A spring of
— constant 280 N/m is attached to the disk and is unstretched in the
position shown. If end B of the rod is given a small displacement and
released, determine the period of vibration of the system.

Wi
Z

e

by — = —

—————

ROL ¢
bS

300 mm

SOLUTION
¢
&1 Owm
2y °
B Waeq
r=0.08 m
[=03m
. Iz p 1 2
Position @ T, = EldiSkem +5(IA )rod O
v, =0
1
Lk =Em0r2
1
I, rodzgmABlz
Position @ T,=0

v, =%k(r9m)2 +mABg%(l—cosﬁm)

2
1-cos8, —26in? o
2 2

1 mABg(é)

V, =—kr*@, +——220,,
2 2

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2351



https://students-hub.com
https://students-hub.com

PROBLEM 19.80 (Continued)

Conservation of energy.

L+V, =T, +V,: %[%morz +%mA312]6",i +0=O+%kr26ﬁ +%mABgé€i

For simple harmonic motion,

lmot2+lmABl2 @62 = kr2+mABg£ 0’
2 3 n-m 2 m
kr? +m,,gl
a)j = - lABg .
Smyr” +3mygl
, (280 N/m)(0.08 m)* +(3kg)(9.81 m/s*)(%m)
n = 2 2
1(5kg)(0.08 m)” +1(3kg)(0.300 m)
o} _ 0207 _ g 55
0.106
Period of vibration. ;=227 7,=0.821s 4

" @, 5855
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PROBLEM 19.81

A slender rod AB of mass m and length [ is connected to two
n  collars of negligible mass in a horizontal plane as shown. Collar
A is attached to a spring of constant k. Knowing that the collars
can slide freely on their respective rods and the system is in
equilibrium in the position shown, determine the period of
vibration if collar A is given a small displacement and released.

SOLUTION

Moment of inertia: I =—ml*

Position ® Maximum deflection: Let collar A be moved a small distance x,, as shown. Since the movement is

horizontal, there is no change in gravitational potential energy.

x,, =(lcos )0,
Basidur D & S
} ‘T 4 —Ekxi =5k(lcosﬂ0m)2

A ' Jo:mp v, L cos? 56>

i
—_———— lc-'l— leg

Position @ Maximum velocity: The instantaneous center of rotation lies at Point C, the intersection of lines

perpendicular, respectively, to v, and v.

v, =(GCO)w,, =%la)m

T, =L + 1Tap
2 2
2
—lm —lw, +l iml2 N
2 2\12
1 o 5
T,=—mi"w,
But, a)m :_e'm
1 250
T,=—ml"6,
so that
V,=0
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For simple harmonic motion,

Conservation of energy:

Natural frequency:

Period of vibration:

PROBLEM 19.81 (Continued)

6 =wo

m n-m

T+V,=T,+V,: 0+%kl2 cos’ 56?2

=émlza)36’,,21 +0

7=27ml3kcos’ 3 <
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PROBLEM 19.82

A slender rod AB of mass m and length [ is connected to two
o collars of mass m¢ in a horizontal plane as shown. Collar A is
attached to a spring of constant k. Knowing that the collars can
slide freely on their respective rods and the system is in
equilibrium in the position shown, determine the period of
vibration if collar A is given a small displacement and released.

SOLUTION

Moment of inertia of rod: I= iml 2

12

Position ® Maximum deflection: Let collar A be moved a small distance x,, as shown. Since the movement is

horizontal, there is no change in gravitational potential energy.

x,, =(lcos )0,
Basidur D & S
} ‘T 4 =Ekxi =5k(lcosﬂ¢9m)2

A ' Jo:mp v L cos’ 56

i-l— 2
X I' —a == lc I,=0
s

Position @ Maximum velocity: The instantaneous center of rotation lies at Point C, the intersection of lines

perpendicular, respectively, to v, and v.

v, =(AC)w,, =Icos fw,
vy =(BC)w,, =Isin fw,

v, =(CG)w, =%la)

m

1 _, 1=, 1 » 1 2
T,=—mv +—I1w, +—m-v, +—m v
275 5 O T Va5 eV

2
=lm llvm +l Lml2 o
2 \2 2\12

+%mc (Isin Bw,)* +%mc (Icos fw,)*

(1 2 2
T,=—|—-m+m, |lI"@
2 2(3 Cj m
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PROBLEM 19.82 (Continued)

But, o, = —9m

(1 22
T,=—|—m+m, |I°6
2 2(3 C) m

so that
V,=0
- 1 o 2ppn 1(1 22492
Conservation of energy: L+V=T,+V,: 0 +Ekl cos”f30, = 5 gm +m. |I"w, 6,
2

Natural frequency: a),f = keos' B

5 +me

. . . 2r m 2

Period of vibration: T=— T=2r 3 tme lkcos”f <

,

n
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PROBLEM 19.83

r =250 mm ) k
4 "VV VT (O An 800-g rod AB is bolted to a 1.2-kg disk. A spring of constant
© k =12 N/m is attached to the center of the disk at A and to the wall
600 mm at C. Knowing that the disk rolls without sliding, determine the
period of small oscillations of the system.
B
SOLUTION

Position ©
2
- 1 ! - o 1 :
T ZE(IG)ABQ%, +EmAB (5"’] 6, +E(IG)disk6ri +Emdiskr267i
T 1 2 1 2 2
1) 05 =—ml* =—(0.8)(0.6)* =0.024 kg-m
(Ig) as B m 12 (0.8)(0.6) g
I 2
o (E - r) =(0.8)(0.3-0.25)* =0.002 kg - m*
(5 gisk :%mdiskrz :%(1.2)(0.25)2 =0.0375 kg - m’
My r” =1.2(0.25)* =0.0750 kg - m*
T, = %[0.024 +0.002+0.0375+0.0750] 6>
1 .
T, :5[0.1385]03,
Vi=0
Position @ T7,=0

v, =%k(r¢9m)2 +mABgé(1—cos¢9m)

0, 6
1-cosf, = 2sin? % =~ % (small angles)

0.6 m

2
v, =%(12 N/m)(0.25 m)> 6, + (0.8 kg)(9.81 WSZ)(T)e_m

2
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PROBLEM 19.83 (Continued)

Vv, = %[0.750 +2.354162

:%(3.104) 6> N-m
L+V,=T,+V,
9‘2 =a)2€2
%(0.1385)63,0)5 +0 :0+%(3.104)9,i
o = (3:104 N-m)
" (0.1385kg-m?)
=224157"

_2m__2n

Z' [—
" w, 2241

7,=1327s 4
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Y e

PROBLEM 19.84

Three identical rods are connected as shown. If b =%l, determine the
frequency of small oscillations of the system.

SOLUTION

[ =length of each rod

m =mass of each rod

)

Kinematics:

Position @

Position @

3
g N
T ay®

7, =24,
2

(VBE )m = bem
T,=0

Vi =—2mg écos 6, —mgbcosb,
Vi =-mg(l+b)cosb,

V2=—2mgé—mgb
=-mg(l+b)
I—»H 1 5| 1 _
T,=2|-16, +— +—
2 |:2 m vam} 2m(VBE)m

m

1 . IV 1 )
=—ml*0> +m| =0, | +=m(b0,)*
12 2 2
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PROBLEM 19.84 (Continued)

Conservation of energy. T,+V,=T,+V,: 0-mg(l+b)cosb, = (%lz + %bz j m@> —mg (1 +b)

mg(l+b)(1—cos@, )= (%12 +%b2)méj

For small oscillations, (1-cosf,)= 1 6’"21

%mg(l+b)0,§l ( I +— szm

But for simple harmonic motion, 6, = ®,0,: %mg(l +b)G2 = (%l 2 ;szm(a)nﬁm )’
> I+b
“n =§g IVaye
gl +5b
I+b
2
or W, =38——— 1
TS W
1+31]
For bzél, we have @’ =3g 4 5
4 217 +3(31)
11
- 4
=3g 57
16
=14237%
[
, =1.1932\/§
a)l‘l
fn - 0r

:1-1932\@ fn=0.1899\/g <
2 \i I
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—@» PROBLEM 19.85

5 in. A 14-o0z sphere A and a 10-0oz sphere C are attached to the ends of a 20-0z rod AC which can
rotate in a vertical plane about an axis at B. Determine the period of small oscillations of the rod.
— j

8 in.

+-Q@c

SOLUTION
n b, A
£
B ’Jiéct
aul,, 8%
—
< %o,
®
Position ©

2 2 2
p=iWafSg )V AW 8y 1 IWacfly 1 17 o2
2 g (12 2

— 1 W, (13)
lae="Z—""17
12 g U2

1 14[5]2 10(8]2 20(1)2 1(20)[13)2 "
T=—|—|=|+—| = | +=|=| +—=| = | = | |6
2¢116\12) 16\12) " 16l8) 12016 \12

T, =—————[0.1519+0.2778 + 0.01953+0.1223]4,,
2(32.2 ft/s”)
2
r-1 m &2 =L(0.01775)62 b - 1)
2\ 32.2fUs 2
Vi=0
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PROBLEM 19.85 (Continued)
Position @
T,=0
V,=-W i(l—cost9 )+ W i(1—cost9 )+ W l(l—cost9 )
2 A 12 m C 12 m AC 8 m
2
1—-cosé, =2sin’ e—mze—’”
2 2
2
v =|[12)5), 2001 9'" (Ib- o)
12 12 16 )\ 8
6’2
=[-0.3646+0.4167 + 0. 1563]—
2
v, = 0.20846,,
2
Conservation of energy. L+V,=T,+V,: %(0.01775)9,,21 +0=0+ 0'2;)84 0:
Simple harmonic motion.
9 =w,0,
@ = _ 02084 ), 939
0.01775
2 2
E——=—— 7,=1.834s 4
Jo, ~11.738
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PROBLEM 19.86

A 10-1b uniform rod CD is welded at C to a shaft of negligible mass
which is welded to the centers of two 20-1b uniform disks A and B.
Knowing that the disks roll without sliding, determine the period of
small oscillations of the system.

SOLUTION
Wy =Wy = Wai
‘,3” r-lct
(Z
=t 4
N 0 S
Gl't=b (L-V
o W * D
. Om Wep
: ®
Position © T, =12(TA)(ﬁskéﬁ+l Wi (r6,)’
—_— 2 2\ g
2
+17CD9'31+ lh(i— ) 6>
2 2 g \2
— 1 Wy, 120 ., 10
Ji o= disk .2 _ -~ n? =
( A)dlsk 2 g r 2 ( )
. _ 1 Wep 12 zi@@)z 5
12 ¢ 12 g 2g
lel 20440+ 2,3 02
2g 2 2
T, =%g(70)é,i V=0
Position @ T,=0

v, =WCDé(l—cosé’m)
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PROBLEM 19.86 (Continued)

2

Small angles: 1-cos @, =2sin’ 7’" = 7’"

1 6>

Vy =Wl 22

2 7 CD 7
:%(10)(1.5)95,

1 2
=—(15)6
2( )6,

Conservation of energy and simple harmonic motion.

L,+V, =T, +V,

Hm = a)n 6]11

l(m)wjej +0= 0+1(15)9,,§
2g 2

70
Period of oscillations. T, = 2 _ 2z 70 7,=239s 4

" Jo, (15)(32.2)
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PROBLEM 19.87

Two uniform rods AB and CD, each of length [ and mass m, are attached to gears
as shown. Knowing that the mass of gear C is m and that the mass of gear A is
4m, determine the period of small oscillations of the system.

SOLUTION
/&‘*\
R
N
i
|
l
Kinematics:
260, =6,
20, =6,
Let 0,=6,
20, =(6.),,
Zemz(ec)m
y L L LT PPy
Position © I==1,0,+—1-26,) +=1,56,, +—=1-,(26,)
—_— 2 2 2 2
2 2
1 [ - 1 [ -
+—myup| =6, | +—mp| =26
2 AB(Z m] 9 CD(Z m]
- _1 2 2
IA:§(4’”)(2’”) =8mr
- 1 » 1,
I, =—@m)(r) =—mr
c 2( )r) 5
I, =—ml Iy =—ml
4B =7 =15
2 2 2 g2
lelm g2+ lar B B p
2 2 12 3 4

lelm 1012 4272 62
2 3

V=0
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PROBLEM 19.87 (Continued)

Position @ 7,=0

4 =mgé(l—cos&m)wLngl(l—cosZHm)

-2 6m 6)721
For small angles, 1—cos@, =2sin 7 = 7
1-cos26, =2sin* 6, =26

1 6> ) 1 562
Vi=—mgl| 2 +20; |=—mgl—=
1 2 g 2 m 2 g

L+V,=T,+V, 0,=a,6,

2
L1072 4272 a),fé’,i+0=0+lmgl%
2 3 2 2
2 _ 38l
! 10r2+%l2
2 2
_ .:agl : .- 2y 122
12r% +21 Jo, 3gl
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PROBLEM 19.88

Two uniform rods AB and CD, each of length [ and mass m, are attached to gears
as shown. Knowing that the mass of gear C is m and that the mass of gear A is
4m, determine the period of small oscillations of the system.

SOLUTION
Kinematics: 2r6, =r6, 20, =6,
260, =0,
Let 6,=6, 20,=(6.),
20, =(6,),
lm 0y 1= 0y 1= & 1= ., 1 .Y 1 .Y
Position @ T, =51A9,,21 +51C(29m)2 +51A39,§ +51a) (26, Mg (59’"] S mep (Ew’"j

I_A = %(4m)(2r)2 =8mr?

l(m)(rz) = lmr2

2 2

- I 7 I -
I, =—ml Iy =—ml
4B =75 =1

2 2 2 2
T, =%m{8r2 +(V—J4+l—+l—+l—+lz:|9,i

Ic

2) 12 3 4

lelm 102 4272 62 V=0
2 3
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PROBLEM 19.88 (Continued)

Position @ T,=0

v, =—mgé(l—cosﬁm)wLngl(l—cos26’m)

. .6, 6
For small angles, 1-cos@, =2sin _zT
1-cos26, =2sin* 6, =26
9>
22 2
1 3 5
=—mgl—0
2 & 2"
L+V,=T,+V,  6,=0,0,

Lo 422 6,,21w3+0=0+lmgl§6,i
2 3 272

3l
@, = ;8 2
1077 +31
_ 9gl p J2E o 60741017 o
602 +101° " w, 9gl
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PROBLEM 19.89

o
|
|

A—
k
l—_%‘/ VWV Bl An inverted pendulum consisting of a rigid bar ABC of length [/ and mass m is
supported by a pin and bracket at C. A spring of constant & is attached to the
l bar at B and is undeformed when the bar is in the vertical position shown.
a Determine (a) the frequency of small oscillations, (b) the smallest value of a
for which these oscillations will occur.

SOLUTION
Moment of inertia: I =—ml®

Position ® Maximum deflection. Let rod AC rotate through angle 6, . The spring stretches an amount
x, =asin@,

and the center of gravity moves down an amount
-y, = L(l —cosé,)
ym 2 m
1, >
Vi= Ekxm +mgy,,
—lk(asinﬁ )2 -m i(1—c0s6 )
> m 8 > m
zlkazﬂnzl —mg L 16’"21
2 2 )02

= l(ka2 —%mgl]ﬂi

2
T,=0
Position @ Maximum velocity:
For simple harmonic motion, 0=-w0,
. 1.
Velocity of the mass center of the rod: V= 549
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PROBLEM 19.89 (Continued)
N 1 5, 1=,
Kinetic energy: I,=—mv" + 51 g
:l m E .I,.L 1202
2 2 12
= l[l mlzgﬂ
213
_! (1 mzzwje:,j
V2 = 0
Conservation of energy: T,+V, =T, +V,
O+l ka® —lmgl 0: _L lmlza),fﬂnzl
2 2 213
) _ 6ka® —3mgl
! 2ml*
(a) Frequency: f=2rnw,
f =21 (6ka® = 3mgl)/2mI> 4
(b)  Smallest value of a for oscillations. fis real for 6 ka* >3mgl
a> M8l Qi = 4 }m_gl |
2k 2k
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8 in. 8 in. PROBLEM 19.90

A /ch /VD/\ B Two 12-1b uniform disks are attached to the 20-1b rod AB as

M= o o ) shown. Knowing that the constant of the spring is 30 Ib/in. and

v \/ that the disks roll without sliding, determine the frequency of
vibration of the system.

