
Design of a Servo System (Tracking System): 

The tracking system is a control action aims to force the output response y (t) to follow the 

desired input r(t) with a required performance. 

 

There are two cases for design the tracking system: 

- Find the eigenvalues for the open loop system |𝑠𝐼 − 𝐴| = 0 

- Check if there is any eigenvalues at the origin or not i.e. find the Type number? 

- Remember this: 

 

- If the steady state error is equal zero based on the Type number use the first case. 

Otherwise use the second case.  
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Case 1 : Design of Type 1 Servo System when the Plant Has an Integrator: 

 

Here we assumed that y = 𝑥1 

 

 

Then, for t > 0, the system dynamics can be described by Equations (1) and (3), or 
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The designed system will be an asymptotically stable system, 𝑦(∞) will approach the 

constant value r, and 𝑢(∞) will approach zero. Where r is a step input. 

 Notice that at steady state we have 

 

Noting that r(t) is a step input, we have 𝑟(∞) = 𝑟(𝑡) = 𝑟(𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) for t>0. By subtracting 

Equation (5) from Equation (4), we obtain 

 

 The design of the type 1 servo system here is converted to the design of an asymptotically 

stable regulator system such that e(t) approaches zero, given any initial condition e(0).  

 If the system defined by Equation (1) is completely state controllable, 

then, by specifying the desired eigenvalues 𝜇1, 𝜇2, … , 𝜇𝑛 for the matrix 𝐴 − 𝐵𝐾, matrix 

𝐾 can be determined by the pole-placement technique or Linear Quadratic Regulator 

(LQR). 

 

The required performance is 𝑇𝑠 = 1 seconds and %𝑂𝑆 = %10. Assume that the system 

configuration is the same as that shown in Figure below and the reference input r is a step function. 

Obtain the unit-step response of the designed system. 
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Based on the desired eigenvalues are:              

𝑠1,2 = −𝜁𝜔𝑛 ± 𝑗𝜔𝑛√1 − 𝜁2 = −4 ± 5.33𝑗 

 

 

1. Check the controllability: 

𝑀 = [𝐵 𝐴𝐵]=[
0 2
1 10

] 

|𝑀| = −2 Thus, the system is fully state controllable. 

2. Find the type number for the system: 

|𝑠𝐼 − 𝐴| = 0 

|𝑠𝐼 − 𝐴| = [
𝑠 0
0 𝑠

] − [
1 2
5 10

] = [
𝑠 − 1 −2

−5 𝑠 − 10
] 

|𝑠𝐼 − 𝐴| =  𝑠2 − 11 𝑠 = 𝑠(𝑠 − 11) 

𝑠1 = 0, 𝑠2 = 11 

By the way the general form is: 

 𝑠2 + 𝑎1 𝑠 + 𝑎2  

𝑎1 = −11     𝑎2 = 0 

The type number is equal 1 and the desired input r is step input so we use the first 

case. Based on this use this control scheme: 

 

 

3. Find the desired characteristic equation  
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(𝑠 + 4 + 5.33𝑗)(𝑠 + 4 + 5.33𝑗) = 𝑠2 + 8 𝑠 + 44.4  

By the way the general form is: 

 𝑠2 + 𝛼1 𝑠 + 𝛼2 

𝛼1 = 8      𝛼2 = 44.4  

 

4. Find the similarity matrix T 

T=MW                                  where W=[
𝑎1 1
1 0

] = [
−11 1

1 0
] 

T=[
0 2
1 10

] [
−11 1

1 0
] = [

2 0
−1 1

] 

𝑇−1 = [
0.5 0

0.5 1
] 

5. Find the gain matrix: 

𝐾 = [(𝛼2 − 𝑎2) (𝛼1 − 𝑎1)]𝑇−1 = [(44.4 − 0)   (8 − −11)] [
0.5 0
0.5 1

] 

𝐾 = [31.7      19] 

  

 

The desired closed-loop poles are 𝑠 = −2 ± 2√3𝑗 and s =– 10. Assume that the system 

configuration is the same as that shown in Figure below and the reference input r is a step function. 

Obtain the unit-step response of the designed system. 
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6. Check the controllability: 

𝑀 = [𝐵 𝐴𝐵 𝐴2𝐵]=[
0 0 1
0 1 −3
1 −3 7

]     

|𝑀| = −1 Thus, the system is fully state controllable. 

7. Find the type number for the system: 

|𝑠𝐼 − 𝐴| = 0 

|𝑠𝐼 − 𝐴| = [
𝑠 0 0
0 𝑠 0
0 0 𝑠

] − [
0 1 0
0 0 1
0 −2 −3

] = [
𝑠 −1 0
0 𝑠 −1
0 2 𝑠 + 3

] 

|𝑠𝐼 − 𝐴| = 𝑠3 + 3 𝑠2 + 2 𝑠 = 𝑠(𝑠2 + 3𝑠 + 2) = 𝑠 (𝑠 + 1)(𝑠 + 2) 

𝑠1 = 0   , 𝑠2 = −1,  𝑠3 = −2 

By the way the general form is: 

𝑠3 + 𝑎1 𝑠2 + 𝑎2 𝑠 + 𝑎3  

𝑎1 = 3     𝑎2 = 2      𝑎3 = 0 

The type number is equal 1 and the desired input r is step input so we use the first 

case. Based on this use this control scheme: 

 

8. Find the desired characteristic equation  

(𝑠 + 2 + 2√3𝑗)(𝑠 + 2 − 2√3𝑗) (s + 10) = 𝑠3 + 14 𝑠2 + 56 𝑠 + 160  

By the way the general form is: 

𝑠3 + 𝛼1 𝑠2 + 𝛼2 𝑠 + 𝛼3 

𝛼1 = 14      𝛼2 = 56      𝛼3 = 160  
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9. Find the gain matrix: 

𝐾 = [(𝛼3 − 𝑎3) (𝛼2 − 𝑎2) (𝛼1 − 𝑎1)] = [(160 − 0) (56 − 2) (14 − 3)] 

𝐾 = [160   54   11] 
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