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Chapter 1: Vector Analysis
1.3 Integral Calculus

(i) Line Integrals

!
"

#
%⃗ ⋅ '(⃗

)
*
%⃗ ⋅ '(⃗ If  the path forms closed loop

Example: For %⃗ = ,- ./ + 2/ , + 1 .,, find the line integral from (1, 1, 0) to (2, 2, 0) 
Path 1: 

3 '(⃗ = '/ ./, , = 1 → ! %⃗ ⋅ '(⃗ = !
6

-
'/ = 1

33 '(⃗ = ', .,, / = 2 → ! %⃗ ⋅ '(⃗ = 4!
6

-
(, + 1)', = 10

!
"

#
%⃗ ⋅ '(⃗ = 1 + 10 = 11Path 2: 

'(⃗ = '/ ./ + '/ .,, , = / → ! %⃗ ⋅ '(⃗ = !
6

-
(3/- + 2/)'/ = 10 )

*
%⃗ ⋅ '(⃗ = 11 − 10 = 1
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Chapter 1: Vector Analysis
1.3 Integral Calculus

(ii) Surface Integrals

!
"
$⃗ ⋅ &'⃗

(
"
$⃗ ⋅ &'⃗ If  the surface forms closed surface

Example: For $⃗ = 2+,-+ + + + 2 -/ + /(,1 − 3),̂, find the surface integral over the 
five sides of  the cube (excluding the bottom side)
6 &'⃗ = &/&, -+, + = 2 → ! $⃗ ⋅ &'⃗ = 4!

:

1
&/!

:

1
,&, = 16

66 &'⃗ = −&/&, -+, + = 0 → ! $⃗ ⋅ &'⃗ = −2(0)!
:

1
&/!

:

1
&, = 0

666 &'⃗ = &+&, -/, / = 2 → ! $⃗ ⋅ &'⃗ = !
:

1
(+ + 2)&+!

:

1
&, = 12

6$ &'⃗ = −&+&, -/, / = 0 → ! $⃗ ⋅ &'⃗ = −!
:

1
+ + 2 &+!

:

1
&, = −12

$ &'⃗ = &+&/ ,̂, , = 2 → ! $⃗ ⋅ &'⃗ = !
:

1
&+ !

:

1
/&/ = 4 (

"
$⃗ ⋅ &'⃗ = 16 + 0 + 12 − 12 + 4 = 20
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Chapter 1: Vector Analysis
1.3 Integral Calculus

(iii) Volume Integrals

!
"
#$%

!
"
'⃗$% = )* !

"
'+$% + )-!

"
'.$% + 0̂ !

"
'1$%

Example: For #(*, -, 0) = *-05, find the volume  integral over the shown prism

!
"
#$% = !

6

7
!
6

8
!
6

89.
*-05$*$-$0 = 3

8
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Chapter 1: Vector Analysis
1.3 Integral Calculus

!
"
∇ ⋅ &⃗ '( = *

+
&⃗ ⋅ ',⃗

Example: For &⃗ = -. /0 + 20- + 3. /- + 2-3 3̂, check the divergence theorem on unit 
cube

!
"
∇ ⋅ &⃗ '( = !

"
20 + 2- '( = 2!

5

6

!
5

6

!
5

6

0 + - '0'-'3 = 2

Gauss’s Theorem
Divergence Theorem

*
+
&⃗ ⋅ ',⃗ = 2

If  the vector field represents the flow of  an incompressible fluid, then the flux of  the field is 
the total amount of  fluid passing out through the surface, per unit time.
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Chapter 1: Vector Analysis
1.3 Integral Calculus

!
"
∇×&⃗ ⋅ ()⃗ = +

,
&⃗ ⋅ (-⃗

Example: For &⃗ = (201 + 345) 74 + 4415 1̂, check Stoke’s theorem on unit square

!
"
∇×&⃗ ⋅ ()⃗ = !

"
415 − 20 70 + 211̂ ⋅ ()⃗ = 2!

;

<

!
;

<

415(4(1 = 4
3

Stoke’s Theorem

+
,
&⃗ ⋅ (-⃗ = 4

3

We keep the right rule-hand rule to 
determine the direction of  area element 
and displacement vector 
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Chapter 1: Vector Analysis
1.3 Integral Calculus

!
"
#%⃗ ⋅ '(⃗ = *

+
∇ ⋅ #%⃗ '- = *

+
∇ ⋅ %⃗#'- + *

+
∇# ⋅ %⃗'-

*
+
∇ ⋅ %⃗#'- = −*

+
∇# ⋅ %⃗'- + !

"
#%⃗ ⋅ '(⃗
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