SOLUTION @
sz %
-
AN AN AN D
{ ) ; : X [} (C—  —o— )
AN LA,
;T 7777777 7777 T T T rrrr s 7
K= MR SPRING DEFORMATION
Position I: T, =0, Vi = %er%z
o, . 1 2 1_ 2 1 _2
Position 2: V, =0, T, = EmAva +2 EI w, + Emdiskvm

2
1 2 1 2 |[ Y 2
T, = EmAva + Emdiskr % + MyisicVin

1
T, = E(mAB + 3mgig Vi
Conservation of energy

1 1
T,+V, =T, +Vy, 0+ Ekxfn = E(mAB + 3mgg V2

But for simple harmonic motion, v, =W,X,,"
1, 2_1 2
—kx, =—(myp + 3myg N@,x
2 m 2( AB dlSk)( n m)
2 k .
), =— Note: Result is independent of r
Myp + Mg
Data: k=301Ibfin. W,;=201b Wyisk =12 1b Myp = Was Mgk = Waisic
8 8
o =DM,y , = 14.387 rad/s
20 1b/32.2 +3(12/32.2)
f= @, _ 14.387 rad/s £ =229 Hz 4
2 2
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6 in. PROBLEM 19.91
The 20-1b rod AB is attached to two 8-1b disks as shown. Knowing that the
4 in.  disks roll without sliding, determine the frequency of small oscillations of

the system.
L—léﬂ in.

SOLUTION
Position @ Position ©
r=06i1n.
5 \ &
d'/nur Carrens / brov)tas &,,
Masses and moments of inertia. my =mpg = 3;;2 =0.248451b - s° /ft
- - 1 | 2
Iy=1y=—mry =— (024845)( 2)
=0.0310561b-s - ft
Myp =—— 20 =0.621121b-s* /ft
322
_ _ _ . 6 - .
Kinematics: Vv, =140, =E¢9m =0.56,
2y, 1
Vap =| — =—0
AB (12] m m
Position ® (Maximum displacement) T,=0

4 80
Vi=-W,p| —cosb, |=——cosd
1 AB (12 m) 12 m
. . 1 w1 o 155 1 2
Position @ (Maximum speed) 7T, =§mAv +— IA6’ +Evam +5139m +§mABvAB

2
- 2[%(0.24845)(0.59,”)2 + %(0.03 1056)6;, } +%(0.621 12) [é e'm]

=0.10179562
4 80
Vy=-We| — |=
2 AB[IZ]
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PROBLEM 19.91 (Continued)

Conservation of energy. L+V,=T,+V,

0-3% o 6, =0.1017956 _80
12 12

62 =65.491(1—cos8,)

~ 65.491(163,]
2
=32.7456;,
6,=572246,
Simple harmonic motion. Hm =w,0, @, =5.7224 rad/s
Frequency. fo= B 57224 £,=0911Hz 4
2 2r
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“ ’ PROBLEM 19.92

p A half section of a uniform cylinder of radius r and mass m rests on two
i casters A and B, each of which is a uniform cylinder of radius #/4 and mass m/8.
I Knowing that the half cylinder is rotated through a small angle and released

b=
oo}

and that no slipping occurs, determine the frequency of small oscillations.

SOLUTION

Vi = mgh = mg (ﬂ)(l —cos8)

< |
4 _ 6
L)r/ft’ﬂ' ! h 1—cos€~7

T 6,

V| =2mgr 2
YY)3 1 g Py
Lo, 1, 5 1(1 2) 2
T,=—1,w;, +—1,0; +—| —mr° |@
27 510 T 5 0 2(2
2 2
Where IAlezl mary _mr
2\ 8 )l 4 256
and w, = wp =40
mr’  mr 2 5mr’w*
T2= =
16 4 16
2 gr 5/ w?
V:Tz, }%g/arzn/: }% wvaL
R4 16
2 _32g
157r
1) [32¢ \/E
=|— =0.1312,/= <
In (2”) 157zr I r
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PROBLEM 19.93

The motion of the uniform rod AB is guided by the cord BC and by the
small roller at A. Determine the frequency of oscillation when the end B of
the rod is given a small horizontal displacement and released.

l
A B J

SOLUTION

Position @. (Maximum deflection):

Let 6, be the small angle between the cord CB and the vertical. As the rod is moved from the equilibrium

position the center of gravity G moves up an amount y,, .

C yB=1(1—cos9m)zz(1—1+%9§,j=%19;

D R\,
¢ B
Jo=—r T
gy PATLM

Position @. (Maximum velocity): At the equilibrium position the motion of the rod is a translation.

_ 1 1
I =6 =7 V5 =le931

V, = mgy,, = imgle,i

T, =0,

v =lo=16,

T, =lm\7,§ =lm129,,21
2 2

V,=0

Conservation of energy:

T, +V, =T, +V,: imglé’,ﬁ =%m126ﬁ

For simple harmonic motion; 6, =w,0, so that

lmgusv,i = lmlzwjej
4 2
Natural frequency: w’ :%
== ~0.1125,/% <
f 2 27w\ 2l / )
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‘ De—1H PROBLEM 19.94

|
b ‘ h A uniform rod of length L is supported by a ball-and-socket
[ ¢ 103 l joint at A and by a vertical wire CD. Derive an expression for
, | the period of oscillation of the rod if end B is given a small
’ ' horizontal displacement and then released.
L |
SOLUTION ¢ e
G
Position ® (Maximum deflection) M X%
. o,
Looking from above: b
Horizontal displacement of C:  x. =56,
. . xc b
Looking from right: @, = 5 Zﬁm

f c
‘ -
AG IL(1p e T4
Ym=Y6 == Ye ="~ 56 s
AC b{2h p
—_ 1oL,
-—.""p
Ty T
We have 17,=0

Position @ (Maximum velocity)

»
)
|
3
&

_. /5 ) .
Looking from above: T, = lI 0; +lm\7,i N 2z
2 2 }'_ % —.H-f = £ [ 3)
1(1 ). 1 (L. 2 o 2 M
=—|—mL |0, +—m| —6
212 2 (2
T, =lmL29,f,
6
V2 :0
Conservation of energy. L+Vi=T,+V,: 0 +i%bL 0> = %mLZGZ
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PROBLEM 19.94 (Continued)

But for simple harmonic motion, 0,=w06,
l&bl‘gjl = lm[} (@,6,)*
4 h 6
o =308
2 hL
Period of vibration. T, = =42 T, =21 2hL <
o, 3bg
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., ©° ,  PROBLEM19.95
| s ! . ! A section of uniform pipe is suspended from two vertical cables

LO J I O,J attached at A and B. Determine the frequency of oscillation when the pipe
T ‘ b is given a small rotation about the centroidal axis OO” and released.
, \
L i

A ‘ B

o'

SOLUTION

ToP NleW // ~~~~~~ ~ (D\Q\ ) 2ANE NVlEW
[}
2 ,»/\B 7

\ \
e trel T e

L o
T O m o
S
AA" = BB = ﬁem = la, o, = ié’m
21
Position @
=0 Vi = mgy. = mgl(l — cos &)
a, o a* .,
For small angles 1-cosa, = 2sin7’” = 7'" 81_2 2
2
a 2
V, = mgl| — |6,
Lo (8[ J "
.. 1= 1(1 5\
Position @ T,=—=16, =—| —ma" |6, V, =0
2 2112
ém = wnem

L+V=T,+V,

a* 1 2 2.2
mgl| — |+ 0+ —ma w06,
8 24

2
PN
" [
1 [3g
=—., = 4
I 2\ 1

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2378

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

STUDENTS-HUB.com

b k=350N/m 4 PROBLEM 19.96

AVVVWV
A 0.6-kg uniform arm ABC is supported by a pin at B and is attached
200mm  to a spring at A. It is connected at C to a 1.4-kg mass M which is

i attached to a spring. Knowing that each spring can act in tension or

. z compression, determine the frequency of small oscillations of the
€ system when the weight is given a small vertical displacement and
= released.
i
= k=260 N/m
T
a_
! 300 mm
SOLUTION
Data: k, =260 N/m ke =350 N/m

l,;=0200m I, =0300m
Lipe =lgs +155 =0.500 m

mypc = 0.6 kg m- =14 kg
0.200 2
My, =————m 5~ =—(0.6 kg) =0.24 k
BA T 0500 ABC T s ( 2 g
~0.300

3
My =———m 5 =— (0.6 kg) =0.36 k
BC = 5500 ABC 5( ) g

Wy = my, g = (0.24 kg)(9.81 m/s?) = 2.3544 N
Wy = myeg = (0.36 kg)(9.81 m/s>) =3.5316 N
W, =mpg =(1.4kg)(9.81 m/s>) =13.734 N

Let x, and x. be the amounts of stretch from their zero force lengths of the springs at locations A and C,
respectively. Let 8 be the small clockwise rotation of arm ABC about the fixed Point B, measured from the
equilibrium position. Let yg, and yg- be the upward movement of the mass centers of portions BA and BC

of the arm ABC.
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PROBLEM 19.96 (Continued)

Potential energy:
— — 1 1
V=Weye +WeeVpe +WpaYpa +EkAx/23 + Ekalzg
=Welpesin @ + Wy, [%IBC sin 49) Wy, {%IBA (1—cos 6’)}
1 . 2 1 . 2
+EkA(lBA sin@+d,) "‘Ekc(ch sin@+J.)
1 1
=Welgesin@ + EWBCIBC sin@ - EWBAIBA (1-cos8)
+ %kAlgA sin” @+ k41,8, sin 0 + %kAéj
+%kclgc sin® @+ koly O, sin0+%kc§g (1)
where 0, and O, are the spring elongations at the equilibrium position.
In the static equilibrium position,
1
+‘>ZMB =0: Welpe +5WBCZBC + (k0 )y + (kO )lge =0 2)
Substiting Eq. (2) into Eq. (1) gives
V= —%WBAZBA (1-cos®)+ %kAlgA sin” @

+%kczgc sin’ €+%kA5§ +%kc5§ A3)
Kinematics for position with 8 =0.
A
( ve =lgct
Y Wen 5=ty g
- 3 v =—1[,-0
A ﬁ}‘ac 5 i_g w BC =5 'BC
Ne T oA _ 1
w i Vpy =—1p,0
] - __L BA BA
| 24
1
Kineti ) — 1 I S R | 2
netic energy: T=—mve +—mgeVge +— 150" +—mp, v, +—15,6
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PROBLEM 19.96 (Continued)

1 1 1 -
=E(mclgc +§chl§c +§mBl§A)92 )
Conservation of energy: L,+V, =T, +V, ©)

Position ©. (Maximum deflection) 6 =6,

T,=0 (6)
1 [
4 =—EWABZAB(l—CosemHEkAZBA sin” 6,
t Lk 2sin® 6, + 21,82 4 Lk 52
2 2 2

For small angle 6, sing, =6,

192

I1-cos@, =251n207”’z -

1 1
Vi= 5{_EWBAZBA +kylps + kcléc)gri
ks li s (7)
5 a0 TS keOc
Position @: Maximum velocity. 8 =0
For simple harmonic motion 0=w,0, ®)
T —i(m 2ot 2 il 2 )wzez )
2_2 BC'BC 3 BC*BC 3 BA*BA n-m

Substituting Egs. (6), (7), (8), and (9) into Eq. (5) and noting that the terms containing J, and J, cancel,

0 +%(—%W3A13C +hylp, +kelpe ] 0;

Z%(mcléc +%chl§c +%mBAl§A]w56ri +0

Applying the numerical data: —%WBAZ o Fhyloy +kolpe

= —%(2.3544)(0.2) +(350)(0.2)* + (260)(0.3)*
=-0.23544+14.0+23.4=37.165 N-m
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PROBLEM 19.96 (Continued)

1 1
mcléc + 3 chllzgc + 3 Mpalzn

=(1.4)(0.3) +%(0.36)(0.3)2 +§(0.24)(0.2)2
=0.126 +0.0108 + 0.0032 = 0.1400 kg - m*
Then, %(37. 165)6> = %(0. 1400) w267,

, 37165

o} = = 265.46
0.1400

Natural frequency:

w, =16.293 rad/s

P f=259Hz 4
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' ! PROBLEM 19.97*
= Do
P \
A thin plate of length / rests on a half cylinder of radius r. Derive an expression
r for the period of small oscillations of the plate.
SOLUTION
(rsin@,)sinf, =~ ré:
2
r(l1—cos@ )=r—=
( ) 5
Position ® (Maximum deflection) T,=0
—_— o
Vi=Wy, S
: ) . M Komion
m |
=mgr—-
8 2 ||
| |
Position @ (8 =0): T,=—16 Tl
( ) 2 ) m @
_1(1), g
212 "
6,=w0,
) L ml* @6
212
L+ =T, +V,
0+—mgr6’ L Pw’6?
212
, 12gr
n lz
2
n=2—”=2ﬁ ! T, = 7l 4
a, 1 2gl" R [3gr
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PROBLEM 19.98*

As a submerged body moves through a fluid, the particles of the fluid flow around
the body and thus acquire kinetic energy. In the case of a sphere moving in an
ideal fluid, the total kinetic energy acquired by the fluid is % PVv?, where pis the
mass density of the fluid, V is the volume of the sphere, and v is the velocity of the
sphere. Consider a 500-g hollow spherical shell of radius 80 mm, which is held
submerged in a tank of water by a spring of constant 500 N/m. (a) Neglecting
fluid friction, determine the period of vibration of the shell when it is displaced
vertically and then released. (b) Solve Part a, assuming that the tank is accelerated
upward at the constant rate of 8 m/s’.

WY

SOLUTION

This is not a damped vibration. However, the kinetic energy of the fluid must be included.

(a)  Position @ T,=0 im Wy
l —
'0) @

Fg':ﬂtxw\

> VA sl ane o ol et o £ 074

— “spere

1 1
Position ® T = Topee + Tria =5, V24 " o
Vi=0

Conservation of energy and simple harmonic motion.

T,+V,=T,+V,: %msvi+ivai+O=O+%kxfn

Yo+ Lov|eer =Le
207 2 2
) k
Yomg+LpV
) 500 N/m
W, = .
0.5kg)+(4pV)
Loy —1(1000 kg/m®) i;z(o 08 m)°
2P £ 37
%pV =1.0723 kg
a)j _ 500 N/m _318 52
(0.5kg)+(1.0723 kg)
Period of vibration. T, = 2 _ 2z 7,=0.352s 4
@, 318
(b)  Acceleration does not change mass. 7,=0.352s 4
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P =P, sin oyt

'zgkg

k = 8 kN/m

5@%&3

PROBLEM 19.99

A 20-kg block is attached to a spring of constant £k =8 N/m and can move
without friction in a vertical slot as shown. The block is acted upon by a
periodic force of magnitude P = F,, sin@,t, where F, =100 N. Determine the
amplitude of the motion of the block if (a) @, =10 rad/s, (b) @, =19 rad/s,
(¢) @; =30 rad/s.

SOLUTION

Equation of motion:

The steady state response is

where

and

(a) w; = 10 rad/s:

(b) @, =19 rad/s:

(o) @, =30 rad/s:

mi+kx =P, sin@;t

P, /k

X, =—"——
@,
-(3)
o, = \/z = —8000 N/m =20 rad/s
m 20 kg

> k= 0ON_ 60125 m
8000 N/m
w
G190 o5
w, 20
X :%:0.01667 m x =166.7 mm 4
—(05) (in-phase)
N
Gr 1905
o, 20
MZ%:omzm x, =128.2 mm <«
1-(0.95) (in-phase)
w
Gr 305
o, 20
=205 0100 m x, =10.00 mm <
1-(1.5)

(out-of-phase)
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P =P, sin ot

'E;kg

k = 8 kN/m

W\Ni{*

B
=

PROBLEM 19.100

A 20-kg block is attached to a spring of constant £ =8 kN/m and can move
without friction in a vertical slot as shown. The block is acted upon by a
periodic force of magnitude P =F, sin®;7, where F, =10 N. Knowing
that the amplitude of the motion is 3 mm, determine the value of @,.

