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• Define and plot the frequency response of a system.

• Plot asymptotic approximations to the frequency response of a system.

• Find gain and phase margins. Also study the stability based on bode plots.

• Find the closed-loop time response parameters of peak time, settling time,
and percentage overshoot given the open-loop frequency response.
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• The Concept of Frequency Response

Learning Unit 10 – Frequency Response 
Techniques

In the steady state, sinusoidal inputs to a linear
system generate sinusoidal responses of the same
frequency.

These responses are of the same frequency as the
input, they differ in amplitude and phase angle
from the input.

Sinusoids can be represented as complex numbers
called phasors. 𝑀1 cos 𝜔𝑡 + 𝜙1 = 𝑀1∠𝜙1
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a. system;
b. transfer function;
c. input and output 
waveforms
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• Steady-state output sinusoid is

• The system function is given by

• We call M(𝜔) the magnitude frequency response and
ϕ(𝜔) the phase frequency response.

• The combination of the magnitude and phase
frequency responses is called the frequency response
and is M(𝜔)∠ϕ(𝜔)
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Asymptotic Approximations: Bode Plots

• The log-magnitude and phase frequency response curves as functions of
log 𝜔 are called Bode plots or Bode diagrams.

• Sketching Bode plots can be simplified because they can be approximated
as a sequence of straight lines.

• Straight-line approximations simplify the evaluation of the magnitude and
phase frequency response.
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• Consider the following transfer function

𝐺 𝑠 =
𝐾 𝑠 + 𝑧1 𝑠 + 𝑧2 …(𝑠 + 𝑧𝑘)

𝑠𝑚 𝑠 + 𝑝1 𝑠 + 𝑝2 …(𝑠 + 𝑝𝑛)

• The magnitude frequency response is the product of the magnitude
frequency responses of each term, or

𝐺 𝑗𝜔 =  
𝐾 𝑠 + 𝑧1 𝑠 + 𝑧2 … 𝑠 + 𝑧𝑘

𝑠𝑚 𝑠 + 𝑝1 𝑠 + 𝑝2 … 𝑠 + 𝑝𝑘
𝑠=𝑗𝜔

𝐺 𝑗𝜔 =
𝐾 𝑗𝜔 + 𝑧1 𝑗𝜔 + 𝑧2 … 𝑗𝜔 + 𝑧𝑘

(𝑗𝜔)𝑚 𝑗𝜔 + 𝑝1 𝑗𝜔 + 𝑝2 … 𝑗𝜔 + 𝑝𝑘
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Converting the magnitude response into dB, we obtain

20 log 𝐺 𝑗𝜔 =
20 log 𝐾 + 20 log 𝑗𝜔 + 𝑧1 + 20 log 𝑗𝜔 + 𝑧2 + ⋯+ 20 log 𝑗𝜔 + 𝑧𝑘
− 20 log 𝑗𝜔 𝑚 − 20 log 𝑗𝜔 + 𝑝1 − 20 log 𝑗𝜔 + 𝑝2 − ⋯− 20 log 𝑗𝜔 + 𝑝𝑘

Phase frequency response is the sum of the phase frequency response curves of 
the zero terms minus the sum of the phase frequency response curves of the pole 
terms.
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𝐺(𝑠) = 𝑠 + 𝑎

𝐺(𝑗𝜔) = 𝑗𝜔 + 𝑎

𝐺 𝑗𝜔 = 𝑗𝜔 + 𝑎 = 𝑎(𝑗
𝜔

𝑎
+ 1)

Low frequency 𝜔 ⟶ 0

𝐺 𝑗𝜔 ≈ 𝑎

-The magnitude response in 
dB is 20 log 𝑀 = 20 log 𝑎

- The angle approaches zero

High frequency  𝜔 ≫ 𝑎

𝐺 𝑗𝜔 ≈ 𝑎
𝑗𝜔

𝑎
= 𝜔∠90°

The magnitude response in dB 
is 20 log 𝑀 = 20 log 𝑎 +

20 log
𝜔

𝑎
=20 log 𝜔
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• If we plot dB, 20 𝑙𝑜𝑔(𝑀), against 𝑙𝑜𝑔(𝜔), 20 𝑙𝑜𝑔(𝜔) becomes a straight
line: y=20x.

