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3)Find the order of convergence of the sequence
1.5,1. 373333333 1.365262015,1.365230014,1. 365230013
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4)When estimating the root of the function f(x) = (x — 1)%Inx and using .

Newton Method, find the order of converge R and the asymptotic error

constant A,
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Math330

Newton and secant: Order of Convergence (P unknown)

(Q1) Consider the equation z = cosz

(a) Use Newton’s method with Py = 0.2 to estimate the solution of this
equation with error less that 10-5

(b) Find the order of convergence and the asymptotic error constant both
numerically and theoretically.
Solution: (2) f(z) =z —cosz , f'(z) =1+sinz , f"(2) =cosz

. _ P, —cos P,
Newton’s iteration: Pnyy = P, — - =

1-+sinP,
n Pn. |R1 - Rl—ll
0 0.2
1 | 0.850777122 | 0.650777122
2 ] 0.741530193 | 0.109246929
3 | 0.739086449 | 0.002443744
4 | 0.739085133 | 0.000001316

So P = P, = 0.739085133
(b) Theoretically: f/(P) = f(0.739085133) = 1.673612029 # 0 ,
So P is a simple root.

- 1P
Therefore, R and A4 217 (P)] A. |

Numerically:

(Bl P Pasl | T2

0.650777122 0.257955435
0.109246929 0.204756281
0.002443744 0.220365941
0.000001316 :
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Birzeit University
Mathematics Department

Order of convergence Math330 2018,/2019

(Q) Let p be a fixed point of g(z).
(a) show that if 7'(p) = ¢"(p) = --- = g(k—'l)(P) =0 and ¢g*)(p) 5 0, then the fixed point iteration of )
will converge to p with R = k and 4 = |25

(b) Use part (a) to show that if p is a simple root of f(z), then Newton’s iteration will converge to p

with R=2and A= |2—}I,((%|

Proof: (a) Apply Taylor’s expansion of g(z) about T=p
“ / ) - (k) (e :
o) = 0lp) + 5 (7)(5 = p) + Lz — p)2 o L gyt 9

(k=1)!
but g(p) =p and ¢'(p) = g"(p) = --- = g*N(p) =0
= glz) =p+ L5z — p)t
Substitute z =p,, — g(p,) =p+ %)-,(-ﬂ(pn —p)* |, ¢ between p, and p
(k) (¢ : im0 5, (k) (¢
but g(pa) = past = pass —p = L2 (p, —p)f - Rtk = 0 Bl = 20

now take limit an n — oo and considering that ¢ ~ p when n — oo

- lim Bzl = |”m(ﬁ)| R=kand A= |'—ll"(k,:f' |

n—roc | "I

(b) We know that Newton’s iteration is a special case of FPI with g(z) = o — Jf[,i(%

Therefore, based on part (a), we only need to prove thalb ¢’ (p) = 0 but g”(p) # 0
Recall that, p is a simple root of f(z) mean f(p) = 0 and f'(p) # 0
now, i (z) = 1 — LELS0)"(x) _ [0)]"@) _, dp) =0

(Fiz)y? T ()
(1 (£))? ) PP ()b (1 () 1 (o ) e e . )
now, if'(z) = L) m"(_’,f,'(,f,’)’r”’ () [!(=)] _. [(=)] g;( { (@) [(=) _, g"(p) = 6"7%)1 40

s =2 and A (£ i
— It =2 and A—-|¢—zf2|=|ﬁ))5|

/N
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(Q2) Consider the equation 2 = cosz.

(a) If Py = 0.5 and P, = I, use the secant method to approximate the root
of the equation with accuracy of 1074 :

(b) F ind the order of convergence and the asymptotic error constant both
theoretically and numericaly.
Solution: (a) f(z) =z —cosz ,f'(z) =1+sinz , f'(z) =cosz

Pn P - Pﬂ.
Secant’s iteration: Phyo = Pry1 — f(f(;l)() n+}(P ) )
E n+l/) — 7

: n P, IPn - Pn—ll
0 0.5
1 | 0.785398163 0.285398163
2 | 0.736384138 0.049014025

; 3 | 0.739058138 0.002674
4 | 0.739085149 | 0.000027011338

So P = Py = 0.739085149

(b) Theoretically: f/(P) = f'(0.739085149) = 1.673612041 # 0,

So P is a simple root.

. f”(P) 0.618 :
Therefore, R = 1.618 and 4 = |2f’(P) = 0.393186938
Numerically:
|£n
|Bn| = | Py — Pa-il lEn]:jéfa

0.285398163 0.372735166
0.049014025 0.351741034
0.002674 0.393005788
0.000027011338

R AR B SRR IS Y TENEY!
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SEC.2.4 NEWTON-RAPHSON AND SECANT METHODS 83
d Table 2.8  Acceleration of Convergence at a Double Roof ' |
1) |
T\
] " e e
‘ Pk Pl — pi Ekzp—-
e p" B
0 1.200000000 —0.193939394 —0.200000000 0.151515150
ed 1 1.006060606 —0.006054519 —0.006060606 0.165718578
2 1.000006087 —0.000006087 ~0.000006087
: 3 1.000000000 0.000000000 0.000000000
5 V 3 ,
\ . .
! Table 2.9  Comparison of the Speed of Convergence : 8
Jish.
) b Special Relation between
| S Method considerations successive error terms
. : —
' Bisection Efy1 = 5] Eg|
Regula falsi Epq1 =~ A|Ey|
Secant method Multiple root Epy1 = A|E|
Newton-Raphson Multiple root Epq1 ™~ AlEg| ik
Secant method Simple root ' Err) = AlE; fz'
Newton-Raphson Simple root Epyr ~ AlEk12
Accelerated Multiple root Ery = A|Eg|
Newton-Raphson

= 17'-Example 2.17 (Acceleration of Convergence at a Double Root). Start with tpo =1 _2

— "ana use accelerated Newton-Raphson iteration to find the double root p = 1 of j(x) =
x3—3x 42

' Since M = 2, the acceleration formula (31) becomes

f(Pk 1) Pk | +3pk—1—4
_ Pk = Pk—1 — f’(Pk l) 3pk_1 3

1

=
a d we obtain the values in Table 2.8.

- ethods
~Table 2.9 compares the speed of convergence of the various root-finding m

h method.
1 nt A is dlfferent for eac

“;‘{ 1at'we have studied so far. The value of the consta

A
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