SOLUTION

Equation of motion:

The steady state response is

where

and

Solve for w,/®,:

The amplitude is 3 mm so that

so that

For the in-phase motion,

For the out-of-phase motion,

mi+kx=F, sin@;t

P, Ik
X, =—"——
w,
(%)
w, = \/z _ [S000N/m _ 20 rad/s
m 20 kg
- 10N _ 0.00125 m
8000 N/m
1/2
O - Bu
, kx,,
x,, =+0.003 m.
£, _0.00125m 4041667
kx, +0.003

w

—L = (1-0.41667)"* =0.76376

a)l‘l

w; =(0.76376)(20 rad/s) w; =15.28 rad/s <4
Wy 172

—L =(1+0.41667)"* =1.19024

[0

n

@, =(1.19024)(20 rad/s) @®; =23.8 rad/s <4
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PROBLEM 19.101
P = P, sin oyt A 9-1b collar can slide on a frictionless horizontal rod and is attached to
a spring of constant k. It is acted upon by a periodic force of magnitude
:4_2” P=P,sin t, where P, =21b and w; = 5 rad/s. Determine the value
of the spring constant k knowing that the motion of the collar has an
amplitude of 6 in. and is (a) in phase with the applied force, (b) out of
phase with the applied force.
SOLUTION
b k
Eq. (19.33): X, =—— W =—
- (2 m
()
Pm
X, = 5
k —ma
P
k=—"+ ma);
xm
Data: P, =21b, m=Y =2 _027951b-5*/ft
g 322
@, =5rad/s
P
k=-"+(0.2795)(5)
xm
P
=—"4+6.9876
le
(@)  (In phase) x,, =6in.=0.51t
k= 2 +6.9876 k=10.99 Ib/ft 4
0.5
(b)  (Out of phase) x, =—6in.=-0.5ft
k =i5+ 6.9876 k=299 Ib/ft 4
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P =P, sinat

PROBLEM 19.102

A collar of mass m which slides on a frictionless horizontal rod is attached
to a spring of constant k and is acted upon by a periodic force of
magnitude P = F, sin @,1. Determine the range of values of @, for which
the amplitude of the vibration exceeds two times the static deflection
caused by a constant force of magnitude P, .

SOLUTION

Circular natural frequency.

For

st?

For

From Egs. (1) and (2),

The amplitude of vibration is

\/?
o, =,|—
m

For forced vibration, the equation of motion is

mX+kx=P, sin (@, + @)

For w; <@, and x, =2 J,, we have

For @, > w, and x, =28, we have

Pm
X = Tk _ O
" [on 2 , 2
()] %)
2
1)
20, = O > or O
1_((0/) w, 2
o,
o1, 1k k
a, =—q, =—— a, =, |— 1
T2 2m 7 N2m M
k
2—<a)f£a)n, Ix, | exceeds 2d,
m
5, @ 1
26, = - t o _é_lz_
(0, —@,)" -1 w, 2
3 3k 3k
2 2
T2 2m 7 Nom @
O, SO < ;—k Ix, | exceeds 20,
m

Range: ’L <w; < 3k |
2m ‘ 2m
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800 mm i PROBLEM 1 9.1 03

b o A small 20-kg block A is attached to the rod BC of negligible mass
which is supported at B by a pin and bracket and at C by a spring of
I‘L

‘ constant k = 2 kN/m. The system can move in a vertical plane and is

F ¢ in equilibrium when the rod is horizontal. The rod is acted upon at C

B by a periodic force P of magnitude P = P, sin@,t, where F, = 6 N.

Knowing that b = 200 mm, determine the range of values of @, for
which the amplitude of vibration of block A exceeds 3.5 mm.

SOLUTION
. kLo
mbo
3 m ?
: 3} E‘n SIN (/J;t
N
b '
1 l
+) IMy = mb*6 = —ki*6 + P,Isinw,t
mb0 + kI’0 = P,lsinw,t
ki* .
w, = el 40 rad/s, 6 = 6, sinw,t
m
N Pl
6, = 22 100175 rad = — = — O
b w, — oy 1600 — @y
Lower frequency: 6 = 0.0175(1600 - a)ﬁ ), @, = 35.5 rad/s
Upper frequency: 6 =-0.0175(1600 — @} ), @, = 44.1rad/s
35.5rad/s < @; < 44.1rad/s 4
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PROBLEM 19.104
T =T, sin ol

An 8-kg uniform disk of radius 200 mm is welded to a vertical shaft
with a fixed end at B. The disk rotates through an angle of 3° when a
static couple of magnitude 50 N-m is applied to it. If the disk is acted
upon by a periodic torsional couple of magnitude 7' =T, sin @,f, where
T,,=60N-m, determine the range of values of @, for which the
amplitude of the vibration is less than the angle of rotation caused by a
static couple of magnitude 7,,.

SOLUTION
Mass moment of inertia: I= %mr2 = %(8)(0.200)2 =0.16 kg- m>
. . T
Torsional spring constant: K= r
T=50N-m
6 =3°=0.05236rad
k=20
0.05236

=954.93 N - m/rad

Natural circular frequency: W, = \/? = /934123 =77.254 rad/s

T
. . - é
For forced vibration, 0 = K =

m o
1—(@

For the amplitude 16,,| to be less than ¢, we must have @, > ®,.

m
N—
(3]
_
e
NE
N—
(%)

Then g1=—% g

m 2 st

2
(ﬁ] >2 o >\20,=(2)(77254)

@, >109.3 rad/s 4
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PROBLEM 19.105
' A An 18-b block A slides in a vertical frictionless slot and is
connected to a moving support B by means of a spring AB of
>L, constant k£ = 10 1b/in. Knowing that the displacement of the support
< is =0, sin @t, where 0, =6in., determine the range of values
S 56 s of @, for which the amplitude of the fluctuating force exerted by
B A o / the spring on the block is less than 30 Ib.
SOLUTION
Natural circular frequency: o, = \/Z = 1018><1bl 2 =14.652 rad/s
mn 322
0,
Eq. (19.33"): X, =——"—
-(2)
wn
. 1
Spring force: F, =-k(x, -6,)=-k6,|l-———
,
(&)
(=)
= k&,
-(2)
) )
a))l a))l
= (120)(0.50) 5> =60 5
RETRNCEY
@, @,
Limit on spring force: |F,1<301b
I
@, @, 1
60 5{<30 or <=
() ()]
a))l wﬂ
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PROBLEM 19.105 (Continued)

In phase motion. —_—<—

0o | W

-
—_
L
[ —

0; <—=a, @; <8.46 rad/s |

Out of phase motion. —_— <

<—— No solution for ;.
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6 =0, sin Wyt

A

PROBLEM 19.106

A cantilever beam AB supports a block which causes a static
deflection of 8 mm at B. Assuming that the support at A undergoes

B

a vertical periodic displacement & =6, sin @, where &, = 2 mm,

determine the range of values of @, for which the amplitude of
the motion of the block will be less than 4 mm. Neglect the weight
of the beam and assume that the block does not leave the beam.

SOLUTION

For the static condition.

Natural circular frequency.

From Egs. (19.31 and 19.33"):

Conditions:

In phase motion.

mg = ko,

“lai

¢ =9.81mjs,

W, = 81 =35.018 rad/s
0.008

('xm )B -

. =8 mm =0.008 m

|
3

0, =2 mm

w; <248 rad/s 4

®; < ‘/1—%}35.018)
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PROBLEM 19.106 (Continued)

Out of phase motion. 5’;’ <X,
1)
(o) -1
(“’f 2 -1 ! w 2
o >— Sty PR
é‘m ‘xm n 'xm
.\
L1 >15 o, >J150, ®; >429 rad/s 4
a)l‘l
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PROBLEM 19.107

Rod AB is rigidly attached to the frame of a motor running at a
constant speed. When a collar of mass m is placed on the spring, it is
observed to vibrate with an amplitude of 15 mm. When two collars,
each of mass m, are placed on the spring, the amplitude is observed

answers.)

to be 18 mm. What amplitude of vibration should be expected when
three collars, each of mass m, are placed on the spring? (Obtain two

SOLUTION

(@)  One collar: (x,,); =15 mm (0,); =

L3
m
2 k 1 2
w);=—=—(o
(@,); o 2( o

(b)  Two collars: (x,,), =18 mm

(¢)  Three collars:

(x,,); = unknown, (e,)%= 3% = %(a)n)f, [a)ﬁ] =3 [EJ
3 1

We also note that the amplitude o,, of the displacement of the base remains constant.

[0

Referring to Section 19.7, Figure 19.9, we note that, since (x,,),> (x,,), and s > Ty We must

[0
have —“-<1 and (x,),>0. However,

(wn )l

correspondingly either > 0 or < 0.

(wn )2

1. Assuming (x,,),> O:

For one collar,

(X, = O 5 +15 mm = On >
— | @ — |
1 ( @, 1 1 ( @, )1
For two collars,
) )
('xm )2 = L ) +18 mm = m 5
| @ 1-2 @ )
1 , )2 @, )y

—2— may be either <1 or>1, with (x,), being

&)

2
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PROBLEM 19.107 (Continued)
Dividing Eq. (2) by Eq. (1), member by member:
2
1-(e 2
1.2 = (w” )12, we find [EJ —l
1-2(2) @) 7
w1
T 1 90
Substituting into Eq. (1), J,=(15mm)|1- 7 = £l mm
For three collars,
S 20) mm
(x,);= m 2=(7) 1 =%mm, (x,);=22.5mm <
1-3(2) 1-3(3)
w1
2. Assuming (x,,), < 0:
S,
For two collars, we have  —18 mm = — 3)
1-2(2)
n 1
Dividing Eq. (3) by Eq. (1), member by member:
2
1= (e
~12= & )12
1-2(z)
2 2
—12+ 2.4[ﬂ] =1- (ﬁ]
o, o,
n 1 n 1
2
(ﬁ} _22_ 11
@, ) 3 1
. . 1.1 9
Substitute into Eq. (1), 0,=(15mm)|1- 17 = 17 mm
For three collars,
S 9
(x,);= m_ = (172.1 =9r1m6n’ (x,);=-5.63mm <«
1-3(2) 1-3(17) L
n 1
(out of phase)
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PROBLEM 19.107 (Continued)

Points corresponding to the two solutions are indicated below:

NS — |

-
1
!
|
o
<

U
i
Y
Y
e-
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|
|
l
|
I
|
|
|-
1
!
l
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PROBLEM 19.108

The crude-oil-pumping rig shown in the accompanying
figure is driven at 20 rpm. The inside diameter of the well
pipe is 2 in., and the diameter of the pump rod is 0.75 in. The
length of the pump rod and the length of the column of oil
lifted during the stroke are essentially the same, and equal to
6000 ft. During the downward stroke, a valve at the lower
end of the pump rod opens to let a quantity of oil into the
well pipe, and the column of oil is then lifted to obtain a

discharge into the connecting pipeline. Thus, the amount of
oil pumped in a given time depends upon the stroke of the
lower end of the pump rod. Knowing that the upper end of
the rod at D is essentially sinusoidal with a stroke of 45 in.
and the specific weight of crude oil is 56.2 1b/f’, determine
(a) the output of the well in ft’/min if the shaft is rigid,
(b) the output of the well in ft’/min if the stiffness of the rod
is 2210 N/m, the equivalent mass of the oil and shaft is 290 kg
and damping is negligible.

SOLUTION

Forcing frequency:

(a)  Rigid shaft:

Let s be the stroke at the lower end of the pump in feet. Stroke is twice the amplitude.

@y =20 rpm = 2.0944 rad/s

Cross sectional area of the flow chamber

Ay = %[(2 in)? = (0.75in.)” | = 2.6998 in” = 0.018749 f¢’

s =2x,

Volume of oil pumped per revolution:

V= Ays =0.018749s

Amplitude of motion at top of shaft:

0, %(45 in.)=22.51in.=1.875 ft

Amplitude of motion at bottom of shaft:

j— m
X, = 5
1- (2
w)l
a)n = oo

x, =0, =1.875ft
s = (2)(1.875) = 3.75 ft
V., = (0.018749 ft*)(3.75 ft) = 0.070309 ft*/rev
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PROBLEM 19.108 (Continued)

output rate: (0.070309 ft* /rev)(20 rev/min) 1.406 ft*/min <«
(b)  Flexible shaft.
k=2210 N/m mg, =290 kg

o = \/L = \/M =2.7606 rad/s

n

me, 290 kg

w

—f=M=0.75869

w, 2.7606

. L85 44178 1t

1-(0.75869)>
s =(2)(4.4178) = 8.8358 ft
V. = (0.018749 ft*)(8.8358 ft) = 0.16566 ft* /rev

oil ™

output rate: (0.16566 ft* /rev)(20 rev/min) 3.31 ft’/min 4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2399

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

% = Oy sin &yt PROBLEM 19.109
— Lﬁ : A simple pendulum of length lis suspendeq from a colla.r C which is fqrced to
move horizontally according to the relation x. =J,,sin @¢. Determine the
range of values of @, for which the amplitude of the motion of the bob is less
than o,,. (assume that J, is small compared with the length / of the pendulum).
l
SOLUTION
Xe =5l
Geometry. x=x;+Isin@ n
sing=>—C o
L
+T2Fy=may:O: Tcos@—mg=0 T =mg
*FL.3F =ma,: ~Tsin@ =mx le— %
. mg(x—1xe)
mi+——==0
l T
. & g e m X
X+ 7)6 = TXC - @
Using the given motion of xc, mq
i+8x=55 sinw,
(o
Circular natural frequency. w, = \/%
. 2. 2 .
¥+ @, x=@,6, sinwot
. o
The steady state response is X, = o
[0)
-(2)
52
= - < o
()
_( o, )
Consider X, =0
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Then

For

For

Then

PROBLEM 19.109 (Continued)

w 22 w . w 4
1- —” =1-2 —f] +[—f =1
a)n a)n a)n
w 2 w 2
[—f] =0 and [—f =2

a)n n

w

L 1=0 and —f=\/§
a)n a)n

.
0<—L <2, Ix,1>6,
a)l‘l

w
L2, Ix,1<6,
a)n

w; >\/§a)n: }ZTg

2401
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x¢ = 8, sin oyt PROBLEM 19.110

C

—Q
IR

L The 2.75-1b bob of a simple pendulum of length / = 24 in. is suspended from
—_— 0 = mussd 2 3-Ib collar C. The collar is forced to move according to the relation
Xc =0, sin @,t, with an amplitude &, = 0.4 in. and a frequency f; = 0.5 Hz.
Determine (a) the amplitude of the motion of the bob, (b) the force that must
be applied to collar C to maintain the motion.

SOLUTION

(@)
XF, =ma,
—T'sin @ = mx
XF, =Tcos@-mg=0

T =mg
mx =—mg sin @
sin@ =2
mjc'+%x=§xc =@§m sin @t
l l l :
o =8
l

. ) .
¥+ @, x=@;6, sinwot

From Equation (19.33"):

X, = O
"9
=
So w; =Q2rf;) =47° (0.5 =2° 57
2
w5:§:322ft/s :16_15_2
! 2t
0.4
x,, =—2—=0.086137 ft
1—Z_
16.1

1

| ¥c=
Smsmutt \ ¢
'

For small angles cos@ =1. Acceleration in the y direction is second order and is neglected.

-
= O—=m

)
x, =1.034in. <

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,

you are using it without permission.

2402

STUDENTS-HUB.com



https://students-hub.com
https://students-hub.com

STUDENTS-HUB.com

PROBLEM 19.110 (Continued)

)
a.=x, = —5ma)j% sin @t

c

+ -
L. XF =m.a,

F-Tsin@=m.a,

X—X

From Part (a): T =mg, sinf=

X—X

Thus, F=—mg{ ; ‘}+mcjc'c

_ 2 2 .
=—maw, x + maw, x. +m,X,

_ 2 . 2 . 2 .

= —ma@; x,, sin @;t + ma, 6, sin Wyt — m w6, sin @t

2.751b 2.751b 31b :
= {_KW)(M. 1)(0.086137) + (w—zj (16.1)(924) - (Ejﬂ'z (%)}sm mt

=-0.10326sin 7t
F =-0.1033sin ¢ (Ib) 4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2403



https://students-hub.com
https://students-hub.com

PROBLEM 19.111

—
An 18-1b block A slides in a vertical frictionless slot and is connected to a
moving support B by means of a spring AB of constant k =8 1b/ft. Knowing

S that the acceleration of the support is a=a,,sin @,f, where a, =5 ft/s*
i and @, =6rad/s, determine (a) the maximum displacement of block A, (b) the
5 :: L o, sinwyr - amplitude of the fluctuating force exerted by the spring on the block.
i ’
SOLUTION

(a)  Support motion.

a=5=amsinwft I"“
A 0o

a .
o= —[—’;J sin @t
w; :

-a,, 5 ft/s* j’ °
5, =—2== =-0.13889 ft B

on - (6 rad/s)*

From Equations (19.31 and 19.33"):

5, , k  8Ib/t
. = =

X, =—"- @ =—=""—=14311 (rad/s)’
por _lo
1-- 322
a)"
x = 013889 hot6a3 1t x, =1.100in. <

1= (%)

Al 71—
Em
(b)  xis out of phase with d for @®; =6 rad/s. ‘a-('Y—m +Sw0__
Thus °
’ E 2
g — =
F,=k(x, +9,)=281b/ft(0.091643 ft + 0.13889 ft)
=1.84431b F,=18441b 4
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PROBLEM 19.112

f A A variable-speed motor is rigidly attached to a beam BC. When the

B ¢ speed of the motor is less than 600 rpm or more than 1200 rpm, a
= small object placed at A is observed to remain in contact with the

beam. For speeds between 600 and 1200 rpm the object is observed

to “dance” and actually to lose contact with the beam. Determine the
speed at which resonance will occur.