• where y = 20 𝑙𝑜𝑔 (𝑀), and 𝑥 = 𝑙𝑜𝑔 (𝜔). The line has a slope of 20 when
plotted as dB vs. 𝑙𝑜𝑔 𝜔

• We call the straight-line approximations asymptotes. The low-frequency
approximation is called the low-frequency asymptote, and the high-
frequency approximation is called the high-frequency asymptote. The
frequency, (𝑎), is called the break frequency because it is the break
between the low- and the high-frequency asymptotes.
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-The magnitude response in 
dB is 20 log𝑀 = 20 log 𝑎

- The angle approaches zero

The magnitude response in dB 
is 20 log 𝑀 = 20 log 𝑎 +

20 log
𝜔

𝑎
=20 log 𝜔

Low frequency 𝜔 ⟶ 0 High frequency  𝜔 ≫ 𝑎
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Low frequency 𝜔 ⟶ 0

The angle approaches zero

High frequency  𝜔 ≫ 𝑎

𝐺 𝑗𝜔 ≈ 𝑎
𝑗𝜔

𝑎
= 𝜔∠90°
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Bode Plots for 𝐺 𝑠 =
1

𝑠+𝑎
, 𝐺 𝑗𝜔 =

1

𝑗𝜔+𝑎
=

1

𝑎(
𝑗𝜔

𝑎
+1)

Magnitude M (dB) : 

20log 𝐺(𝑗𝜔) = 20log 1 − 20log 𝑎 − 20log
𝜔

𝑎

2

+ 1

20log 𝐺(𝑗𝜔) = −20log 𝑎 − 20log
𝜔

𝑎

2

+ 1

Angle : 

𝜑 = 𝑡𝑎𝑛−1
0

1
− 𝑡𝑎𝑛−1

0

𝑎
− 𝑡𝑎𝑛−1

𝜔

𝑎

𝜑 = −𝑡𝑎𝑛−1
𝜔

𝑎
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𝐺 𝑠 =
1

𝑠 + 𝑎

Magnitude M (dB) : 

20log 𝐺(𝑗𝜔)

= −20log 𝑎 − 20log
𝜔

𝑎

2

+ 1

Angle :  

𝜑 = −𝑡𝑎𝑛−1
𝜔

𝑎

Low frequency

𝜔 → 0

Magnitude:−20log 𝑎

Angle:𝜑 = −𝑡𝑎𝑛−1 0

𝑎
=0

High frequency

𝜔 ≫ 𝑎,
𝜔

𝑎
≫1, (

𝜔

𝑎
)2+1 ≈ (

𝜔

𝑎
)2

Magnitude =−20log(𝑎) −
20log

𝜔

𝑎
=−20log 𝜔

Angle=−𝑡𝑎𝑛−1 ∞ = −
𝜋

2
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Bode Plots for 𝐺 𝑠 = 𝑠 , 𝐺 𝑗𝜔 = 𝑗𝜔

Magnitude M (dB) : 
20log 𝐺(𝑗𝜔) = 20log 𝜔

Angle : 

𝜑 = 𝑡𝑎𝑛−1 𝜔

0
=𝑡𝑎𝑛−1 ∞ =

𝜋

2

Learning Unit 10 – Frequency Response Techniques
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Bode Plots for 𝐺 𝑠 = 𝑠 , 𝐺 𝑗𝜔 = 𝑗𝜔
Magnitude M (dB) :  20log 𝐺(𝑗𝜔) = 20log 𝜔

Angle : 𝜑 = 𝑡𝑎𝑛−1 𝜔

0
=𝑡𝑎𝑛−1 ∞ =

𝜋

2
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Bode Plots for 𝐺 𝑠 = 1/𝑠 , 𝐺 𝑗𝜔 = 1/𝑗𝜔

Magnitude M (dB) : 
20log 𝐺(𝑗𝜔) = 20log 1/𝜔 = −20log 𝜔

Angle : 

𝜑 = 𝑡𝑎𝑛−1
0

1
− 𝑡𝑎𝑛−1

𝜔

0
= −𝑡𝑎𝑛−1 ∞ = −

𝜋

2
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Bode Plots for 𝐺 𝑠 = 1/𝑠 , 𝐺 𝑗𝜔 = 1/𝑗𝜔

Magnitude M (dB) :  20log 𝐺(𝑗𝜔) = −20log 𝜔 ,  Angle : 𝜑 = −
𝜋

2
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• Bode Plots for 𝑮 𝒔 = 𝒔𝟐 + 𝟐𝜻𝝎𝒏𝒔 + 𝝎𝒏
𝟐

𝐺 𝑗𝜔 = (𝑗𝜔)2+2𝑗𝜁𝜔𝑛𝜔 + 𝜔𝑛
2

𝐺 𝑗𝜔 = 𝜔𝑛
2 −

𝜔

𝜔𝑛

2

+ 2𝑗𝜁
𝜔

𝜔𝑛
+ 1

Magnitude M (dB) : 

20 log 𝐺(𝑠) = 20 log 𝜔𝑛
2 + 20 log 1 −

𝜔

𝜔𝑛

2 2

+ 2𝜁
𝜔

𝜔𝑛

2

Angle : 𝜑 = 𝑡𝑎𝑛−1(
2𝜁

𝜔

𝜔𝑛

1−
𝜔

𝜔𝑛

2)
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Low frequency : 𝝎 ≪ 𝝎𝒏, 𝝎 → 𝟎.