SOLUTION

Let m be the unbalanced mass and 7 the eccentricity of the unbalanced mass. The vertical force exerted on
the beam due to the rotating unbalanced mass is

=2 . _ .
P=mra;sinw,t=F, sin@,t

Then from Eq. 19.33, X, = =—*

When the object loses contact with the beam, the acceleration la,,| is greater than g.
Let @ =600 rpm = 62.832 rad/s.

m7044 mm);:’U4
la,, |, =—F—=—*— (1)
oz
where Uzﬂ.
a)}’l
Let o, =1200 rpm =125.664 rad/s = 2@,

mF mraj (2U)*

k k
= 2
(& Py 4Ut-1
wﬂ

la,l, =
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PROBLEM 19.112 (Continued)

Dividing Eq. (1) by Eq. (2),

2_
1=4U—12 or 16-16U% =4U" -1
16(1-U?)

200%=17 U= 17
\ 20
a_ 7, 20 108465 0
, 20 17

@, = (1.08465)(600 rpm) ®, =651 rpm <
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PROBLEM 19.113

A motor of mass M is supported by springs with an equivalent spring constant k. The unbalance of its rotor is
equivalent to a mass m located at a distance r from the axis of rotation. Show that when the angular velocity

of the motor is @;, the amplitude x,, of the motion of the motor is

]

wE)

()

where @, = /i
M

SOLUTION
Rotor
boy @ r
¥ Lt ..
+i2F=ma B, sin@;t —kx = Mx
- 2P,
S\uu% £ Mx + kx = F,, sinw;t
.k P, .
X+—x=—"tsinw!
M M
; L
M
From Equation (19.33):
B
k
X, = >
w,
(%)
P mroy 5
But Tmz P k=Maw,
2
B, m [ @
m o 2| 2L
k M)\ o,
Thus,

Motor
* Pm SIN w.;t

QED. «
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PROBLEM 19.114

As the rotational speed of a spring-supported 100-kg motor is increased, the amplitude of the vibration due to
the unbalance of its 15-kg rotor first increases and then decreases. It is observed that as very high speeds are
reached, the amplitude of the vibration approaches 3.3 mm. Determine the distance between the mass center
of the rotor and its axis of rotation. (Hint: Use the formula derived in Problem 19.113.)

SOLUTION

Use the equation derived in Problem 19.113.

_ _ Yon
X = o \? T -1 l/:
1—( ) (“’f) ° P! { Wy (W

o, o
l ¥m/m)
For very high speeds, ! > 0 and xm_,@,
o; M
(%)
15
thus, 33mm=r| — r=22mm <4
100
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PROBLEM 19.115

A motor of weight 40 lb is supported by four springs, each of constant
225 Ib/in. The motor is constrained to move vertically, and the amplitude of its
motion is observed to be 0.05 in. at a speed of 1200 rpm. Knowing that the
weight of the rotor is 9 1b, determine the distance between the mass center of
the rotor and the axis of the shaft.

SOLUTION
W =401b
()
Four springs each of constant 225 Ib/in. G@ D
We note that the motor is constrained to move vertically. " ;

4(225 Ib/in.) = 900 Ib/in. = 10800 Ib/ft | 1

o= JE _ [10B00IO/A _ s s 2
m (40 1b/32.2) T T 7T T T T T 77 7777

For @ =1200 rpm =125.664 rad/s we have

x,, = 0.05 in. = 4.1667 x 10~ ft

Pm
Eq. (19.33): x,=——
-(2)
p 2
Thus: S =x,|1- {EJ
k w,

2
= (4.1667 x 107> ft)| 1 — 125664 )| _ —3.4015x 107 ft (out of phase)
93.242

P, = (10800 Ib/ft)(3.4015 x 10~ ft) = 36.736 Ib
We have found: P,=36.736 1b

For an unbalanced rotor of weight W, =9 Ib, rotating at @ = 1200 rpm = 125.664 rad/s, with the mass
center at a distance 7 from the axis of rotation, we have,

)
P,=myro

T 36.7361b =8.3231x 107> ft

mpe?® (9 16/32.2)(125.664 rad/s)?

7 =0.0999in. <4
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PROBLEM 19.116

A motor weighing 400 1b is supported by springs having a total constant of 1200 Ib/in. The unbalance of the
rotor is equivalent to a 1-oz weight located 8 in. from the axis of rotation. Determine the range of allowable
values of the motor speed if the amplitude of the vibration is not to exceed 0.06 in.

SOLUTION
Let M =mass of motor, m =unbalance mass, r = eccentricity

M = 400 _ 12.4224 1b - s% /ft
322

[ L) 2 0.001941 10528
16 \ 322

r=81n.=0.66667 ft &k =1200 Ib/in. =14,400 Ib/ft

Natural circular frequency: / /11;44202(2 34.047 rad/s

m_ (0.66667)(0.001941)
M 124224
=0.00014017 ft = 0.00125 in.
2 2
(o) ooor2s(e)

X, = = m.

, 2 [ 2
) ()

From the derivation given in Problem 19.113,

In phase motion with |x,, | < 0.06 in.

2
0.00125( % |
2
_(ﬂ)
2
a)f @5
0.00125| == | | =L | <0.06-0.06| —
, o,

a)f
0.06125 <0.06

Y < /ﬂ =0.98974
w, V0.06125

@, <(0.98974)(34.047) = 33.698 rad/s ®; <322 rpm <

<0.06

S |
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PROBLEM 19.116 (Continued)

Out of phase motion with |x,,|=0.06 in.

2
0.00125 (%)
5 L <0.06
(&) 1
a)ﬂ
()] 2 w 2
0.00125| - | <0.06| =L | —0.06
a)l‘l a)n
2
Wy
0.06 < 0.05875| —
a)n
.,
Dr o |906 61058
o, \0.05875
@; > (1.01058)(34.047) = 34.407 rad/s ®; >329 pm <
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PROBLEM 19.117

A 180-kg motor is bolted to a light horizontal beam. The unbalance of
its rotor is equivalent to a 28-g mass located 150 mm from the axis of
2= rotation, and the static deflection of the beam due to the weight of the
A motor is 12 mm. The amplitude of the vibration due to the unbalance can

be decreased by adding a plate to the base of the motor. If the amplitude
of vibration is to be less than 60 g#m for motor speeds above 300 rpm,
determine the required mass of the plate.

SOLUTION
Before the plate is added, M,=180kg, m= 28x107 kg
r=150mm=0.150 m
Equivalent spring constant: k= W Mg
G Oy
k= M =147.15x10° N/m
12x10~

Let M, be the mass of motor plus the plate.

Natural circular frequency. W, = L
M,
Forcing frequency: @®; =300 rpm =31.416 rad/s

=0.006707M,

® k 147.15x10°

n

[QT oM, (31.416)°M,
From the derivation in Problem 19.113,

(ﬂz)(”;:f
(%)

For out of phase motion with x, =—60x 107° m,

m

[7(0'150“528“0_‘ : } (0.006707M,)
1-0.006707M,

-60%x107° =

—-60x107° +(60x107°)(0.006707)M, = 28.170x10™°

402.49x10° M, =88.170x10°°
M, =219.10 kg

Added mass: AM =M, -M, =219.10—-180 AM =39.1kg <
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PROBLEM 19.118

The unbalance of the rotor of a 400-1b motor is equivalent to a 3-oz weight
located 6 in. from the axis of rotation. In order to limit to 0.2 1b the
amplitude of the fluctuating force exerted on the foundation when the motor
is run at speeds of 100 rpm and above, a pad is to be placed between the
motor and the foundation. Determine (a) the maximum allowable spring
constant k of the pad, (b) the corresponding amplitude of the fluctuating
force exerted on the foundation when the motor is run at 200 rpm.

SOLUTION

Mass of motor.

Unbalance mass.

Eccentricity.

Equation of motion:

Transmitted force.

For out of phase motion,

(@) Required value of k.

Solve Eq. (1) for k.

Data: |F,1=0.21b

M = 400 _ 12.422 1b - s>/t
322

m= 3L =0.0058231b - s> /ft
16 )\ 32.2

r=6in.=0.5ft

.. _ . _ 2 .
MXx + kx = B, sin @yt = mre; sin @t

(—Ma); +k)x, = mm)j%

2
‘= mray
m >
k—Ma)f
kmra)jzp
F, =kx, =
k—Ma)f
kmra);
IFmI=T (D
Ma)f -k

|F,| (M} —k) = kmray
k(mra;+1F, ) =IF,| M o}

2
_E I May;

=——
mr@; +1F,|
@®; =100 rpm =10.472 rad/s

(0.2)(12.422)(10.472)*

= k=5251b/ft 4
(0.005823)(0.5)(10.472)* +0.2

=524.65
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(b)

Force amplitude at 200 rpm.

From Eq. (1),

PROBLEM 19.118 (Continued)

;= 20.944 rad/s

IF | = (524.65)(0.005823)(0.5)(20.944)>

m

(12.422)(20.944)* — 524.65

|F,1=0.13611b <
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PROBLEM 19.119

‘\._' A counter-rotating eccentric mass exciter consisting of two rotating 100-g
masses describing circles of radius r at the same speed but in opposite senses
is placed on a machine element to induce a steady-state vibration of the
element. The total mass of the system is 300 kg, the constant of each spring is
k = 600 kN/m, and the rotational speed of the exciter is 1200 rpm. Knowing
that the amplitude of the total fluctuating force exerted on the foundation is

"4

& & 160 N, determine the radius r.
& "k
& B\
SOLUTION
Zmrw]% ok
P, = 2mra)%, X, = %, a)f =—
() "
1_ _J
@y
) 2mra)f
With 2kx,, =160N = +——, W, = 407 rad/s
M a)f
T

Solving for 7,

2
(300 kg)(407 57" )
160 N| 1~ 1200000 N/m

F=+ ———— =0.1493m
2(0.1kg)(407 s

r =149.3 mm 4
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PROBLEM 19.120

A 360-Ib motor is supported by springs of total constant 12.5 kips/ft. The unbalance of the rotor is equivalent
to a 0.9-0z weight located 7.5 in. from the axis of rotation. Determine the range of speeds of the motor for
which the amplitude of the fluctuating force exerted on the foundation is less than 5 Ib.

SOLUTION

(R,

Sl

1

-5lb

From Problem 19.113 X, =
oy
- (%)
k rma)’%
And (FT)m = kxm’ ﬁ = a)n’ (FT)m = |: w‘. 2
1- 4) }
@y
09 1p
Then rm = (7—5 ftj (16—)2 = 0.00109181b-s
12 32.2 fils
ok 125001b/ft 5
@ == an = 1118.1s
32.2 fi/s2
VA
2 wf
(Fp),, = (0.0010918 Ib-s*) ——5—
i
1118.1
o}
or E) |1——L—|=(0.0010918 1b-s*)a>
(F7) 2
E) =|—Lm 4 (0.0010918) |
Then o = 1118.1(F;),,
(F),, +1.2207
(@) (F), =+5 @ —1118'1(5) 898.69 s>
a = . = = . S,
Tm 5 41.2207
op < 29.978 rad/s
< 286.26 rpm w; < 286 rpm 4
1118.1 (-5) s
b F) =-5 @ =—>—~ " =1479.2572,
® Frn f 5 4+1.2207
w; > 38.461rad/s
> 367.27 rpm w; > 367 rpm 4
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P =P, sin st

11/ =0, sin @yl

PROBLEM 19.121

Figures (1) and (2) show how springs can be used to support a
block in two different situations. In Figure (1), they help
decrease the amplitude of the fluctuating force transmitted by
the block to the foundation. In Figure (2), they help decrease
the amplitude of the fluctuating displacement transmitted by the
foundation to the block. The ratio of the transmitted force to
the impressed force or the ratio of the transmitted displacement
to the impressed displacement is called the transmissibility.
Derive an equation for the transmissibility for each situation.
Give your answer in terms of the ratio @,/@, of the frequency
a of the impressed force or impressed displacement to the
natural frequency @, of the spring-mass system. Show that in
order to cause any reduction in transmissibility, the ratio ./,
must be greater than V2.

SOLUTION

(1)  From Equation (19.33): X,
Force transmitted: (P),, =
Thus,

(2)  From Equation (19.33'):
Displacement transmitted: X,

For —(};C)”’ or 3* to be less than 1,

m

Pm
Tk
2
[0)
(2]
B
k
kx, =k o \2
1_(%)
P
Transmissibility = Fr)y 1 > 4
P, 1— (2
_(w)
. o X,
5 Transmissibility =2 =——— 4
() (3]
- mo1-
@, @,
1

(4]
52 QED. 4
(4]
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PROBLEM 19.122
3 A vibrometer used to measure the amplitude of vibrations consists
b essentially of a box containing a mass-spring system with a known
3 natural frequency of 120 Hz. The box is rigidly attached to a surface,
" which is moving according to the equation y =4, sin @, 1. If the
= 1 I amplitude z,, of the motion of the mass relative to the box is used
Y = Om ST O as a measure of the amplitude &, of the vibration of the surface,
determine (a) the percent error when the frequency of the vibration
is 600 Hz, (b) the frequency at which the error is zero.
SOLUTION
S,
x=| o sin @, t
oy
y =0, sinwt
z =relative motion
S,
g=x—y= @ m|sinogt
o,
1 5,
-5 ——1|_ "o
Zm —m 1 & - o>
@, 1-=
9 600
. 600
(@) o w (1) =2 10417 <
5m 1— @5 1-— ( 600 ) 24
p 120
Error =4.17%
@
Z Ion
b M=l=—
(b) 5
o
0)2
1= w—;
Iy =gfn =g(120)=84.853 Hz f, =849 Hz 4
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PROBLEM 19.123
A certain accelerometer consists essentially of a box containing a
mass-spring system with a known natural frequency of 2200 Hz.
The box is rigidly attached to a surface, which is moving according
to the equation y =6, sin @;t. If the amplitude z,, of the motion of
1 o the mass relative to the box times a scale factor @’ is used as a
y =0y, sinwyl . . 2 . .

— | measure of the maximum acceleration ¢, =9,,@; of the vibrating
surface, determine the percent error when the frequency of the
vibration is 600 Hz.

SOLUTION
S,
x=\ o sin @, t
2
y=0,sinwt
z=relative motion 7777 /7/1/7/7/7{ 7777
J, S
7=x—y= l—ﬁ m |sin @t
o
2
[0}
Ly %
Zm = 5m 1 _ ﬁ = wZ
o ] 1=
The actual acceleration is a, = —a)j% 0,
The measurement is proportional to 2 ;-
5 2
Then nn _ Zn | D
a,  0,| o
B 1
- 2
(2]
_ 1
- 2
600
1- ( 2200 )
=1.0804 Error =8.04% <
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PROBLEM 19.124

Block A can move without friction in the slot as shown and is acted upon by
a vertical periodic force of magnitude P =F), sin @,t, where @, =2 rad/s
and P, =20 N. A spring of constant k is attached to the bottom of block A
and to a 22-kg block B. Determine (a) the value of the constant k£ which will
prevent a steady-state vibration of block A, (b) the corresponding amplitude
of the vibration of block B.

P =P, sinost

s
SOLUTION
In steady state vibration, block A does not move and therefore, remains in its original equilibrium position.
Block A: +|ZF =0
kx =—F, sin @t (1)
. + — ¥ Fa=\WWa
Block B: |2F = myx { r P=~Pw;%\ng,t
mpX+kx=0
A
X=X, sin @,t ]/MAQ
@’ = kim, { &y
From Eq. (1): kx,, sin @,t = —P, sin @, &x
x
=®, =2rad/ )
®, = ; rad/s My B
kx, =—P, E—
k
w, = [—
g
k=myw;
(a) Required spring constant. k=(22)(2)* k=88.0 N/'m <«

(b)  Corresponding amplitude of vibration of B.

k'xm = _Pm
Pm
X, =——"
k
m 2_—20 N x, =—0227m <«
88 N/m
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PROBLEM 19.125

A A 60-Ib disk is attached with an eccentricity e =0.006 in. to the midpoint of a
vertical shaft AB, which revolves at a constant angular velocity @,. Knowing that
the spring constant k for horizontal movement of the disk is 40,000 1b/ft, determine
(a) the angular velocity @, at which resonance will occur, (b) the deflection r of
the shaft when @, =1200 rpm.

B

SOLUTION

G describes a circle about the axis AB of radius 7 +e.

Thus, a,=(r+ e)a)jzc
Deflection of the shaft is F=kr
Thus, F =ma,

kr =m(r + e)a)jzc

m [0)
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(@) Resonance occurs when

(b)

PROBLEM 19.125 (Continued)

Wy =a,, i1.e.,r — o
o = \/E _ [k
m w

_ /(40,000)(32.2)
60

=146.52 rad/s
=1399.1rpm

1399.1

1_( 1200 )2
1399.1

(0.006 in.)(2,)°
r —

=0.01670 in.

®, = o; =1399 rpm <

r=0.01670 in. <
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PROBLEM 19.126

A small trailer and its load have a total mass of 250-kg. The trailer
is supported by two springs, each of constant 10 kN/m, and is
pulled over a road, the surface of which can be approximated by a
sine curve with an amplitude of 40 mm and a wavelength of 5 m
(i.e., the distance between successive crests is 5 m and the vertical
distance from crest to trough is 80 mm). Determine (a) the speed at
which resonance will occur, (b) the amplitude of the vibration of
the trailer at a speed of 50 km/h.

SOLUTION
Total spring constant k=2(10x10° N/m) el
3 ) Sm‘-'-" 40"\?‘"
=20x10" N/m P
X
3 I \__/-
@ o2 =k 20X Nm o oy —
m 250 kg t %
A=5m
\ &r
8, =40 mm =40x10"m g-_-.smsmwgt
y=9, sinz—zx where x=vt
y=0,sinwt
o, = 2z
S )
5, =40 mm=40x10"m
. , o
From Equation (19.33): X, =5~
(-7)
o
2y -1
Resonance: ; === w, =805,
v="7.1176 m/s v=25.6km/h 4
(b))  Amplitude at v =50 km/h =13.8889 m/s
w; = M =17.4533 rad/s
@} =304.60 s
-3
3, =200 " _ 1y 046107 m x, =—14.25 mm <
Y m
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PROBLEM 19.127

arbitrary initial velocity.

Show that in the case of heavy damping (c >c.), a body never passes through its position of equilibrium O
(a) if it is released with no initial velocity from an arbitrary position or () if it is started from O with an

SOLUTION

(@ t=0, x=x,

From Egs. (1) and (2):

Solving for ¢, and c,,

Recall that

v=0:

Substituting for C; and C, in Eq. (1), x=

Ae™' — et =0

0<

Since ¢ > c,., we use Equation (19.42), where

A4 <0, 4, <0

x=CeM +C,e™

p=d CAe™ +Cyhe™
dt
xy=C +C,
0=CA4 +C,4,
C = ! X
h -4
G, = A Xy

/12)6_2/11 [ﬂ'zeﬁlr B ﬂleﬂzr]

For x=0: when ¢ # o, we must have

A _ A

A, <0, 4, <0. Choosing 4, and A, so that 4, <A, <0, we have

%<1 and A4, -4 >0

The x—t curve for
this case is as shown.

6]
2

3)

Thus a positive solution for ¢ >0 for Equation (3) cannot exist, since it would require that e raised to a
positive power be less than 1, which is impossible. Thus, x is never 0.

'
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PROBLEM 19.127 (Continued)

(b) t=0, x=0, v=v,: Equations (1) and (2) yield

0=C +¢C,
v =CiA4 +Coh,
v
Solving for C, and C,, C=——9
B R
C,=—2
A =4
v
Substituting into Eq. (1), x=—0 [eh — A
AH—4
For x =0, and t>0
ot = oMt

For ¢>c., A, # 4,; thus, no solution can exist for #, and x is never 0 when ¢ > 0.

The x—t curve for this %
motion is as shown.

of t <«
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PROBLEM 19.128

Show that in the case of heavy damping (c >c,.), a body released from an arbitrary position with an arbitrary
initial velocity cannot pass more than once through its equilibrium position.

SOLUTION
Substitute the initial conditions, ¢ =0, x = x,, v = v, in Equations (1) and (2) of Problem 19.127.

X =C+C, vy =CA4 + G4,

Solving for C, and C,, C = =A%)
b =4
(vo = AX)
C,=-2 A X
=4
T 1
And substituting in Eq. (1) x= m[(vo - Ax, )eﬂit —(vyg — X, )e/w]
2 =M
For x=0, t # co: (Vo = A%y )e™ = (vy — Ayxp)e™
oA = (v =A%)
(Vo = A1 %)
1 Vo — Ay X

t= In
(A=A vo—Aix
This defines one value of ¢ only for x =0, which will exist if the argument of the natural logarithm is positive,
ie., if % >1. Assuming 4 < 4, <0,

this occurs if v, < 4,x,.

Y
v SLOPE= A Xy,
o

~~ \/‘o -~

N — + ' + <
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PROBLEM 19.129

In the case of light damping, the displacements x;, x,, x;, shown in Figure 19.11 may be assumed equal to
the maximum displacements. Show that the ratio of any two successive maximum displacements x, and x,
is a constant and that the natural logarithm of this ratio, called the logarithmic decrement, is

X, 27(clc,)
In =

Xnt1 \/l - (c/cc)2

SOLUTION
For light damping,
Equation (19.46): x= xoe_(ﬁ)r sin(ayt + @)
At given maximum displacement, t=t,, x=x,
sin(ayt, + @) =1
x, = xoef(ﬁ)'"
At next maximum displacement, I=t,, X=X,
sin(ayt,,; +@) =1
Xps1 = )Coe_(ﬁ)tml
But Wpt, — Opt, =27
2
tn+1 - tn =
@p
X xpe
Ratio of successive displacements: —= %
Xntl Xpe 2

— e_ﬁ(rn_rnﬂ) = 2m wp

Thus, (D
From Equations (19.45) and (19.41):

2|
Thus, Inn_— (C") QED. «
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PROBLEM 19.130

the maximum displacement.

In practice, it is often difficult to determine the logarithmic decrement of a system with light damping defined
in Problem 19.129 by measuring two successive maximum displacements. Show that the logarithmic
decrement can also be expressed as (1/k)In(x,/x,,,), where k is the number of cycles between readings of

SOLUTION

and sin(@,t,,, +¢)=1.

Ratio of maximum displacements:

But

Thus,

But from Problem 19.129, Equation (1):

Comparing with Equation (2),

WOply i

log decrement = In

(&)

X, = Xye
.
I € Y
Xntk = Xo€
() _
xn = .er :ez_irln(tnftwk)
Xk xoe(z;ﬁ})’w
—wpt, =k(2r)
2
n- tn+k =k
D
X, ¢ |2kx
Kk 2m\ @
X, cr
In——=k
Xn+k mar,
X, (&4
Xpyp  Mp

log decrement = %ln

As in Problem 19.129, for maximum displacements x, and x,,, at f, andt,,,, sin(ayt, +¢) =1

2

Y QED. 4

Xn+k
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PROBLEM 19.131

In a system with light damping (c<c,), the period of vibration is commonly defined as the time interval
7, =2r/w, corresponding to two successive points where the displacement-time curve touches one of the
limiting curves shown in Figure 19.11. Show that the interval of time (@) between a maximum positive
displacement and the following maximum negative displacement is %Td, (b) between two successive zero
displacements is %Td, (c) between a maximum positive displacement and the following zero displacement is
greater than +7,.

SOLUTION

Equation (19.46): x= xoe_(ﬁ)t sin(@,t + @)

(a) Maxima (positive or negative) when x =0:
X=X [—C ]e( el sin(@,t + @) + x,, ef( el cos(@,t + @)
(5 i 0% i

Thus, zero velocities occur at times when

x=0, or tan(w,t+¢)= 2ma, (D
The time to the first zero velocity, ¢,, is
[tamf1 (L’Cw" ) - ¢]
f = - 2)
i
The time to the next zero velocity where the displacement is negative is
[tan_l (zy”fw”) -¢+ 7Z':|
t= . 3)
i
Subtracting Eq. (2) from Eq. (3),
’ T T Td Td
-ty =—=—"==-% QE.D.
b w, 2r 2 Q
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PROBLEM 19.131 (Continued)
(b)  Zero displacements occur when
sin(wyt +¢) =0 or at intervals of
ot+@¢=71, 27 nxw
) = (7 — , -
Thus, (B =Z=9) and (1)), = @r-9)
@y @y
Time between 0 = ()= (1) =" " _ % gD,
), 2 2
TAN (w
o
Plot of Equation (1)
(¢)  The first maximum occurs at 1: (w,t, + 9)
The first zero occurs at (w;(t)y+O)=7
From the above plot, (@, (1) + ) — (@pt, + ) > %
V4 7,
or t)o—t,>— (1), —t, >+ QE.D.
2w, 4
Similar proofs can be made for subsequent maximum and minimum.

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2430

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 19.132

A loaded railroad car weighing 30,000 Ib is rolling at a constant velocity vy when it couples with a spring and
dashpot bumper system (Figure 1). The recorded displacement-time curve of the loaded railroad car after
coupling is as shown (Figure 2). Determine (a) the damping constant, (b) the spring constant. (Hint: Use the
definition of logarithmic decrement given in Problem 19.129.)

06~ | 041 s |

0.5 =
0.4
0.3
0.2 - 0.12 in.

0.1

0.51n.

I

Displacement (in.)

I
01l 0.2 0, 0.6 5 |
Time (s)

02

-0.3

(1) (2)

SOLUTION

_ W _ 30,000
g 322
=931.67 Ib-s*/ft

Mass of railroad car:

The differential equation of motion for the system is
mx+cx+kx=0

For light damping, the solution is given by Eq. (19.44):

(%) .
x=e &) (C; sinw,t + C, cos w,t)
From the displacement versus time curve,

7,=041s

0, = =2 15305 radss
7, 04l

At the first peak, x;, =0.5 in. and £ =¢,.
At the second peak, x, =0.12 in. and t =, + 7.

~(F) T _
Forming the ratio -2, X _ L _ (1)
X x] e—(ﬁ)ll
ﬂ

N

X
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PROBLEM 19.132 (Continued)

(@) Damping constant.

From Eq. (1): % =In [;C—IJ
2
c= Z—mlnﬁ
g X
_ (2)(931.67) In 0.5
0.41 0.12
=6485.9 Ib-s/ft c=6.49 kip - s/ft 4

(b)  Spring constant.

2
Equation for a: @) = LA (ZL]
m m
62
k= ma)j +—
m
2
=(931.67)(15.325)* (048597
(4)(931.67)
=230x10" Ib/ft k =230 kips/ft
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PROBLEM 19.133

A torsional pendulum has a centroidal mass moment of inertia of 0.3 kg-m2 and when given an initial twist
and released is found to have a frequency of oscillation of 200 rpm. Knowing that when this pendulum is
immersed in oil and given the same initial condition it is found to have a frequency of oscillation of 180 rpm,
determine the damping constant for the oil.

SOLUTION

Let the mass be rotated through the small angle €from the equilibrium position.

Couples acting on the mass:

Equation of motion:

Solution for light damping:

where

Shaft: —K@

oil: -Cé
SM=16:-K0—-CO=16
16+CO+KO=0

_ At : .
0=e"(C;sinw,t+C,sinw,t)

1=
21
/K
), ==
1
@, =\ &} —

When there is no oil, assume C = 0.

When oil is present,

Damping constant for oil.

o, =200 rpm = 20.944 rad/s

@,; =180 rpm =18.8496 rad/s

A=\& -} =9.1293 5!

C=211=(2)(03 kg -m>)(9.1293 s™")

C=548N-m-s 4
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PROBLEM 19.134

The barrel of a field gun weighs 1500 1b and is returned into firing position after recoil by a recuperator of
constant ¢ =1100 1b-s/ft. Determine (a) the constant k& which should be used for the recuperator to return the
barrel into firing position in the shortest possible time without any oscillation, (b) the time needed for the
barrel to move back two-thirds of the way from its maximum-recoil position to its firing position.

SOLUTION
(@)
C
A LS

Then

(b)

Thus,

Using the initial conditions,

and

Thus,

For

But

Then

Solving by trial for @,t gives:

A critically damped system regains its equilibrium position in the shortest time.

Cc=¢C

c

=1100

= 2m\/Z
m

For a critically damped system, Equation (19.43):

We take =0 at maximum deflection Xx;.

(5) (e
k = =2 = 6494 Ib/ft k = 6490 Ib/ft <
m Y
32.2 fus”
x=(C, +Cyt)e ™"
x(0)=0
x(0) = x,
X(O) =Xy = (Cl +0)€0, SO Cl =X
x=(xy+ Czt)efw"'
x=-0,(xy +Cot)e " + Cre™ ™"

(0)=0=—m,x,+C,, so C,=am,x,

x=x,(1+ a)nt)efw”t

=2 Loqhgnee
373
w,t=2.289
o :\/E: 6494 Ib/ft _ | o0
m ( 1500 Ib )
32.2 fi/s?
_ot _ 2289 0307 1=0.1939s <
o, 11.807
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P=P,, sin o PROBLEM 19.135

A platform of weight 200 Ib, supported by two springs each of constant
k = 250 Ib/in., is subjected to a periodic force of maximum magnitude
equal to 125 Ib. Knowing that the coefficient of damping is 12 Ib-s/in.,
4 4 determine (@) the natural frequency in rpm of the platform if there were
> @ > no damping, (b) the frequency in rpm of the periodic force corresponding
< 9 < to the maximum value of the magnification factor, assuming damping,

= @) = (c) the amplitude of the actual motion of the platform for each of the
frequencies found in parts a and b.

SOLUTION

(a) No Damping:
k = 2(250 Ib/in.) = 500 Ib/in. = 6000 Ib/ft

0, = |~ = G000 _ 31 08 radss
m (2000 1b)/(32.2 ft/s7)
f=4.947 Hz
£ =297 rpm <
(b) Damped Motion:
¢ =12 1b-s/in. = 144 1b-s/ft
¢, =2mam, = (2) 200 (31.08) = 386.09 1b-s/ft
322
o 14t o

¢, 386.09 Ib-s/ft
From Eq. (19.53):

. . L . w
For maximum amplitude we set equal to zero the derivative with respect to [—J of the square of the
n

denominator.
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PROBLEM 19.135 (Continued)

Rearranging, we obtain

@ _ 0.84958 o = (0.84958)w, =(0.84958)(31.08 rad/s)
a)n
@ = 26.405 rad/s £ =4.2025 Hz f =252 1pm <
(c¢) Amplitude:
B
From Eq. (19.53): X, = k

2
D-erT e
For part (a) with P, =1251b and @ = w,

125 Ib

X, = o000 bt = 0.02793 ft x, = 0.335 in. 4
\/[1 — 17> +[2(0.37297) ()]
For part (b) with P, =125 Ib and [EJ =0.84958
a)}’l
125 b
6000 Ib/ft =0.0301 ft

Xn =
JII = (0.84958)° % + [2(0.84958)(0.37297) 2
x,, = 0.361 in. 4
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PROBLEM 19.136

A 4-kg block A is dropped from a height of 800 mm onto a 9-kg block B
which is at rest. Block B is supported by a spring of constant k =1500 N/m
and is attached to a dashpot of damping coefficient ¢=230 N-s/m.
Knowing that there is no rebound, determine the maximum distance the
blocks will move after the impact.

800 mm

SOLUTION

Velocity of Block A just before impact.

vy =4+/28h

=./2(9.81)(0.8)

=3.962 m/s

Velocity of Blocks A and B immediately after impact.