Magnitude (dB)=20 log 𝜔𝑛
2=40 log 𝜔𝑛

𝜑 = 𝑡𝑎𝑛−1 0 = 0°

High Frequency : : 𝝎 ≫ 𝝎𝒏,
𝝎

𝝎𝒏
≫ 𝟏,𝝎 → ∞,

M (dB)=20 log 𝜔𝑛
2 + 20 log 1 −

𝜔

𝜔𝑛

2 2

+ 2𝜁
𝜔

𝜔𝑛

2
≈

Magnit≈ 20 log 𝜔𝑛
2 +20 log 

𝜔

𝜔𝑛

2
=40 log 𝝎

𝑮 𝒋𝝎 ≈ −𝝎𝟐=𝝎𝟐∠𝟏𝟖𝟎°

M (dB) =20 log 𝜔𝑛
2 + 20 log 1 −

𝜔

𝜔𝑛

2 2

+ 2𝜁
𝜔

𝜔𝑛

2
, 𝜑 = 𝑡𝑎𝑛−1(

2𝜁
𝜔

𝜔𝑛

1−
𝜔

𝜔𝑛

2)
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Normalized and scaled log-magnitude response for 𝑮 𝒔 = 𝒔𝟐 + 𝟐𝜻𝝎𝒏𝒔
+ 𝝎𝒏
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25Scaled phase response for 𝑮 𝒔 = 𝒔𝟐 + 𝟐𝜻𝝎𝒏𝒔 + 𝝎𝒏
𝟐
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• 𝝎𝒏 is the break frequency for the second order polynomial.
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 Bode Plots for 𝑮 𝒔 =
𝟏

𝒔𝟐+𝟐𝜻𝝎𝒏𝒔+𝝎𝒏
𝟐

𝐺 𝑗𝜔 =
1

(𝑗𝜔)2+2𝑗𝜁𝜔𝑛𝜔 + 𝜔𝑛
2

𝐺 𝑗𝜔 =
1

𝜔𝑛
2 −

𝜔
𝜔𝑛

2

+ 2𝑗𝜁
𝜔
𝜔𝑛

+ 1

Magnitude M (dB) : 

20 log 𝐺(𝑠) = −20 log 𝜔𝑛
2 − 20 log 1 −

𝜔

𝜔𝑛

2 2

+ 2𝜁
𝜔

𝜔𝑛

2

Angle : 𝜑 = −𝑡𝑎𝑛−1(
2𝜁

𝜔

𝜔𝑛

1−
𝜔

𝜔𝑛

2)
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Low frequency : 𝝎 ≪ 𝝎𝒏, 𝝎 → 𝟎.

Magnitude (dB)=−20 log 𝜔𝑛
2 = −40 log 𝜔𝑛

𝜑 = 𝑡𝑎𝑛−1 0 = 0°

High Frequency : : 𝝎 ≫ 𝝎𝒏,
𝝎

𝝎𝒏
≫ 𝟏,𝝎 → ∞,

M (dB)=−20 log 𝜔𝑛
2 − 20 log 1 −

𝜔

𝜔𝑛

2 2

+ 2𝜁
𝜔

𝜔𝑛

2
≈

Magnit≈ −20 log 𝜔𝑛
2 − 20𝑙𝑜𝑔

𝜔

𝜔𝑛

2
= −40 log 𝝎

𝑮 𝒋𝝎 ≈ −
𝟏

𝝎𝟐=
𝟏

𝝎𝟐 ∠ − 𝟏𝟖𝟎°

M (dB) =−20 log 𝜔𝑛
2 − 20 log 1 −

𝜔

𝜔𝑛

2 2

+ 2𝜁
𝜔

𝜔𝑛

2
, 𝜑 = −𝑡𝑎𝑛−1(

2𝜁
𝜔

𝜔𝑛

1−
𝜔

𝜔𝑛

2)
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30Normalized and scaled log-magnitude response for 𝑮 𝒔 = 𝟏/(𝒔𝟐 + 𝟐𝜻𝝎𝒏𝒔 +

𝝎𝒏
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31Scaled phase response for 𝑮 𝒔 = 𝟏/(𝒔𝟐 + 𝟐𝜻𝝎𝒏𝒔 + 𝝎𝒏
𝟐)
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• Example: Bode Plots for Ratio of First-Order Factors

𝐺 𝑠 =
(𝑠 + 3)

𝑠(𝑠 + 1)(𝑠 + 2)
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𝐺 𝑠 =
(𝑠 + 3)

𝑠(𝑠 + 1)(𝑠 + 2)
=

3
𝑠
3

+ 1

2 𝑠 𝑠 + 1
𝑠
2 + 1
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• Example: Bode Plots for Ratio of First- and Second-Order Factors

𝐺 𝑠 =
𝑠 + 3

(𝑠 + 2)(𝑠2 + 2𝑠 + 25)

Magnitude diagram slopes
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Second-order closed-loop system
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Representative log-
magnitude plot of
Eq. (10.51)
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