Conservation of momentum.

muv, +mgvg =(my +mg)v’
(4)(3.962)+0=(4+9)n’
v =1.219 m/s voA

! l
—=—= -5 l—{ (HPACT
% =+1219 mss | = %, L

Static deflection (Block A): Xy = —% . l A l

_ (9)0.82) \ B N

1500

=-0.02619 m

x =0, Equilibrium position for both blocks: I

¢, =2\Vkm
=2,/(1500)(13)
=279.3 N-s/m

Since ¢ <c,, Equation (19.44): xX= ef(ﬁ)t[C1 sinw,t + C, cos w,t]

c 230
2m  (2)(13)
=8.846 s
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PROBLEM 19.136 (Continued)

2
Expression for @, ) = k_ (%)
m m
1500 ( 230 Y
a)d = |——
13 (a3)
=6.094 rad/s

x = e ¥, 5in 6.0941 + C, cos 6.0941)

Initial conditions: Xy =-0.02619 m '
(t=0) i,=+1.219 m/s
x, =—0.02619 = ¢°[C,(0) + C, (1)]
C, =-0.02619
%(0) = —8.846¢ ¥, (0) + (—0.02619)(1)]

+e OO [6.004C, (1) + C, (0)] =1.219

1.219 = (-8.846)(—0.02619) + 6.094C,
C, =0.16202

x=e 38461(0.16202sin 6.0947 — 0.02619 cos 6.094¢)

Maximum deflection occurs when x=0

% =0=-8.846¢ %" (0.162025in 6.0941, —0.02619c0s6.094t, )

+ ¢ 3349 [6.094][0.1620 05 6.0941, +0.026195in 6.0941, ]
0 =[(~8.846)(0.16202) + (6.094)(0.02619)]sin 6.094,,

+[(—8.846)(—0.02619) + (6.094)(0.1620)] cos 6.094t,,
0=—1.274sin6.0947, +1.219c0s6.094¢,

tan 6.094¢,, = 1219 =0.957
1.274

-1
Time at maximum deflection =¢,, = tan_0.957 _ 0.1253 s
6.094
x,, = ¢ ®300I3I10 16205in(6.094)(0.1253)
—0.02619 co0s(6.094)(0.1253)]

x,, =(0.3301)(0.1120 - 0.0189) =0.0307 m

Blocks move, static deflection + x,, Total distance = 0.02619 + 0.0307 = 0.0569 m =56.9 mm <«
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PROBLEM 19.137

A 3-kg slender rod AB is bolted to a 5-kg uniform disk. A dashpot of
damping coefficient ¢ =9 N - s/m is attached to the disk as shown.
Determine (a) the differential equation of motion for small oscillations,

(b) the damping factor c/c,.

400 mm

SOLUTION
Data: r=100 mm =0.100 m, /=400 mm =0.400 m

T :%mdiskrz = %(5 kg)(0.100 m)* = 0.025 kg - m*

TAB =%mABl2 = é@ kg)(0.400 m)* =0.040 kg- m?
W, =myp8 = (3 kg)(9.81 m/sz) =2943 N
c=9N-s/m

Equation of motion: Let the disk and rod assembly be rotated through a small counterclockwise angle 6

I

)
IM = Z(M )it

~Wypgx — Fyr = I_(jiské + TABé + myp (éﬁjé
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PROBLEM 19.137 (Continued)

.
where Wapgx = Wyp Esm 0

= (29.43 N)(0.2 m) sin &
= 5.886 sind N - m
~ —5.886 0

Damping force: F, = cré

F,r=cr’0=(9 N-s-m)(0.100 m)*6 =0.096 = C6

2
Inertia: Ly + 1ag +myp (éj =0.025+0.040+(3)(0.2)> =0.185 kg - m”

—5.8860 —0.099 = 0.1856
0.1856 +0.096 + 5.8860 =0
MO+CO+KO=0

‘/ 5 886 =15.6406 rad/s
V 0 185

=2 Mw, =(2)(0.185)(5.6406) = 2.087
c C 009

e _€_00 £ 200431 <
c. C. 2087 c,
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PROBLEM 19.138

S A uniform rod of mass m is supported by a pin at A and a
D k spring of constant k at B and is connected at D to a dashpot of
A S D damping coefficient c¢. Determine in terms of m, k, and c, for
o) 6 small oscillations, (a) the differential equation of motion,
B (b) the critical damping coefficient c,.
c
1 L
2 2 '

SOLUTION
In equilibrium, the force in the spring is mg.
For small angles, sin@ = @ cos@ =1
l
5)73 = E 0
Oy =10
(a) Newton’s Law: IM = (M )
/Jr\m_gl_ kil9+mg i—cllS"l =70{+mc_lr£
2 2 2 2
Kinematics: a=6
at = L o= L 0
2 2
2. . A
I +m(—j €+c12¢9+k(5] 0=0
— (1Y 1 . (3¢, (3K
I+m|—| ==ml* O+ =6+ —|0=0 <
2 3 m 4m
(b)  Substituting € = ¢* into the differential equation obtained in (a), we obtain the characteristic
equation,
pE (3_")4 X o
m 4dm
()
and obtain the roots A== - -

The critical damping coefficient, c,, is the value of ¢, for which the radicand is zero.

2
Thus, (36" j = % c, = k_m |
m m \V 3
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PROBLEM 19.139

Equivalent spring:

Critical damping coefficient:

Damping coefficient:

Damping ratio:

Amplitude:

where

Undamped natural frequency:

&_ﬁz 2.5Hz

k =2(200) =400 1b/in. = 4800 Ib/ft

\/7 4800 =13.90 rad/s
\ 800/32 2

£=G B,
2r 2w

&

¢, =2 mw, —2(530 )(13 90) =691 Ib - s/ft

¢=81b-s/in.=96 Ib - s/ft

<% 01390
c, 691

P,k
X =

T e

=S - =22 1130
w, f, 2212Hz

n

Substituting into Eq. (1) with P, =30 Ib, we have

_ 30 1b/400 Ib/in,
JI=(1L.130)° T +[2(0.1390)(1.130)

- L7
g = A machine element weighing 800 1b is supported by two springs, each having a
= = constant of 200 lb/in. A periodic force of maximum value 30 1b is applied to the
M F@ element with a frequency of 2.5 cycles per second. Knowing that the coefficient
of damping is 8 Ib-s/in., determine the amplitude of the steady-state vibration of
the element.
SOLUTION

)]

x,, =0.1791 in. <
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PROBLEM 19.140

v L7
= = In Problem 19.139, determine the required value of the coefficient of damping
= = if the amplitude of the steady-state vibration of the element is to be 0.15 in.
O 6 O | . |
PROBLEM 19.139 A machine element weighing 800 1b is supported by two
springs, each having a constant of 200 1b/in. A periodic force of maximum
I value 30 Ib is applied to the element with a frequency of 2.5 cycles per
second. Knowing that the coefficient of damping is 8 Ib-s/in., determine the
* amplitude of the steady-state vibration of the element.
SOLUTION
Equivalent spring: k =2(200) =400 1b/in. = 4800 Ib/ft
Undamped natural frequency: ( / 4800 =13.90 rad/s
800/32.2
£=G B,
2 2w
. . _ 800
Critical damping coefficient: c,=2mw, =2 — e (13.90) =691 b - s/ft
P,k
Amplitude: X, = ! (D)
1-(2) } o[2e]
w
where O _Jr_ 25Hz g
w, f, 2212Hz
Using x,, =0.15in., P, =30 Ib, and k =400 Ib/in.
015 in.= 30 1b/400 1b/in. :
\/[1— (1.130)*1? +[2 C(1.130)}
CC
Solving for =, we find -==0.1842.
Since ¢, =691 1b-s/ft, we have
¢ =(0.1842)(691) c=1273 1b-s/ft
or c¢=10.611b-s/in. 4
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PROBLEM 19.141

In the case of the forced vibration of a system, determine the range of values of the damping factor c/c, for
which the magnification factor will always decrease as the frequency ratio @,/@, increases.

SOLUTION

’ I
LA,
‘l’

- ]
1 /\l/ -‘- -
s

P, Ik
o £ =025
)
/é§/ YQ§§<-é=ua
lr—< |
\\\‘\~. é--lxn
K e 2 3
W
From Eq. (19.53)":
cp X, 1
Magnification factor: - = -
k o, \? Ao\ T
() | 2]
. c . . . X, r
Find value of — for which there is no maximum for -~ as —— increases.
CC ]:l n
X 2 ; 2 2
d(ﬂt) {2 1= () |- +as
Tk
= =0
2 2
a() 27 N[\
o) =) | )
X 22
—2+2(W) +4C—2=0
c
. \2 2
& s
CC
C2 1 X, (OF
For —-2 5 there is no maximum for (P ) and the magnification factor will decrease as —— increases.
C m a,
c k n

! £>0707 <

NA) c.

C
~>
C
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PROBLEM 19.142

Show that for a small value of the damping factor c/c., the maximum amplitude of a forced vibration
occurs when @, =@, and that the corresponding value of the magnification factor is %(c/cc).

SOLUTION

From Eq. (19.53"):

. X
Magnification factor = —* =
&

. on X, . .
Find value of — for which P—’” is a maximum.
@ &

w
—24+2| L | +4/ £ | =0
a)n CC
1)
For small i, <1 0, =0,
CC n
w
For —=1
K _ 1 o1l 4
2 ¢

»‘S"U
|
-
—
|
—_
=
(%)
+
1
[\
—_—
o ‘m
S—
Pr—
1
[ %)
—_—
»\;u
S—
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PROBLEM 19.143

A counter-rotating eccentric mass exciter consisting of two rotating 14-oz masses
describing circles of 6-in. radius at the same speed but in opposite senses is
placed on a machine element to induce a steady-state vibration of the element
and to determine some of the dynamic characteristics of the element. At a speed

Forcing frequency:

Unbalance of one mass:

Shaking force:

Total weight:

where

and

Since ¢ =90°= %,

< %)) of 1200 rpm a stroboscope shows the eccentric masses to be exactly under their
4 respective axes of rotation and the element to be passing through its position of
= static equilibrium. Knowing that the amplitude of the motion of the element at
T that speed is 0.6 in. and that the total mass of the system is 300 1b, determine
£ e (a) the combined spring constant &, (b) the damping factor c/c,.
SOLUTION

@®; =1200 rpm =125.664 rad/s

w=140z=0.8751b
r=6in.=0.5ft

_ 2
P=2 mr@; sin @,t

= (2) (282 (0.5)(125.664)” sin e, ¢ ] @,
=429.11sin @, - m"’"“*"\’

P, =4291b ‘ (@ ‘

W =3001b

By Egs. (19.48) and (19.52), the vibratory response of the system is

X=X, sin(a)ft -Q)

X, = it (1)

' \/(k—Ma)} ) + (o, )?

ca)f

(@) Combined spring constant.

tanp=—— )
4 k—Ma)]%
tan=co and k—Ma)ﬁzO.
_ 2
k=M w;
=(32)125.664)°
=147.12x10° Ib/ft k =147 kip/ft 4
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The observed amplitude is

From Eq. (1):

Critical damping coefficient:

(b)  Damping factor.

PROBLEM 19.143 (Continued)

x,, =0.61in.=0.05 ft

2
c=—+ {P—mJ ~(k-Mw,)’ =

; \\ %,
4911
(125.664)(0.05)

=68.296 Ib - s/ft

¢, =2NkM

- 2\/(147.12><103)(w)

322

=2.3416x10% Ib - s/ft
c 68.296

¢, 2.3416x10°

m

w; X,

£ 200292 «

c,
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PROBLEM 19.144

A 15-kg motor is supported by four springs, each of constant 40 kN/m. The
unbalance of the motor is equivalent to a mass of 20 kg located 125 mm
from the axis of rotation. Knowing that the motor is constrained to move
vertically and that the damping factor c/c. is equal to 0.4, determine the
range of frequencies for which the amplitude of the steady-state vibration of
the motor is less than 0.2 mm.

(2 &
= =
= =
> >
6 o o

SOLUTION

Equivalent spring: k = (4)(40x10* N/m) =160x10* N/m
Mass: m=15kg

[ 3
Natural frequency: o, = \/z = 160107 =103.280 rad/s
m 15
2

2 2| @r
Unbalanced force: B, =myray =myray, | ——
1)

n

= (0.020 kg)(0.125 m)(130.280 rad/s)*

a)f g
=26.667| — | N

a)n
= 5 12
({2 ey
2
o, \2
[(1—(4)] -
2 4 2 2
1—o| &1 _,_ﬁ.,_iﬁzp_m (1)
w , c. o, kx,,
Amplitude: x, =02 mm=0.2x10"m

2 2
0] w
L 20667 [ 2 _o.83333| L
kx,  (160x10%)(0.2x107) | o,

P /k
At steady state, X, n

+

+

2&

sle
o
1
N
Il
z ‘;u

Damping factor: £ =04

c,
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PROBLEM 19.144 (Continued)

2
L @, ’ W, ) @y ’ a’?
Substituting into Eq. (1), 1-2| — | +|—| +|(2)(04)— | = 0.83333—2
o, , 1)

), ,

n

4 2
[(1—(0.83333)2][ﬁJ —[2—(2)2(0.4)2](ﬁJ +1=0
, ,

n n

a)f ¢ (l)f :
0.30556| — | —1.36| =L | +1=0
a)n a)ﬂ

[0}

n

2
Solving the quadratic equation for (wf ) ,

a)f ?
— | =35216 and 0.92934
a)l‘l

@y
——=1.8766 and 0.96402
a)l‘l

oy = (1.8766)(103.280 rad/s) =193.815 rad/s
and

@, =(0.96402)(103.280 rad/s) = 99.564 rad/s
For x, <0.2 m, the forcing frequency must satisfy
@, >193.8rad/s and @, <99.6 rad/s

Si £ =
mce =—
f 2 ’
T

f;>308Hz and f, <15.85Hz 4
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PROBLEM 19.145

A 220-1b motor is supported by four springs, each of constant 500 Ib/in., and is
connected to the ground by a dashpot having a coefficient of damping ¢ =351b - s/in.
The motor is constrained to move vertically, and the amplitude of its motion is
observed to be 0.08 in. at a speed of 1200 rpm. Knowing that the weight of the
rotor is 30 1b, determine the distance between the mass center of the rotor and the
axis of the shaft.

W
—
WY

B O ©
SOLUTION
Forcing frequency: ®; =1200 rpm =125.664 rad/s
Equivalent spring: k = (4)(500) = 2000 1Ib/in. = 24000 Ib/ft
Mass: m=l o 2200 _ 66303152t
g 322ft/s

Natural frequency: o, = \/Z = / 24000 =59.268 rad/s
m 6.8323

w
@Yy _ 125.664 rad/s —1.12026
w, 59.268 rad/s

Critical damping coefficient: ¢, =2ma,

¢, =(2)(6.8323)(59.268) =809.87 1b - s/ft

Damping coefficient: c=351b-s/in.=420 1b - s/ft
Damping factor: L= 420 =0.51860

c. 809.87
Amplitude: x,, =0.08 in.= 6.6667 x107 ft

_ Pk
K = N 1/2
(GRIEE
o, c o,
2 LT

Unbalanced force: P, =kx, [(1 - (%) ] + (ZCLZ—f) }

= kx, [(1—4.4955)% + ((2)(0.51860)(2.12026))* 1"
=kx, [12.2185+4.8362]"*

=4.1297 kx,, = (4.1297)(24000)(6.6667 x 107)
=660.76 1b
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PROBLEM 19.145 (Continued)

’ 2
But, B, =mew;

where m’” is the mass of the rotor and e is the distance between the mass center of the rotor and the axis of the
shaft.
’ 301b
m=—-—
32.2 ft/s
P 660.76 1b

m

=0.93168 Ib-s>/ft

M@ (0.93168 1b-5>/ft)(125.664 rad/s)’
=0.044911 ft

e=0.539 in. 4
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PROBLEM 19.146

A 100-Ib motor is directly supported by a light horizontal beam which

has a static deflection of 0.2 in. due to the weight of the motor. The
unbalance of the rotor is equivalent to a mass of 3.5 oz located 3 in.
from the axis of rotation. Knowing that the amplitude of the vibration
of the motor is 0.03 in. at a speed of 400 rpm, determine (a) the
damping factor c/c,, (b) the coefficient of damping c.

SOLUTION
Spring constant: k= w_ % = 6000 Ib/ft
. 6000
Natural undamped circular frequency: @, =\|— = |5 =43.955 rad/s
322
w 35
Unbalance: m=—= 126 6.7935%107 slug
4
r=3in.=0.25ft
Forcing frequency: @; =400 rpm = 41.888 rad/s
Unbalance force: P, =mro; =(6.7935x107)(0.25)(41.888)" =2.98 Ib
Static deflection: O, = B 2298 _ ) 49666x107 it
k6000
Amplitude: x, =0.03in.=2.5x107 ft
w
Frequency ratio: DOr _41.888 0.95298
w, 43.955

n

Eq. (19.53): X, = — -
D T L2tz ]

[z =

2 2
| 0.49666x107°
2.5x107°

&

[1-(0.95298)*1* + 2{i] (0.95298)
C.

2

0.0084326 +3.6327 [i =0.039467
c,
2
c
[— =0.0085431
CC
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PROBLEM 19.146 (Continued)

(@) Damping factor. £ 20.092429 £ 200924 <«
c, c,
Critical damping factor. ¢, =2~ km

=273.011b-s/ft

(b)  Coefficient of damping. c=|—|c

=(0.092429)(273.01) c=2521b-s/ft 4
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Springs:

Dashpot:

or recalling the identity,

Thus, the amplitude of F, is

From Equation (19.53):

From Equation (19.48), the motion of the machine is

Substituting for x,, in Equation (1),

P - P, sin wyt PROBLEM 19.147
A machine element is supported by springs and is connected to a dashpot as
shown. Show that if a periodic force of magnitude P = P, sin wyt is applied to
the element, the amplitude of the fluctuating force transmitted to the foundation
is
¥ 2
i {2 z)]
= = Foop <\ @,
= = m = Sm 52 572
[ [
P IECIREG
SOLUTION

X=X, sin(@,t — @)

The force transmitted to the foundation is

F, = kx = kx,, sin(@,t — ¢)
F; =cx=cx,@; cos(@,t — )

F =x,lk sin(a)ft — @) +cw; cos(wpt — P)]

Asiny+Bcosy=\/A2 +B? sin(y +y)

sinl//=L
A’ + B?
cosl/lzL
A’ +B?

F, = [xm,lkz +(cwy; )? Jsin(a)ft —P+y)
F, = x,,/k* +(ca, )’ (D
Pm

F, =

P 1+ ( T )2 o
f

T e
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and Equation (19.41),

Substituting in Eq. (2),

PROBLEM 19.147 (Continued)

¢, =2mw,
ca
m=—=
2
cop cop ¢\
2
k  mao, . )\,
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P = P, sin ot PROBLEM 19.148

1 A 91-kg machine element supported by four springs, each of constant k=175 N/m,

is subjected to a periodic force of frequency 0.8 Hz and amplitude 89 N. Determine
the amplitude of the fluctuating force transmitted to the foundation if (a) a dashpot
with a coefficient of damping ¢ = 365 N - s/m is connected to the machine element
and to the ground, (b) the dashpot is removed.

¥ ¥ @
B O
SOLUTION
Forcing frequency: @ =27 f; =(27)(0.8) =1.67 rad/s
Exciting force amplitude: P,=89N
Equivalent spring constant: k = (4)(175 N/m) =700 N/m
Natural frequency: W, = \/Z = {7—00
m 91
=2.7735 rad/s
w
Frequency ratio: G Loz
w, 27735
=1.8123
Critical damping coefficient: ¢, =2\Vkm
=2,/(700)(91)
=504.78 N -s/m

From the derivation given in Problem 19.147, the amplitude of the force transmitted to the foundation is

P, 1+[2(§)( )T

= \/[1—(wf )ZT J{z(f)(zf )T

Wy ’ 2
1-|— | =1-(1.8123)" =-2.2844
,

n

xS

B

B
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PROBLEM 19.148 (Continued)

(@ F, when ¢=365N-s/m: 3%
¢ 50478
—~0.72309

n

&)
2| — || — |=(2)(0.72309)(1.8123)
c. \ @

=2.6209

894/1+ (2.6209)2
Fm

From Eq. (1): =
J(=2.2844)> + (2.6209)
- 915652 F= 718N <
(b) F, when c¢=0: F,= B 89 F,=39.0N <
2.2844

2
[0
‘“(«i)
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PROBLEM 19.149

A simplified model of a washing machine is shown.
A bundle of wet clothes forms a weight w;, of 20 1b in
| the machine and causes a rotating unbalance. The
¢ ’ rotating mass is 40 lb (including m,) and the radius of

the washer basket e is 9 in. Knowing the washer has an

= k/2 L%_l /2

AAA

rictionless
ilpcgo(;t o | equivalent spring constant k£ = 70 1b/ft and damping
= k2 L%J o ratio {'= c¢/c. = 0.05 and during the spin cycle the drum
] rotates at 250 rpm, determine the amplitude of the
motion and the magnitude of the force transmitted to
the sides of the washing machine.
SOLUTION
Forced circular frequency: o = % =26.18 rad/s
W 401b
System mass: = =
g 322
Spring constant: k =70 Ib/ft

Natural circular frequency: w, = \/z = ,% =7.5067 rad/s
m-\mz

Critical damping constant: c. =2km =2, [(70)(%) =18.6501b - s/ft

Damping constant: c= iJ ¢, =(0.05)(18.650) = 0.9325 Ib - s/ft
c,
)
Unbalance force: my, =—=
8
P — 2
m = mbea)f
P, = 2010109 g (26.18 rad/s)* =319.28 Ib
322 )12

The differential equation of motion is
mx +cx+kx =P, sin@;t
The steady state response is

x =X, sin(@;t — @) x= @ X,, COS(@;1 — @)
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where

(@)  Amplitude of vibration.

Spring force:

Damping force:

(b)  Total force:

Let

Maximum force.

PROBLEM 19.149 (Continued)

= Pm
\/(k—ma); ) +(co,)?
_ 319.28
\/[70—(%)(26.18)2]2 +[(0.9325)(26.18)1
319.28 _ 319.28

= = = 0.40839 ft
J(=781.427 + (244137 781796

x =0.40839sin(w; 1 — )
x =(26.18)(0.40839) cos(@,1 — )
=10.6917 cos(a)ft -0

kv = (70)(0.40839) sin(@, - @)
=28.588sin(w,! - @)

cx =(0.9325)(10.6917) cos(w; 1 — @)
= 9.970lcos(a)ft —-0)

F =28.588 sin(a)ft —-@)+ 9.9701005(a)ft —-Q)
F =F, cosysin(w;t — @)+ F, sinysin(@;1 — @)
=F, sin(a)ft -p+y)
F2=F cos’y+F/sin*y

=(28.588) +(9.9701)*
=916.65

x, =4.90in. 4

F,=3031b 4
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PROBLEM 19.150*

For a steady-state vibration with damping under a harmonic force, show that the mechanical energy dissipated
per cycle by the dashpot is E = 7cx,,@;, where ¢ is the coefficient of damping, x,, is the amplitude of the
motion, and @, is the circular frequency of the harmonic force.

SOLUTION
Energy is dissipated by the dashpot.
From Equation (19.48), the deflection of the system is
xX=x, sin(a)ft - Q)
The force on the dashpot. F,=cx
F; =cx,, 0, cos(wst — @)
The work done in a complete cycle with

. 2z
=
@y

E= dedx (i.e., force x distance)
dx = x,,0; cos(w,t — @)dt
2rlw
E= jo ! cx,ia); cos’ (@1 - Q)dt

[1-2cos(a;t—9)]

cosz(a)Dt —-@)=

2
2710, 1 —2cos(w,t —
E:C‘xria)]zcj- Tl@s ( f ¢)dt
JJo 2
> 2T . 27l w;
cxX, 2sin(w,t —
o Cn@ [ 2sin(@;1-¢)
2 ; o
ny%la)jzf _271' 2 . . 2
E=——"|———(sin(27 — @) + sin @) E=rcx, o, QED. 4
2 W, o
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PROBLEM 19.151*

The suspension of an automobile can be approximated by the
simplified spring-and-dashpot system shown. (a) Write the differential
equation defining the vertical displacement of the mass m when the
system moves at a speed v over a road with a sinusoidal cross section of
amplitude ¢, and wave length L. (b) Derive an expression for the
amplitude of the vertical displacement of the mass m.

SOLUTION
(@)

viL. PO3

- | S YN TS

3 (Ssrt1-9)

iR X c(dx _ds
i

1]
I'ﬁ
2
+l XF =ma: W —k(o, +x—5)—c(ﬂ—d—5j=md—zx

dt dt dt
Recalling that W = kJ,,, we write
2

mﬂ+c£+kx=k§+cd—5 (1
> dt dt

Motion of wheel is a sine curve, & =4, sin@,t. The interval of time needed to travel a distance L at a

. L
speed vis f=—.
v

_2r 2r  2mv

Thus, W, =—=—=—
2
and 6=90,sinwt d—§= On ”cosa)ft
dt .
Thus, Equation (1) is
d*x dx

m7+ e +kx = (ksin @, + co; cos o;1)3,, 4
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PROBLEM 19.151* (Continued)

(b)  From the identity Asin y + Bcos y =V A% + B* sin(y + )
sin l// = L
VA® + B?
A
cosy =

VA® + B?
We can write the differential equation

d*x dx 2 2 .
mW"rCE‘FkX—JmmSln(a)ft-’-y])

| €O

=tan
v k

The solution to this equation is analogous to Equations 19.47 and 19.48, with

P, =0,k +(co, )’

X=X, sin(a)ft —@+1) (where analogous to Equations (19.52)) 4

S, \Jk* + 2
X, = - o) |

" Jk-me) s

cw;
tan = ———
k —may;
caw;

tany :Tf |
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P =P, sin ot

}

PROBLEM 19.152*

Two blocks A and B, each of mass m, are supported as shown by three springs of
the same constant k. Blocks A and B are connected by a dashpot, and block B is
connected to the ground by two dashpots, each dashpot having the same coefficient
of damping c. Block A is subjected to a force of magnitude P = P, sin @,t. Write
the differential equations defining the displacements x, and x; of the two blocks
from their equilibrium positions.

SOLUTION

i PmSinwet

A = A { 'm'(‘A

Ya)ﬁ'C(‘o‘e:@ ﬂjﬁc S¥R)

I
o]

G *M)’?

Since the origins of coordinates are chosen from the equilibrium position, we may omit the initial spring
compressions and the effect of gravity

For load A,

+l LF =ma,: B,sin@t+2k(xz —x,)+c(hp —X,)=mi, (D
For load B,

+l XF =may: —2k(xg—x,)—c(xg—X,)—kxy —2cky =miy @)
Rearranging Equations (1) and (2), we find: mi, +c(X, —xp)+2k(x, —x5) =P, sinw;t 4

miiy +3ck, —ci, +3kx, — 2k, =0 4
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i PROBLEM 19.153

Express in terms of L, C, and E the range of values of the resistance R
-1 for which oscillations will take place in the circuit shown when switch §
is closed.

i -
E

SOLUTION

For a mechanical system, oscillations take place if ¢ < c, (lightly damped).

But from Equation (19.41), ¢, = Zm\/Z =2Vkm
m
Therefore, ¢ < 2\km D
From Table 19.2: c — R
m — L
1

2

Substituting in Eq. (1) the analogous electrical values in Eq. (2), we find that oscillations will take place if

R<2 (i](L) R<2\/Z<
C C
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PROBLEM 19.154

Consider the circuit of Problem 19.153 when the capacitor C is removed. If switch S is closed at time =0,
determine (a) the final value of the current in the circuit, (b) the time ¢ at which the current will have reached
(1—-1/e) times its final value. (The desired value of ¢ is known as the time constant of the circuit.)

SOLUTION

Electrical system Mechanical system

R

7 T T

P

The mechanical analogue of closing a switch S is the sudden application of a constant force of magnitude P to
the mass.

(a) Final value of the current corresponds to the final velocity of the mass, and since the capacitance is

—L g
t

P

2
+l 2F =ma: P—cﬂ:md—; (D
dt dt
. . d*x
Final velocity occurs when 7 =0
t
dx dx
P-—c— = - = Vinal
dt |gina dt |ina
P
Vfinal =
c
From Table 19.2: v— 144 P—FE ¢ —R
E
Thus, lia = — 4
R
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PROBLEM 19.154 (Continued)
(b)  Rearranging Equation (1), we have
2
mﬂ+c£=P
> dt
2
Substitute e _ Ae M +£; dx_ —Ade™H
dt c dt
-t —At P
m[—A/ie ]+C[Ae +—}=P
c
-mA+c=0 1=<
m
Thus, B petemn P
dt c
At t=0, ﬂ:o 0=A+£ A=—£
dt c c
dx _p —(clm)t
v=—=—|1-e¢
dt c[ J
From Table 19.2: v— 4 P—E ¢c— R, m — L
_Er _(ry
L—E[l e :|
For i = E l—l, £t=1 t=£4
R e L R
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NV

PROBLEM 19.155

Draw the electrical analogue of the mechanical system shown. (Hint: Draw the loops
corresponding to the free bodies m and A.)

WA ‘T*’b

~~ W=\
P—=€

o A
=|| C
P =P, sin st
SOLUTION
We note that both the spring and the dashpot affect the motion of Point A. Thus, one loop
N in the electrical circuit should consist of a capacitor (k = %) and a resistance (¢ = R).
%
¢ = (: The other loop consists of (P, sin oyt — E, sin@;1), an inductor (m— L) and the

resistor (¢ — R).

Since the resistor is common to both loops, the circuit is

€= Cwms| Nm;h 4
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PROBLEM 19.156

lj & Draw the electrical analogue of the mechanical system shown. (Hint: Draw the
' loops corresponding to the free bodies m and A.)

AMAA

SOLUTION
&4
2>
‘P
21 J< L
o, /// i T
L)
”~, I
( § ,'
<,
4
Loop 1 (Mass 1) Loop 2 (Mass 2)
k, —1/C, k, —1/C,
o — R 6 R,
m — L my — L,
X a4 R
X g X, — X,

k, is connected to both masses, so C, is common to both loops.
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PROBLEM 19.157

S
D k Write the differential equations defining (a) the displacements of the mass m and of
> the Point A, (b) the charges on the capacitors of the electrical analogue.
e A
=l c
P =P, sin st
SOLUTION

Q.'-A

YA A ° = ©°
Q({u'l\m)

¥ y,- ka)

Pel,un wyl
= Pm Sinwygt
(@) Mechanical system.

Point A: +T SF =0: cdi(xA—xm)kaxA =0 4
t
Mass m:
d2
+T XF =ma: ci(xm —xy)— P, sinw;t =—m );’"
dt dt
d*x
m—"2+c—(x, —x,)=P sinw,t 4
ar’* dt( = Xa) = F, sin ey
(b)  Electrical analogue.

From Table 19.2:

m — [

X —q

P—E
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Problem 19.155.

PROBLEM 19.157 (Continued)

Substituting into the results from Part (a), the analogous electrical characteristics,

d 1
RE(qA —qm)+[5jqn =0 <

d*q d
L—" +R—(q, — =FE sinw,t 4
dt2 df (Qm qA) m f

Note: These equations can also be obtained by summing the voltage drops around the loops in the circuit of
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PROBLEM 19.158

lj . Write the differential equations defining (a) the displacements of the masses m,;
' and m,, (b) the charges on the capacitors of the electrical analogue.

AMAA

SOLUTION
(a) Displacements at masses m; and m,
d*x, dx,
m +o,—+kx +k,(x,—x,)=0 |
2 " X ko (g —xy)
d’x, dx,
m, dtz +62?+k2(x2—x1)=0 |
(b) Electrical analogues.
We let: g = J.ildt Gy = J.izdt
Thus, i _ da, i, _ dqy
dt dt
2 —
l1d6211+R1@+ﬂ+(q1 D) _ g <
dt d C,
2 —
de%_i_RZ%_i_‘b ‘11:0 <
dr? a G,
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PROBLEM 19.159

An automobile wheel-and-tire assembly of total weight 47 1b is attached to a mounting
plate of negligible weight which is suspended from a steel wire. The torsional spring
constant of the wire is known to be K =0.40 Ib-in./rad. The wheel is rotated through
90° about the vertical and then released. Knowing that the period of oscillation is
observed to be 30 s, determine the centroidal mass moment of inertia and the
centroidal radius of gyration of the wheel-and-tire assembly.

SOLUTION

Torsional spring constant: K =0.40 1b-in/rad =33.333x 107 Ib - ft/rad

Let the wheel-and-tire assembly be rotated through the small angle §. The moment that the wire exerts on the
assembly is

o M =-K@
-K6 To ~ L
M =3M  =la: -KO@=Ix=186

— 6+59=0

1
, K

a =—= 1
= ey

1 1

Frequency: f=—=——=0.033333H,
T 30

-3
From Eq. (1), 7= £2 _ 33.333x107° 1b ftgrad
, (0.20944 rad/s)
Centroidal mass moment of inertia: 1 =0.75990 1b -s? - ft 1=07601b-s* ft 4
Mass: m=K=L1b2=l.4596 Ib-s2/ft
g 322 ft/s

7 2
Centroidal radius of gyration: k* = r_ 0.759901b-s” It =0.52061 ft*
m

1.4596 Ib - s% /ft

k =0.7215 ft k =8.66 in.
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PROBLEM 19.160

S
< The period of vibration of the system shown is observed to be 0.6 s. After cylinder B has been
S removed, the period is observed to be 0.5 s. Determine (a) the weight of cylinder A, (b) the
< constant of the spring.
M

A

1

3lb | B
SOLUTION
m; :WA—+3 Tl =0.6s
@3 :
27 2 2w
, T, =— =—=—=3.333x rad/s
Wy A ! o) “ 7, 0.6
WB- 2L (B wfzi k:mla)lzz(WA+3}(3.3337r)2 (1)
ny 8
m, =& 7,=05s
® y
@, 7, )
W, k W
G @ =—— k=ma’ =—A(4rx) 2
n, g

(a)  Equating the expressions found for k in Eqgs. (1) and (2):
W, +3
8
(1L11DW, +3)=16W,
4.889W, =33.333

(3.3337)* =ﬂ(4zz)2
g

W, =6.818 Ib W, =6.821b 4
8181b+31b
(b)  Eq.(1): k =688—+§(3.333n rad/s)*
32.2 fit/s
k =33.44 1b/ft k=334 1b/ft <
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PROBLEM 19.161

Disks A and B weigh 30 Ib and 12 1b, respectively, and a small 5-1b

block C is attached to the rim of disk B. Assuming that no slipping

occurs between the disks, determine the period of small oscillations
of the system.

SOLUTION

Small oscillations:

Position ©

DATUM
2
h=r,(1—cos@, )~ 2%
rBéB:rAéA
2
1 S \2 1— ) 1— VB .
T, =—mg(rg0,) +—1;6,, +—1,| =6
12C(Bm) 2Bm 2ArAm
fBszrg
2
- myur?
1A=—A2A
1 2 myry m,re \ 7z ? 32
Li=—|mery +—2L+| Ta%a || 2| |6,
2 2 2 I
1 mg m :
T, =— +—B+—A) ;02
1 2{("% 2 > BYm
V=0
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PROBLEM 19.161 (Continued)

Position @ T7,=0
V, =m.gh
— me26,

2
Conservation of energy and simple harmonic motion.

L+Vi=T,+V,

em = a)nem
2
1 ( c +&+ﬂj rawr6: +0 =0+—mcgr36’"
2 2 2 2
a)’? :—mc i
4 (mg +my) ry
ct—
2
ey 5 (32.2 ft/s?)
54 (12+30) 6 t
2 12
@ =12.3957
Period of small oscillations. T = 2—7[ = 2z

7,=1.785s 4
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75 mm PROBLEM 19.162

\ A 75-mm-radius hole is cut in a 200-mm-radius uniform disk, which is
‘ - attached to a frictionless pin at its geometric center 0. Determine (a) the

100mm  period of small oscillations of the disk, () the length of a simple pendulum
200 mm 10 r which has the same period.

:

SOLUTION

odm

Equation of motion.

My =(EMg)er: (F-myg(0.)sin6=1,0-1,6-(0.1’m,6

my = ptR*
= (pt7)(0.2)*
=(0.04) mpt
my, = ptar’
= (ptr)(0.075)*
= (0.005625) 7pt
1

I, =EmDR2 = %(0.04;;,0:)(0.2)2

=800x107° 7zpr

I, =ler2

=%(0.005625 7pt)(0.075)°
=15.82x107° zpt

Small angles. sinf =@
[(800x107° # —15.82x107° # — (0.1)*(0.005625%)] p / 6
+(0.005625) 7 p £ (9.81)(0.1)8 =0

727.9%107°6 +5.518x107°6=0
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PROBLEM 19.162 (Continued)

(a) Natural frequency and period.

, 5.518x107°
W, =————
727.9%10
=7.581
o, =2.753 rad/s
, .

n

(b) Length and period of a simple pendulum.

T, =21 L
g
T 2
[=| =2
(zfr] §
2
z:{@} (9.81 m/s?) 1=1.294m <
JT
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PROBLEM 19.163

o A

) T An 0.8-1b ball is connected to a paddle by means of an elastic cord AB

0 = O sin oyt of constant k =51b/ft. Knowing that the paddle is moved vertically
according to the relation d =J,, sin @;t, where 0, =8 1in., determine
the maximum allowable circular frequency @, if the cord is not to
become slack.

SOLUTION

° = ?
"
T b (&%)

|8

>F =ma k(0 —x)=mXx jé+(£]x=5
m

, 1)
From Equation (19.31 and 19.33"): X, = —"—
-2)

w

m
2
en
o

Data: m=—
8

~ 038
322
=0.0248451b - s*/ft

k =51b/ft 0,, =8in.=0.66667 ft
J?
o, =,|—
m
Y
0.024845

=14.186 rad/s

The cord becomes slack if x, — 0, exceeds J,, where

=2 08D 460
k SIb/ft
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PROBLEM 19.163 (Continued)

Then m— 0.66667 <0.16
[0}
1-(%)

2 2

@y @y

0.66667 —0.66667 +0.66667| — | <0.16—-0.16] —

a)ﬂ a)n

2

@y
0.82667| — | <0.16

w
D5 |- 016 _ ) 43994
w, \0.82667

Maximum allowable circular frequency.
@ < (0.43994)(14.186 rad/s) @ < 6.24 rad/s 4
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PROBLEM 19.164

~o
— koSl The block shown is depressed 1.2 in. from its equilibrium position and released.
= Knowing that after 10 cycles the maximum displacement of the block is 0.5 in.,
[ determine (a) the damping factor c/c, (b) the value of the coefficient of viscous

damping. (Hint: See Problems 19.129 and 19.130.)

©
=

1

=
I

o))

SOLUTION
From Problems 19.130 and 19.129:

where k = number of cycles =10

(@)  First maximum is x,=12in.
Thus, n=1 N _12_,,
X0 0.5
iln 2.4=0.08755
10
27[0—?
- 2
1-(2)
2 2 2
Damping factor. 1- L 2—” <
C. 0.08755 C,
2 2
i 2—ﬂ- +1|=1
C, 0.08755
ey __ 1
C. (5150+1)
=0.0001941 £ 2001393 «

CC
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PROBLEM 19.164 (Continued)

(b)  Critical damping coefficient. c.=2 m\/Z (Eq. 19.41)
m

or ¢, =2\km

¢ =2,/(8 b/ (2

¢, =2.991Ib-s/ft

From Part (a), £ -0.01393
c,

¢=(0.01393)(2.991)

Coefficient of viscous damping. c=0.0417 Ib-s/ft 4
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(@)

Newton’s Law:

~6in ‘ 18 in. | PROBLEM 19.165
(@]
AQ o DB A 4-1b uniform rod is supported by a pin at O and a spring at A,
S and is connected to a dashpot at B. Determine (a) the differential
S sl o= 051bes/it ‘] equation of motion for small oscillations, (b) the angle that the
2 B R rod will form with the horizontal 5 s after end B has been pushed
A A 0.9 in. down and released.
SOLUTION
r-t.la.—vr-m-‘-—- 12w, —=f_ S
Small angles: sinf@=60, cosf=1 é #ﬁwﬁ 38
B8
6 0
Oy, =| — ft |@=— o 4\b
Y {12 ) 2 1 Fo
6 0 =
Oy =|—ft|@=— I
b (12 ) 2 %
8 3 wis, )
Oyg=|— ft |0=— v a
VB (12 ) 2 i

EM = (ZEMg)

g - ift F, + Eft 4) - Eft
12 12 12
=lo+ 5 & ma, (1)
12 '
o
Fs:k(5yA+(§sl)A):k{E+(5st)A)
) 3.
Fp=cOyz,=c=0
2
T=tmr=Ll (24&) L
12 12 \12 3
. . P 6
Kinematics: a=0, a =|—ft|o=—
12 2
m m 3 2 k)&
Thus, from Eq. (1), —r— 0+ =| B+ = || =+, |-2=0 2
us. from £g. (1 [3 4} (2) ‘ (2](2 (“)AJ @
But in equilibrium, M,=0
/\‘ k
+ YV k(0 )A () =0, 5(5‘“)“:2
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PROBLEM 19.165 (Continued)

Equation (2) becomes

(oo
¥ e

%) (0.15)=0.3375

%:%: 1.25 0.072466 + 0.33750 +1.250 =0 <4

(b)  Substituting ¢ into the above differential equation,

0.072464% +0.33754+1.25=0

_ (-0.3375F,/(0.3375)7 —4(.07246)(1.25))

g (2)(0.07246)
4 (033755 [(-0.2484)
T (2)(0.07246)

A=-2.329+3.439;

Since the roots are complex and conjugate (light damping), the solution to the differential equation is

(Eq. 19.46):
0 = Gy " 5in (3.939¢ + ¢) 3)
Initial conditions. (0y)(0)=0.9 in.
6(0) :_(Jy.B) _09
18in. 18
6(0)=0.05rad
6(0)=0
From Eq. (3): 6(0)=0.05=6,sin¢g
0(0)=0= —2.3296, sin ¢ + 3.4396, cos ¢
tan g = 3.439
2.329
¢=0.9755 rad
hy = & =0.06039 rad
sin (0.9755)
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PROBLEM 19.165 (Continued)

Substituting into Eq. (3), 0 =0.06039¢ %" sin (3.439¢ + 0.9752)

At t=5s, 6 =0.06039¢~ >39O §in[(3.439)(5) + 0.9752]
=0.06039¢ "% gin (18.1702)
=(0.06039)(8.7627 x107°)(-0.6283)

=-0.332x10"rad 0=-19.05x10" degrees «
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PROBLEM 19.166

A 400-kg motor supported by four springs, each of constant 150 kN/m, and
a dashpot of constant ¢=6500 N-s/m is constrained to move vertically.
Knowing that the unbalance of the rotor is equivalent to a 23-g mass
located at a distance of 100 mm from the axis of rotation, determine for a
speed of 800 rpm (a) the amplitude of the fluctuating force transmitted to
the foundation, (b) the amplitude of the vertical motion of the motor.

SOLUTION
Total mass: M =400kg
Unbalance: m=23g=0.023kg
r =100 mm =0.100 m
Forcing frequency: @®; =800 rpm
=83.776 rad/s
Spring constant: (4)(150x10* N/m) = 600x10* N/m
[ 3
Natural frequency: o, = \/z = 600107
m 400
=38.730 rad/s
. o
Frequency ratio: —=2.1631
wn
Viscous damping coefficient: ¢=6500 N -s/m

Critical damping coefficient: ¢, =24 kM =2+/(600x 10*)(400)

=30,984 N -s/m

m

Damping factor: £20.20978
CC
Unbalance force: P, = mra; =(0.023)(0.100)(83.776)*
=16.1424 N
_ B, _16.1424

Static deflection:

st T

k  600x10°
=26.904x10°m
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PROBLEM 19.166 (Continued)

Amplitude of vibration. Use Eq. (19.53).

£,
xm = > k
2 o\
-]t
2
wf 2
Where 1—(—] =1-(2.1631)" =-3.679
a)n
C a)f
and 2[—] (—J =(2)(0.20978)(2.1631) = 0.90755
. )\ o,
26.904x107°
J(=3.679)% +(0.90755)°
=7.1000x10"° m
Resulting motion: X = X, sin(@p1 — @)

X =0, x,, o8 (Wt — @)

Spring force: F, =kx =kx,, sin(@y1 — @) =4.26 sin (@1 — @)

Damping force: Fy =cx=cw;x, cos(@;t — @) =3.8663cos (@yf — @)

Let F, =F, cosysin(w;t—¢) and F, =F,siny cos(@.t— @)
Total force: F =F, cosy sin(@,t — @)+ F, siny cos (@t - @)

=F,sin(@;1 —@+y)

(a)  Force amplitude. F, = \/ (F, cos y/)2 +(F,, sin y/)2
F, = \/(kxm)z +(cayx,,)

= (4.26)° +(3.8663)° F,=575N 4

(b)  Amplitude of vibration. x,, =0.00710 mm <
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PROBLEM 19.167

The compressor shown has a mass of 250 kg and operates at 2000 rpm. At this operating condition the force
transmitted to the ground is excessively high and is found to be mr; where mr is the unbalance and @y is the
forcing frequency. To fix this problem, it is proposed to isolate the compressor by mounting it on a square
concrete block separated from the rest of the floor as shown. The density of concrete is 2400 kg/m3 and the
spring constant for the soil is found to be 80 x 10° N/m. The geometry of the compressor leads to choosing a
block that is 1.5 m by 1.5 m. Determine the depth £ that will reduce the force transmitted to the ground by 75%.

Compressor

Concrete block

Asphalt filler Asphalt filler

clay soil

SOLUTION
Forced circular frequency corresponding to 2000 rpm.
= (27)(2000) =209.44 rad/s
! 60

In the first case the natural frequency is very large so that the transmitted force is mra);.

After the problem is fixed, the transmitted force is

Since the motion is out-of-phase,

2
mra
P= P’; =——1 (1)
(i - ()
@, @,
But P=(1-0.75)mre; =0.25 mray )
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PROBLEM 19.167 (Continued)

Equating expressions (1) and (2) dividing by mra)jzc ,

. 0.25

1 1
), =—=0, =—=(209.44) =93.664 rad/s
NERN]
/k
— :a)n
m

6
m:izz 80x10 N/m2 ~9119 ke
@, (93.664 rad/s)

Required properties of the attached concrete block.
Mass: m —250 kg =8869 kg

mass 8869 kg

= =3.6954 m’
density 2400 kg/m’

volume =

area=1.5mx1.5m=2.25m>

volume _ 3.6954 m’

depth =
P area 2.25 m?

h=1.642m 4
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PROBLEM 19.168

A small ball of mass m attached at the midpoint of

 /

A

T atightly stretched elastic cord of length [ can slide
on a horizontal plane. The ball is given a small

displacement in a direction perpendicular to the
cord and released. Assuming the tension 7 in the
cord to remain constant, («) write the differential
equation of motion of the ball, (b) determine the
period of vibration.

SOLUTION

(a) Differential equation of motion.

For small x,

Natural circular frequency.

(b)  Period of vibration.

) X
sinf =tanf@=—=

+ SF =ma: 2Tsin®=—mi

2x

(3)

o=
ml
w, =2 r
ml
27
T, =—
w

T kT \«?-JL”

My

>

mi + (2T)(%j =0 <«
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PROBLEM 19.169

A certain vibrometer used to measure vibration amplitudes consists
essentially of a box containing a slender rod to which a mass m is
attached; the natural frequency of the mass-rod system is known to be 5
Hz. When the box is rigidly attached to the casing of a motor rotating at
600 rpm, the mass is observed to vibrate with an amplitude of 0.06 m.
relative to the box. Determine the amplitude of the vertical motion of the
motor.

SOLUTION

Natural frequency: f,=5Hz
o, =2rf,=31.416 rad/s

fr =0600rpm =10 Hz
o; =27 f, =62.832 rad/s

Forcing frequency:

Br 2000
Ratio: o, =<
S, 6, _96,
1— (ﬂ) 1-(2) -3
wﬂ
1
xm =—5 9
3
Relative motion: Y =X, =0, = gxm
The observed relative motion is Y, =0.06 in.
3 3 . .
Xy =7 I =Z(O.O6 in.) x,, =0.045 in. <
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PROBLEM 19.170

Y o-

g If either a simple or a compound pendulum is used to determine experimentally the
acceleration of gravity g, difficulties are encountered. In the case of the simple pendulum,
I the string is not truly weightless, while in the case of the compound pendulum, the exact
location of the mass center is difficult to establish. In the case of a compound pendulum,
the difficulty can be eliminated by using a reversible, or Kater, pendulum. Two knife edges
A and B are placed so that they are obviously not at the same distance from the mass center
G, and the distance [ is measured with great precision. The position of a counterweight D
is then adjusted so that the period of oscillation 7is the same when either knife edge is
used. Show that the period 7obtained is equal to that of a true simple pendulum of length /

\/ and that g = 4721/ 2.

SOLUTION

From Problem 19.52, the length of an equivalent simple pendulum is:

Q2 LY )
lA=7+kT rAr
r
F AT
and l I$+l;2 e
B~ T S
R G d -1. . —r
But T, =7Tg . ¥ <2
I I ol kfz
o |A =27 |- N \ I
8 8 . Al )~
Thus, I, =1
For ly=1g
2 =2
F+kT:E+kT
r R

FPR+k’R=FR*+k’7
7RIF —R1=k’[r —R]

F-R)=0

Thus, FR=k>
/;2

or 7 =—
R

7.2

R=X

r
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PROBLEM 19.170 (Continued)

Thus, AG=GA" and BG =GB’
That is, A=A" and B=F
Noting that ly=1ly=1

T=217 L

8
or _4xl
72
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